
THE CARD GAME SET

BENJAMIN LENT DAVIS AND DIANE MACLAGAN

set 1 is an extremely addictive, fast-pacedcard gamefound in toy
storesnationwide. Although children often beat adults, the gamehas
a rich mathematical structure linking it to the combinatorics of �nite
a�ne and projective spacesand the theory of error-correcting codes.
Last year an unexpected connection to Fourier analysis was used to
settle a basic question directly related to the gameof set , and many
related questionsremain open.

The gameof set wasinvented by population geneticistMarshaJean
Falco in 1974. She was studying epilepsy in German Shepherdsand
began representing genetic data on the dogs by drawing symbols on
cards and then searching for patterns in the data. After realizing the
potential asa challengingpuzzle,with encouragement from friendsand
family shedeveloped and marketed the card game. Sincethen, set has
becomea huge hit both inside and outside the mathematical commu-
nity.

set is played with a special deck of cards. Each set card displays
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Figure 1. Typical set cards.

a designwith four attributes | number, shading,color, and shape |
and each attribute assumesone of three possiblevalues,given in the
table below.

Number: f One, Two, Three g
Shading: f Solid, Striped, Open g
Color: f Red, Green,Purple g
Shape: f Ovals, Squiggles,Diamondsg

A set deck haseighty-onecards,one for each possiblecombination of
attributes.

1set is a trademark of SET Enterprises, Inc. The set cards are depicted here
with permission. set gameplay is protected intellectual property.
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2 BENJAMIN LENT DAVIS AND DIANE MA CLA GAN

The goal of the game is to �nd collections of cards satisfying the
following rule.

The set rule: Three cards are called a set if, with
respect to each of the four attributes, the cardsareeither
all the sameor all di�erent.

For example,

is a set , becauseall cardshave the sameshape (ovals), the samecolor
(green), and the sameshading (solid), and each card has a di�erent
number of ovals. On the other hand,

fails to be a set , becausethere are two oval cards and one squiggle
card. Thus the cards are neither all the samenor all di�erent with
respect to the shape attribute.

To play the game,the set deck is shu�ed and twelve cardsaredealt
to a table face-up. All players simultaneously search for set s. The
�rst player to locate a set removes it, and three new cardsare dealt.
The player with the most set s after all the cards have beendealt is
the winner.
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Figure 2. Can you �nd all �v e set s? (Or all eight for
thosereaderswith black-and-white photocopies.)

Occasionally, there will not be any set s among the twelve cards
initially dealt. To remedy this, three extra cards are dealt. This is
repeateduntil a set makesan appearance.This prompts the following
set -theoretic question.
Question. How many cards must be dealt to guarantee the presence
of a set ?
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Figure 3 shows a collection of twenty cards containing no set s. A
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Figure 3. Twenty cardswithout a set .

brute-force computer search shows that this is as large as possible,as
any collection of twenty-one cardsmust contain a set .

There is a wonderful geometric reformulation of this Question as
follows. Let F3 be the �eld with threeelements, and considerthe vector
spaceF4

3. A point of F4
3 is a 4-tuple of the form (x1; x2; x3; x4), where

each coordinate assumesone of three possiblevalues. Using the table
of set attributes, set cardscorrespond to points of F4

3, and vice-versa.
For example,

(2; 1; 3; 2) $ Two Solid Purple Squiggles $ :

Under this correspondence,three cards form a set if and only if the
three associated points of F4

3 are collinear. To seethis, notice that if
� ; � ; 
 are three elements of F3, then � + � + 
 = 0 if and only if
� = � = 
 or f � ; � ; 
 g = f 0; 1; 2g. This meansthat the vectors a,
b, and c are either all the sameor all di�erent with respect to each
coordinate exactly when a + b+ c = 0. Now a + b+ c = 0 in F4

3 means
that a � b = b � c, so the three points are collinear. Note that this
argument works when F4

3 is replacedby Fd
3 for any d. From this point

of view, players of set are searching for lines contained in a subsetof
F4

3. We summarizethis rule as follows.
The A�ne Collinearit y Rule : Three points a;b;c 2
Fd

3 represent collinear points if and only if a+ b+ c = 0.
We de�ne a d-cap to be a subsetof Fd

3 not containing any lines, and
ask the following.
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Equiv alent Question. What is the maximum possiblesizeof a cap
in F4

3?

In this form the question was �rst answered, without using com-
puters, by Giuseppe Pellegrino [19] in 1971. Note that this was three
years before the gameof set was invented! He actually answered a
moregeneralquestionabout \pro jective set ," which we explain in the
last section.

Although set cardsare described by four attributes, from a mathe-
matical perspective there is nothing sacredabout the number four. We
can play a three-attribute versionof set , for exampleby playing with
only the red cards. Or we can play a �v e-attribute version of set by
using scratch-and-sni� set cards with three di�erent odors. In gen-
eral, we de�ne an a�ne set gameof dimension d to be a card game
with onecard for each point of Fd

3, wherethree cardsform a set if the
corresponding points are collinear.

A cap of the maximum possiblesize is called a maximal cap. It is
natural to ask for the sizeof a maximal cap in Fd

3, asa function of the
dimensiond. We denotethis number by ad, and the known valuesare
given in the table below.

d 1 2 3 4 5 6 7
ad 2 4 9 20 45 112� a6 � 114 ?

The valuesof ad in dimensionsfour and below canbe found by exhaus-
tive computer search. The search spacebecomesunmanageablylarge
starting in dimension�v e. YvesEdel, SandyFerret, Ivan Landjev, and
Leo Stormerecently createdquite a stir by announcingthe solution in
dimension�v e [6]. We shall spend sometime working our way up to
their solution.

There are many other possiblegeneralizationsof the gameof set .
For example,we could add another color, shape, form of shading,and
number to the cards, to make the cards correspond to points of F4

4.
Here, however, several choicesneed to be made about the set rule.
Is a set a collection of cards whereevery attribute is all the sameor
all di�erent, or is it a collection of collinear points? In F4

4, there are
four points on a line, sodo we require three or four collinear points to
form a set ? Furthermore, if we choosethe collinearity criterion, then
collinearity of set cardsis sensitive to the choiceof which color, shape,
etc. corresponds to which element of F4

4. Becauseof thesecomplica-
tions we will restrict our attention here to caps(line-free collections)
in Fd

3.
We can exhibit capsgraphically using the following scheme. Let us

considerthe caseof dimensiond = 2. A two-attribute version of set



THE CARD GAME SET 5

may be realizedby playing with only the red ovals. The vector space
F2

3 can be graphically represented asa tic-tac-toe board asin Figure 4.
We indicate a subsetS of F2

3 by drawing an \X" in each squareof the
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Figure 4. The correspondencebetween 2-attribute
set and F2

3.

tic-tac-toe board corresponding to a point of S. The lines contained
in S are almost plain to see:most of them appear as winning tic-tac-
toes,while a few meet an edgeof the board and \lo op around" to the
oppositeedge.Check that the two lines in Figure 5 correspond to set s
in Figure 4.

Figure 5. This collection of points contains two lines
which are indicated by dashedcurves.

Figure 6 contains pictures of somelow-dimensionalmaximal caps.
In dimensionsonethrough four, the capsare visibly symmetrical, and
each cap contains embeddedcopiesof the maximal caps in lower di-
mensions. No such pattern is visible in the diagram of the 5-cap. It
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4-cap

3-cap

2-cap

1-cap

5-cap

Figure 6. Low-dimensionalmaximal caps.
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is natural to ask if the maximal caps in Figure 6 are the only ones
in each dimension. In a trivial sense,the answer is `no', sincewe can
make a newcapby permuting the colorsof an old cap. There aremany
other permutations of Fd

3 guaranteed to produced new capsfrom old.
Permutations of Fd

3 taking capsto capsare exactly those taking lines
to lines, and such a permutation is called an a�ne transformation.
Another characterization of a�ne transformations is that they are the
permutations of Fd

3 of the form

� (v) = Av + b;

whereA is an invertible d� d-matrix with entries in F3, b is an arbitrary
vector of Fd

3, and v is a vector in Fd
3. We say that two capsare of the

sametype if there is an a�ne transformation taking one to the other.
For example,considerthe a�ne transformation � (x; y) = (� x � y; � x+
y � 1) taking a vector (x; y) 2 F2

3 to another vector in F2
3. Applying

this to a 2-capgivesanother 2-capof the sametype. This is illustrated
in Figure 7, wherewe have declaredthe center squareof the tic-tac-toe
board to be the origin of F2

3.

PSfrag replacements

�

Figure 7: Two 2-capsof the sametype.

It is known that in dimensions�v e and below there is exactly one
type of maximal cap. An a�ne transformation taking a cap to itself is
calleda symmetry of the cap. Although it is not obvious from Figure 6,
the maximal 5-capdoeshave somesymmetries. In fact, its symmetry
group is transitive, meaningthat, given two points of the 5-cap, there
is always a symmetry taking one to the other. Michael Kleber reports
that the stabilizer of a point in the 5-cap is the semidihedralgroup of
order 16.

The symmetry group is useful for reducingthe number of casesthat
needto be checked in exhaustive computer searchesfor maximal caps,
thus greatly speedingup run times. To seethis idea in action, check
out Donald Knuth's set -theoretic computer programs[17].

Combina torics

We can make someprogresson computing the sizeof maximal caps
using only counting arguments.
Prop osition 1. A maximal 2-cap has four points.
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Proof. We have exhibited a 2-capwith four points. The proof proceeds
by contradiction. Supposethat there exists a 2-cap with �v e points,
x1; x2; x3; x4; x5. The planeF2

3 canbedecomposedasthe union of three
horizontal parallel lines as in Figure 8.

PSfrag replacements

1 2

3 4

5H

Figure 8: F2
3 decomposedas the union of three parallel lines

Each line contains at most two points of the cap. Thus, there are
two horizontal linesthat contain two points of the cap,and oneline, H ,
that contains exactly onepoint of the cap. Without lossof generality,
let x5 be this point. There areexactly four linesin the planecontaining
the point x5, which we denoteH; L 1; L2; L3.

PSfrag replacements

1 2

3 4

5

L1

L2

L3

H

Figure 9: The four lines containing x5

Sincethe line H contains noneof the points x1; : : : ; x4, by the pigeon-
hole principle two of thesepoints xr and xs must lie on one line L i .
This shows that the line L i contains the points xr , xs and x5, which
contradicts the hypothesisthat the �v e points are a cap. �

We can apply the method of Proposition 1 to compute the sizeof a
maximal cap in three dimensions.
Prop osition 2. A maximal 3-cap hasnine points.

Proof. We have exhibited a 3-capwith nine points. The proof proceeds
by contradiction. Supposethat there exists a 3-cap with ten points.
The spaceF3

3 can be decomposedas the union of three parallel planes.
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Sincethe intersection of any plane with the 3-cap is a 2-cap,Proposi-
tion 1 implies that no plane can contain more than four points of the
cap. This meansthat the planecontaining the fewest number of points
must contain either two or three points, for if it contained four points
we would needtwelve points total, and oneor zeropoints would mean
at most nine points total. Call this plane H , and note that there are
at least seven points of the cap, x1; : : : ; x7, not contained in H .

Let a and b be two points of the cap on the plane H . There are
exactly four planesin the spaceF3

3 containing both a and b, which we
denoteH; M 1; M2; M3. SinceH doesnot contain the points x1; : : : ; x7,
by the pigeon-holeprinciple oneof the planesM i must contain three of
thesepoints xr ; xs; xt . This shows that the plane M i contains a total
of �v e points of the cap, which contradicts Proposition 1. �

Unfortunately, this method is not strong enoughto prove that a4 =
20. To do this, we employ another time-honored combinatorial tech-
nique, namely, counting the samething in two di�erent ways. By way
of introduction, we will give another proof that a3 = 9.
Prop osition 3. A maximal 3-cap hasnine points.

Proof. The proof is againby contradiction. Supposethat there existsa
3-capC with ten points. The spaceF3

3 canbedecomposedasthe union
of three parallel planes,H1; H2; H3 in many di�erent ways. Given such
a decomposition, we obtain a triple of numbers,

fj C \ H1j; jC \ H2j; jC \ H3jg;

called the (unordered) hyperplane triple, where jC \ H i j is the sizeof
C \ H i . Sincea 2-cap has at most a2 = 4 points, the only possible
valuesfor a hyperplanetriple are f 4; 4; 2g or f 4; 3; 3g. Let

a = the number of f 4; 4; 2g hyperplanetriples;
b = the number of f 4; 3; 3g hyperplanetriples:

How many di�erent ways are there to decomposeF3
3 as the union of

threehyperplanes?On the onehand, therearea+ bways. On the other
hand, there is a unique line through the origin of F3

3 perpendicular to
each family of three parallel hyperplanes,and we can count theselines
as follows. Any nonzeropoint determinesa line through the origin,
and there are 33 � 1 = 26 nonzeropoints. Since each line contains
two nonzeropoints, there must be 26=2 = 13 lines through the origin.
Thus,

a + b= 13:
To obtain anotherequationin a andb, wewill count 2-marked planes,

which are pairs of the form (H; f x; yg � H \ C), whereH is a plane.
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It can be checked that there are exactly four planes containing any
pair of distinct points. This is a special caseof Proposition 4 which
follows. Thus, there are 4

� 10
2

�
= 180 2-marked planes. On the other

hand, for each f 4; 4; 2g hyperplane triple we count
� 4

2

�
+

� 4
2

�
+

� 2
2

�
=

13 2-marked planes,and for each f 4; 3; 3g hyperplane triple we count� 4
2

�
+

� 3
2

�
+

� 3
2

�
= 12 2-marked planes. Hence,

13a + 12b= 180:

The only solution to these equations is a = 24; b = � 11. This is a
contradiction sincea and b can only take nonnegative values. �

In the proof above we neededto count the number of hyperplanes
containing a �xed pair of points, or in other words, containing a �xed
line. To apply this method to maximal 4-caps,we will needto solve a
generalizationof this problem. De�ne a k-
at to be a k-dimensional
a�ne subspaceof a vector space.

Prop osition 4. The number of hyperplanescontaining a �xed k-
at
in Fd

3 is given by

3d� k � 1
2

:

Proof. Let K be an k-
at containing the origin. Then the natural map

Fd
3 ! Fd

3=K �= Fd� k
3

givesa bijection betweenhyperplanesof Fd
3 containing K and hyper-

planesof Fd� k
3 containing the origin.

Each hyperplane containing the origin is determined by a nonzero
normal vector, and there are exactly two nonzeronormal vectors de-
termining each hyperplane. Thus, there are half as many hyperplanes
as there are nonzerovectors. Sincethere are 3d� k � 1 nonzerovectors,
there must be (3d� k � 1)=2 hyperplanescontaining the origin. �

This lets us apply the ideasof Proposition 3 to calculatea4.

Prop osition 5. A maximal 4-cap has twenty points.

Proof. We have exhibited a 4-capwith 20 points. The proof proceeds
by contradiction. Supposethat there exists a 4-capC with 21 points.
Let x ij k be the number of f i; j; kg hyperplane triples of C. Since a
3-caphas at most a3 = 9 points, there are only 7 possiblehyperplane
triples:

f i; j; kg = f 9; 9; 3g; f 9; 8; 4g; f 9; 7; 5g; f 9; 6; 6g; f 8; 8; 5g; f 8; 7; 6g; f 7; 7; 7g:
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The number of ways to decomposeF4
3 asa union of threeparallel hyper-

planesis equal to the number of lines through the origin in F4
3, which

is (34 � 1)=2 = 40. Thus,

(1) x993 + x984 + x975 + x966 + x885 + x876 + x777 = 40:

To obtain another equation in x ij k , let us count 2-marked hyperplanes,
which are pairs of the form (H; f x; yg � H \ C); where H is a hy-
perplane. Using Proposition 4 above, we �nd that the number of hy-
perplanescontaining a distinct pair of points is 13. Thus, there are
13

� 21
2

�
= 27302-marked hyperplanes.As in the proof of Proposition 3,

there are
� �

9
2

�
+

�
9
2

�
+

�
3
2

��
x993 + � � � +

��
7
2

�
+

�
7
2

�
+

�
7
2

��
x777

2-marked hyperplanes. Explicitly computing each coe�cien t above
yields the formula

(2) 75x993+ 70x984+ 67x975+ 66x966+ 66x885+ 64x876+ 63x777 = 2730:

To obtain yet another equation in x ij k , let us count 3-marked hy-
perplanes, which are pairs of the form (H; f x; y; zg � H \ C); where
H is a hyperplane. Notice that, since f x; y; zg � C, the points x,
y, and z cannot be collinear. There are 4 hyperplanescontaining 3
distinct non-collinear points, thus, there are 4

� 21
3

�
= 5320 3-marked

hyperplanes. Imitating our count of 2-marked hyperplanesabove, we
�nd that
(3)
169x993+144x984+129x975+124x966+122x885+111x876+105x777 = 5320:

We now have three equations in seven variables, and so in princi-
ple there could be in�nitely many solutions. Fortunately we are only
interestedin the nonnegative integersolutions. Adding 693times equa-
tion (1) to three times equation (3), and then subtracting o� 6 times
equation (2), gives

5x984 + 8x975 + 9x966 + 3x885 + 2x876 = 0:

The only nonnegative solution to this equation is x984 = x975 = x966 =
x885 = x876 = 0. But equation (2) minus 63 times equation (1) is

12x993 + 7x984 + 4x975 + 3x966 + 3x885 + x876 = 210:

This reducesto 12x993 = 210,which contradicts x993 being an integer.
�
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This proof was improved from a previous version by conversations
with YvesEdel. The method of counting marked hyperplanesvia hy-
perplane triples gives the shortest known proof of a4 = 20 that does
not usean exhaustive computer search. Unfortunately, a straightfor-
ward application of this method fails to show that a5 = 45. Part of
the problem is that the new equationscounting 4-marked hyperplanes
require an additional variable to distinguish between the caseswhen
four points are a�nely dependent or independent. In the next section
we describe another approach which computesa5.

The Fourier Transf orm

The Fourier transform is an immenselyusefultool for analyzingprob-
lemswith associated symmetry groups. It is a natural construction in
representation theory, and we refer the reader to the book of Fulton
and Harris [7] for more about this fascinating subject. In this section
we describe a Fourier transform method originated by Roy Meshulam
[18] which waslater usedby J•urgenBierbrauer and YvesEdel [1]. The
following bound appearsin thesepapers:

Prop osition 6. Let C � Fd
3 be a d-cap such that any hyperplane in-

tersects C in at most h points. Then

p �
1 + 3h

1 + h
3d� 1

;

where p is the sizeof C.

In particular, any hyperplane intersects a d-cap in a (d � 1)-cap.
Starting with the fact that a1 = 2, we can inductively apply Proposi-
tion 6 to obtain

a2 � 4; a3 � 9; a4 � 21:

The bound a6 � 114 comesfrom applying Proposition 6 using h =
a5 = 45 and d = 6. Thus, for low-dimensionalcaps,Proposition 6 gives
nearly sharpbounds. In contrast to other methods, Proposition 6 does
not becomemore di�cult to apply as the dimensiongrows larger.

Given a function f : Fd
3 ! C, de�ne the Fourier transform of f to

be a new function f̂ : Fd
3 ! C de�ned by the formula

(4) f̂ (z) =
X

x2 Fd
3

f (x)� z�x ;
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where� = e
2� i

3 . Given a set S � Fd
3, the characteristic function of S is

de�ned by the formula

� (x) =
�

1 if x 2 S,
0 if x =2 S.

Knowing the characteristic function of S is exactly the sameasknowing
the set S. The Fourier transform of the characteristic function,

� (z) = �̂ (z) =
X

x2 Fd
3

� (x)� z�x =
X

c2 S

� z�c;

hasa natural geometricinterpretation asfollows. Notice �rst that � (0)
is simply the sizeof the set S. Next, let z be a nonzerovector, and
considerthe three parallel hyperplanesH0; H1; H2 normal to z, where

H j = f x 2 Fd
3jz � x = j g:

To each nonzerovector z we associate an (ordered) hyperplane triple

(h0; h1; h2) = (jS \ H0j; jS \ H1j; jS \ H2j):

Prop osition 7. The complexnumber � (z) encodes the samedata as
the ordered hyperplanetriple (h0; h1; h2) associated to z. In particular,

� (z) = h0� 0 + h1� 1 + h2� 2

and

h0 =
2
3

u +
1
3

p;

h1 =
1
3

(p � u) +
1

p
3

v;

h2 =
1
3

(p � u) �
1

p
3

v;

where � (z) = u + iv and p = � (0) is the sizeof S.
We call � the (ordered) hyperplane triple function of S. In the pre-

vious sectionour interest in hyperplanetriples wasad hoc; we studied
them because,in the end, it paid to do so. We now seethat hyperplane
triples arisenaturally via the Fourier transform.

There is an amazingformula counting the number of lines contained
in a set S.
Prop osition 8. Let S be a subsetof Fd

3 that contains p points and l
lines. Then

p + 6l =
1
3d

X

z2 Fd
3

� 3(z);

where � is the hyperplane triple function of S.
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In [1], Bierbrauerand Edel usethe formula above togetherwith some
clever estimatesof j� 3(z)j to prove the Fourier bound of Proposition 6.
We refer the readerto their paper for moredetails. We now summarize
the proof of Edel, Ferret, Landjev, and Storme [6] that a5 = 45.
Prop osition 9. A maximal 5-cap has45 points.

Proof. Figure 6 contains a 5-capwith 45points, soweonly needto show
that there is nonewith 46points. Supposefor a contradiction that C is
a 5-capwith 46points. By the Fourier analysisbound of Proposition 6,
if every hyperplaneintersectsC in at most 18 points, then C can have
at most 45 points. Thus, there must be a hyperplaneH intersectingC
in 19 or 20 points. Deleting a point of C not on H producesa 5-cap
with 45 points such that H is a hyperplane intersecting in 19 or 20
points. However, in [6] it is shown that every 5-capwith 45 points has
no hyperplanesintersecting in 19 or 20 points. The proof exploits an
ingeniousidentit y in the equationsfor counting marked hyperplanes,
together with an exhaustive computer search. �

Solidity

In this section we discusswhat is known about high-dimensional
maximal caps. In [3], A. Robert Calderbankand Peter Fishburn create
very large high-dimensionalcaps via product constructions basedon
large low-dimensionalcaps. As a measureof the \largeness" of a cap,
de�ne the solidity of a d-cap C to be

� (C) = d
p

jCj;

and de�ne the asymptoticsolidity of maximal capsto be the supremum
of the solidities of maximal caps,

� = sup
d

f d
p

adg:

Thus, asymptotic solidity is at least the solidity of any particular cap.
Sinceevery d-cap has lessthan 3d points, the asymptotic solidity is at
most 3. On the other hand, the cap consistingof all 2d points with all
components 0 or 1 shows that the solidity is at least 2. The central
open question is the following.
Question. Is the asymptotic solidity lessthan 3?

The de�nition of asymptotic solidity leavesopen the possibility that
for somelow d there is a d-cap with high solidity, but for all larger
d every d-cap has a substantially smaller solidity. This would make
the name\asymptotic solidity" rather questionable,but the following
proposition shows that this never happens.
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Prop osition 10. Asymptotic solidity is the limit as d ! 1 of the
solidity of maximal d-caps.

Proof. This would be a very short proof if we knew that the solidity of
maximal caps� d wasan increasingsequence.Unfortunately, this is not
known, sowewill takea moreroundabout approach. We �rst note that
given a d-cap C we can construct a 2d-cap C0 with the samesolidity.
We do this by taking the product of C with itself: each point of C0

hasas its �rst d coordinatesa point of C, and as its last d coordinates
another point of C, so jC0j = jCj2. Then � (C0) = 2d

p
jCj2 = � (C).

In fact we can also apply this construction to take the product of a
d1-cap C1 and a d2-cap D2 to get a (d1 + d2)-cap C0 with solidity
� (C0) = d1+ d2

p
jC1jjC2j. For example,taking the repeatedproduct of a

d-cap with itself n times givesan (nd)-cap with the samesolidity. So
we can replacesup by lim sup in the de�nition of asymptotic solidity,
justifying the \asymptotic" in the name.

We now note that this product construction shows that the function
f : N ! N de�ned by setting f (d) to be the sizead of a maximal d-cap
satis�es

f (m + n) � f (m)f (n):
Then Fekete'sLemma(see,for example[20,Lemma11.6]) implies that
limn!1 f (n)1=n exists. Sincesolidity is the lim supof f (n)1=n, this limit
must equal � , completing the proof.

�

Calderbank and Fishburn use this product construction to show
� > 2:210147: In [3], they explicitly give two 6-caps,each with 112
points. They exploit thesecapsin a re�ned versionof the above prod-
uct construction to get a 13,500-capwith the required solidity. This
result has beenimproved, with a simpler cap, by YvesEdel, who has
constructeda 62-capwith solidity 2:214781,and a 480-capwith solidity
2.21739[5].

Pr ojective Caps

A basicproperty of an a�ne set gameis that each pair of cards is
contained in a unique set . Are there other set -like card gameswith
this property? Yes! In fact, there is a non-a�ne set -like gamewith
only seven cards. Considerthe Fano plane in Figure 10.

The seven points of the Fano plane are indicated by the dots in the
�gure. Each line of the Fano plane consistseither of the three dots
lying on a line segment of the diagram, or the three dots lying on the
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Figure 10: The Fano plane.

circle. In the Fano plane, any pair of points determinesa unique line,
and every line haspreciselythree points. Wede�ne the Fano set game
to bea card gamewith onecard for each point of the Fanoplane,where
three cards form a set if the corresponding points of the Fano plane
are collinear.

There is a natural projective geometric construction of the Fano
plane. Given a vector spaceV = Fd+1

q , the projective space of V,
PdFq, is an object tailored to encode the incidencestructure of linear
subspacesof V. In particular, the elements of the set PdFq are just
the one-dimensionalsubspacesof V. These are called the projective
points of PdFq. Given two distinct one-dimensionalsubspaces,there
is a unique two-dimensionalsubspacecontaining them. Thus, if we
call the two-dimensionalsubspacesof V the projective lines, then we
have the nice fact that any two projective points determine a unique
projective line.

When q = 2, then each projective line contains exactly three projec-
tive points. To seethis, notice that sincethe underlying �eld is F2, any
one-dimensionalsubspacecontains exactly two points: the zero vec-
tor, and the non-zerobasisvector. Thus, there is a bijection between
non-zerovectors and projective points. Let L be a two-dimensional
subspaceof Fd+1

2 representing a projective line, and let f e;f g be a vec-
tor spacebasisof L. Then L contains exactly four vectors: 0, e, f and
e + f . The non-zerovectors represent the three projective points of
L. Amazingly, this givesrise to the sametest for collinearity as in the
a�ne case:

The Pro jectiv e Collinearit y Rule : Three non-zero
vectorsa;b;c 2 Fd+1

2 represent collinearprojectivepoints
if and only if a + b+ c = 0.

The vector spaceF3
2 has eight vectors, and so the projective space

P2F2 has seven projective points. In fact, P2F2 is the Fano plane. We
de�ne a projective set gameof dimension d to be a card gamewith
one card for each projective point in PdF2, where three cards form a
set if the corresponding projective points arecollinear. Then the Fano
set gameis just the projective set gameof dimensiontwo.
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H. Tracy Hall [8] hasdevisedfor himselfa deck of cardsfor a playable
projective set gameof dimension�v e. The key stepof his construction
is to group the components of a vector of F6

2 into three pairs,

a = (x1; x2; y1; y2; z1; z2) = ((x1x2); (y1y2); (z1z2)) ;

and then to interpret each pair as the binary expansionof one of the
integers0,1,2,or 3. For example,

a = (1; 0; 0; 1; 0; 0) = ((10); (01); (00)) = (2; 1; 0):

To further encode the vector asa designon a card, we associate a sym-
bol to each of the three integers1, 2, or 3, and usethe blank symbol for
the integer 0. We print three such symbols on each card, one for each
coordinate, and distinguish the symbols by printing them in three dif-
ferent fonts. In Figure 11 we do this usingdi�erent families of symbols
for the di�erent coordinates: f N; � ; F g; f <; = ; > g, and f Z; R; Qg. Hall
has a much cuter way to do this using the characters from a popular
children's game.

With respect to this method of encoding vectors, the projective
collinearity rule has the following translation.

The Pro jectiv e set Rule : Three cards are called a
set , if each font appearsin exactly oneof the following
three ways:

� Not at all.
� As the samesymbol exactly twice, and not as any

other symbol.
� As all three symbols.

F
>

Q
� =
R

N
<

Z
F
R

F
< <

R
F
Q

� N
Q

Figure 11: Can you �nd all four projective set s?

Hall reports teaching, and then losingat, this gameto his nine-year-
old niece.

Are there still other set -like gamesbeyond a�ne and projective
set ? Yesand no. A Steiner triple systemis a set X together with a
collection S of three element subsetsof X , such that, given any two
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elements x; y 2 X , there is a unique triple f x; y; zg 2 S. Interpreting
elements of X ascards,and triples in S asset s, then we obtain a set -
like game from any Steiner triple system. The a�ne and projective
set card gamesareexamplesof Steinertriple systems,but it turns out
that there are many more exotic Steiner triple systems.Their study is
a very rich subject, and the interestedreadershould look at the book
of CharlesColbourn and Alexander Rosa[4].

A natural invariant attached to any Steiner triple systemis its sym-
metry group. This is de�ned in precisely the same way we de�ned
symmetry groupsof a�ne set games,namely, as the permutations of
the points of X taking triples in S to triples in S. Oneway of studying
Steinertriple systemsis via their symmetry groups. A notableproperty
of the symmetry groupsof a�ne and projective set gamesis that their
symmetry groupsare2-transitive on cards;that is, there is a symmetry
taking any orderedpair of cardsto any other orderedpair of cards. In
particular, this meansthat, up to symmetry, there is only one type of
set . To capture this, let us de�ne an abstract set game to be any
Steiner triple systemwherethe symmetry group acts 2-transitively on
points. We have the following deeptheorem classifying abstract set
games,�rst conjecturedin 1960by Marshall Hall, Jr. [9].

Theorem 11. The only abstract set gamesare a�ne and projective
set games,in Fd

3 and PdF2 respectively.

This result is due to Jennifer Key and Ernest Shult [16], Hall [10],
and William Kantor [15]. Interestingly, the proofs use part of the
classi�cation of �nite simple groups.

If we actually play projective set we want to know how many cards
needto be dealt to guarantee a set . Just asin the a�ne casewe call a
collection of points in PdF2 containing no three points on a projective
line a cap. The problem of �nding maximal caps for projective set
was solved in 1947by Raj Chandra Bose. In [2], he showed that the
maximal capsof PdF2 have 2d points. Bose'sinterest in this problem
certainly didn't stem from set , asthe gamewasnot to be invented for
another27years. Rather, hewascomingat it from quite anotherdirec-
tion, namely, the theory of error-correcting codes, which is the study of
the 
a wlesstransmissionof messagesover noisy communication lines.
As detailed in the book of Raymond Hill [14], there is a correspondence
betweenprojective capsin PdF2 and families of e�cien t codes. Speci�-
cally, if we form the matrix whosecolumnsare vectorsrepresenting the
projective points of the cap, then the kernel of this matrix is a linear
code with Hamming weight four. The more points the cap contains,
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the more \code-words" the corresponding code has, and so this natu-
rally motivates the problem of �nding maximal projective caps. Bose
completely solved this problem when q = 2, but, as in the a�ne case,
things becomemuch more di�cult when q = 3. We denoteby bd the
sizeof a maximal projective cap in PdF3. The known valuesof bd are
given in the table below.

d 1 2 3 4 5 6
bd 2 4 10 20 56 ?

The sizesin dimensions2 and 3 are due to Bose [2], dimension 4 is
due to Pellegrino [19], and dimension5 is due to Hill [11, 12]. We note
that we always have ad � bd, sincethere is a copy of Fd

3 insidePdF3, so
Pellegrino'sresult is the �rst proof that a4 � 20.

Eventhough there is no abstract set gamewith cardsgivenby points
of P5F3, there is still someinteresting set -theory associated with the
study of maximal projective capsin this space. In particular, the 45-
point a�ne cap in Figure 6 was constructedby deleting a hyperplane
from the 56-point projective 5-cap given by Hill in Figure 4 of [13].
Uniquenessof this a�ne cap was shown in [6] to be a consequenceof
the uniquenessof the projective cap, which in turn was demonstrated
by Hill in [12] by meansof a code-theoreticargument.
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