
Math 111a, Fall 2008, Homework # 3

Banach Spaces

1. (Lang, Problem 14(d) on p. 47) Let A be a subset of a Banach space E, let
x ∈ A and y /∈ A. Show that there exists t ∈ [0, 1] such that tx+ (1− t)y ∈ ∂A.

2. Let α = (an) be such that the sequence (nan) belongs to lp for some p < ∞.
Prove that α ∈ l1.

3. Let 1
p + 1

q + 1
r = 1. Prove that for any three sequences α = (an), β = (bn), γ = (cn)

one has ‖αβγ‖1 ≤ ‖α‖p‖β‖q‖γ‖r, where one defines αβγ def= (anbncn).

4. (a) (Lang, Problem 6(a) on p. 91) Prove that any finite-dimensional vector
subspace of a normed vector space is closed.
(b) (Lang, Problem 12 on p. 92) Let E be an infinite-dimensional Banach space,
and let {xn} be a sequence of linear independent unit vectors. Show that there
exists an element in the closure of the space generated by all xn which does not lie
in any subspace generated by a finite number of xn. (Look in Lang’s book for a
hint.)
(c) By combining (a) and (b), prove that a Banach space is finite-dimensional if
and only if all its subspaces are closed.

5. Let C1[0, 1] stand for the space of continuously differentiable functions on [0, 1]
(that is, C1[0, 1] def= {f | f ′ exists and is continuous on [0, 1]}). Consider the fol-
lowing four “norms” on this space:

‖f‖ = sup
[0,1]

|f(x)|+ sup
[0,1]

|f ′(x)| , bfc = sup
[0,1]

|f(x) + f ′(x)|

dfe = sup
[0,1]

(
|f(x)|+ |f ′(x)|

)
, [f ] = |f(0)|+ sup

[0,1]

|f ′(x)| .

(a) Prove that one of them is not a norm, and the remaining three are equivalent.
(b) Prove that C1[0, 1] endowed with the above norm(s) is complete.
(c) Is this space complete with respect to the C0-norm, ‖f‖ = sup[0,1] |f(x)|? Justify
your answer.

6. Prove that the following are bounded linear functionals, and compute their
norms:
(a) f 7→

∑∞
n=1

1
n2 f( 1

n ) on C[0, 1] (the space of continuous functions on [0, 1] with
the supremum norm);
(b)f 7→ f(0) + f ′( 1

2 ) on C1[0, 1]

(use any of the equivalent norms on C1[0, 1] from the previous problem).


