Characterizing neural dependencies with copula models
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Introduction

AThe distributions of activity of individual neurons in cortex and many other areas of the brain are
discrete and non-negative

ANeurons display strong dependencies due to common input and network connectivity

AWe introduce copula models as a principled, parametric method to combine the neural activity
distributions into a joint distribution with desired dependencies

Key idea: Every distribution can be transformed into a
uniform distribution between 0 and 1 using its cdf
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Definition: A copula C is a multivariate distribution over the unit cube with uniform marginals.

Sk | atheorem (1959): Giveny,, ..., ¥, random variables with continuous distribution functions
F,,...,F, and joint distribution F, there exists a unique copula C such that for all x:

C(ut, -y un) = F(Fy (1), ., Fpy* (un))
Conversely, given any distribution functions F,,...,F,, and copula C,

F(y1,...yyn) = C(F1(y1),- -, Fn(yn))

IS a n-variate distribution function with marginal distribution functions F, ..., F..

APrincipled way to quantify dependencies that go beyond correlation coefficients
Alndependent of nonlinear transformation of variables (Nelsen, 1999)
AEstimating mutual information between stimulus and response Jenison & Reale, 2004).

Modeling neural dependencies

AWe propose to fit parametric families of copula models to joint neural activity by
Maximum Likelihood estimation

Ahe selection of an appropriate parametric family for the copula distribution can be
addressed by cross-validation

Dealing with discrete marginals: Learning a copula model with discrete marginals
requires care, because the cdf maps data to a finite set of points in the copula space
(Genest & Naslehova, 2007). Our strategy is to derive a generative model on the data and
Integrate over the uniform marginals:

Likelihood function:

Fi(y1) Frn(yn)
p(Y|9) :/p(tha@)p(uw) du:/ ] CQ(uh”'vU’R) du

F1(y1—1) Frn(yn—1)

For example, in the bivariate case:

p(y|0) = Co(F1(y1), F2(y2)) + Co(F1(y1 — 1), Fa(y2 — 1))
— Co(F1(y1 — 1), F2(y2)) — Co(F1(y1), F2(y2 — 1))

Estimation is unbiased for a wide range of parameters:
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3500 data points (1000 for Gaussian) were generated from the model with Poisson
marginals with parameters , =2, , ,=3; the estimation is repeated 200 times (100 for

Gaussian) to compute mean and standard deviation of the ML estimate.

Analysis of neural dependency

Neural data

We analyzed pairwise dependencies in neural
data recorded from 10x10 array implanted in
the pre-motor cortex (PMd) area of a
macaque monkey (center-out reaching task,
Including data between trials) (Serruya et al.,
2002, Suner et al., 2005). We collected spike
responses in 100ms bins. Training set: 4000
bins; test set: 2000 bins.

Out of a total of 194 neurons we select a
subset of 33 neurons that fired a minimum of
2500 spikes over the whole data set.

For every pair of neurons in this subset (528
pairs), we fit the parameters of several copula

families to the joint firing

empirical cdf. The

rate using the
models are scored

according to the improvement in bits/sec over a
model that assumes independence.

We considered a total of ten
copula families (Gauss, Student-t,
Clayton and associated copulas,
Gumbel, Frank, and the two-
parameter family BB1). Based on
cross-validation and redundancies
between the copulas, we selected
three families that consistently fit
the data better.

Future challenges

Clayton copula
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level
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Frank copula Gumbel copula

iIndependent 8%

Out of 528 pairs, 484 showed
Improvement with respect to
Independent model (163 >
1bit/sec). More than one third

of all pairs showed
dependencies concentrated In
the upper or lower tails of the
distribution.

Acknowledgments
We would like to thank Matthew Fellows (UCSF) for generously making macaque neural
data available to us.

-taking into account multiple
neurons:. make the fitting procedure
scale, introduce new multivariate
copulas

- stimulus dependency: Preliminary

Model of
dependencies
(copula)

Model of
marginals
(LNP model)

References

Embrechts, P. (2008) Copulas: A personal view. To appear in Journal of Risk and
Insurance.

Genest, C. & Neslehova, J. (2007) A primer on copulas for count data. Astin Bulletin
37(2), 475-515.

Jenison, R.L. & Reale, R.A. (2004) The shape of neural dependence. Neural Computation
16, 665-672.

Joe, H. (1997) Multivariate models and dependence concepts. Chapman & Hall, London.

results show that after fitting a
Linear-Nonlinear-Poisson (LNP)
model to the data, there are residual
dependencies that can be captured
by copula models.

Nelsen, R.B. (2006) An introduction to copulas. Second Edition. Springer, New York.

Pitts, M., Chan, D. & Kohn, R. (2006) Efficient Bayesian inference for Gaussian copula
regression models. Biometrika 93(3) 537-554.

Serruya, M.D., Hatsopoulos, N.G., Paninski, L., Fellows, M.R. & Donoghue, J.P. (2002)
Instant neural control of a movement signal. Nature 4(16) ,141-142.

Suner, S., et al. (2005) Reliability of signals from a chronically implanted, silicon-based
electrode array in non-human primate primary motor cortex. IEEE Trans on Sys and
Rehab Eng, 13(4):524-541.

o o ToToIo Do Do I



