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ABSTRACT We present a projective resolution of the
two-rowed Weyl module, using techniques of supersymmetric
algebra.

Section 1. Introduction

The projective resolution of Weyl modules has been de-
scribed, in the case of two-rowed modules, in ref. 1, where
the technique used leaned heavily on the construction of an
arithmetic Koszul complex and on the exactness of certain
sequences of skew-shapes. This method proved unwieldy in
the attack of the analogous problem for an arbitrary number
of rows.

We develop here an altogether different and simple tech-
nique which gives the entire characteristic-free finite resolu-
tion in one step and which in addition allows an explicit
description of a basis of syzygies in each dimension.

We expect the present technique to extend to give a
characteristic-free resolution of Weyl modules of an arbitrary
number of rows. Because of the timeliness of the method, we
present the two-rowed case first. The present paper is an
application of the methods of supersymmetric algebra devel-
oped in refs. 2 and 3.

Section 2. The Weyl Module

We follow the notation of refs. 2 and 3.

Let A be a linearly ordered proper alphabet. We denote by
Super[A; k] the component of degree k of the supersymmetric
algebra Super[A]. We denote by W both a word in Mon(A)
and a monomial in Super[A].

We consider proper linearly ordered signed alphabets L
and P of letters and places, respectively, endowed with
sufficiently many positively and negatively signed letters and
places in arbitrarily prescribed orders to allow for the com-
putations that follow. The linear order in either of the
alphabets L and P will be denoted by =. Throughout this
paper, the letters p and g will denote positive integers such
that p = gq.

We denote by a and b two places such that a < b. The
module M; is defined as the submodule of the supersymmet-
ric algebra Super[L|{a, b}] spanned by all elements of the form
(W|a®)(W'|b@), where W and W’ are monomials in Su-
per[L].

PROPOSITION 1. For any nonnegative integers p and q the
map

W® W' — (Wa®P)(W’'[b@)

extends to an isomorphism of the module Super[L; p] ®
Super[L; q] onto the module My. Thus, monomials of the
form

The publication costs of this article were defrayed in part by page charge
payment. This article must therefore be hereby marked *‘advertisement’
in accordance with 18 U.S.C. §1734 solely to indicate this fact.

2448

(W[a®)(W'[b@)

are a basis of the module My, as W and W' range over all
monomials of length p and q, respectively, in Super[L].
Proof. Obvious.
PROPOSITION 2. A basis of the module M, is given by the
monomials

(Wnl a(p)b(r)) (Wlll| b(s)) , [1]
where 1 and s range over all nonnegative integers such that
r + s = q and where W' and W" are any monomials in
Super[L] such that the diagram (W", W") is standard.

Proof. Immediate from the standard basis theorem of ref.
2.

Let {x1, x2, x3, . . .} be an infinite sequence of negatively
signed places such that x; < x, < x3 <. ... We define an
operator 9; from M; to Super[L|P] by setting

W(W|aPYW'[bD) = (Wix1xpx3 . . . x,)(W'|x1x2%3 . . . Xg).

The image of the operator d; will be denoted as M.

PROPOSITION 3. The map d; maps standard bitableaux into
standard bitableaux.

Proof. Obvious.

Our first objective will be to determine the kernel of the
boundary map 9;.

THEOREM 1. The kernel of the boundary map 9, is the
submodule of the module M, freely spanned by all standard
bitableaux of the form

(W”| a(p)b(r))(wm|b(5)) , (11
wheret + s = q, where r > 0, and where the diagram (W",
W™) is standard in Super[L). The module M, is also spanned
by the bitableaux of the form

(wnl a(P)b(r)) (W "'|b(s)) ,

where W" and W" are arbitrary words in Super[L].

Proof.

Case 1. r = 0. In this case, the image of bitableau 1 under
the boundary map is the standard bitableau

(W|x1x2x3 PN xp)(W"|x1x2)C3 RN xq),

and we know that standard bitableaux are nonzero (2).
Case 2. r > 0. In this case, the image of bitableau 1 under
the boundary map is computed as follows. Let

U=Xx1xX2X3 . .. xq,
and let
Au= Eu(l) ® u). [2]

We write

22Uy ® ug
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to indicate the sum of those terms on the right side of Eq. 2
(and only those) where u, has degree r and u(;) has degree
s. In this notation, the image of bitableau 1 under the
boundary map 9, is

2’1(W"|x1x2x3 e xpu(l))(W"'|u(2)),

for a suitable choice of signs.

Since r > 0, every word x1xx3 . . . Xpuy in this sum
contains two repeated negatively signed letters, and therefore
it vanishes.

Every element of the kernel of 9, is a linear combination of
elements of the form 1. We may assume that only terms with
r = 0 occur in such a linear combination, otherwise there is
nothing to prove. But then, the image of a linear combination
of such terms is mapped into a linear combination of standard
tableaux (by Case I), and, again by the standard basis
theorem, such a linear combination vanishes if and only if the
coefficient of each of the terms vanishes. This concludes the
proof of the first assertion.

To prove the second part of the statement, it suffices to
invoke again the standard basis theorem. Any tableau of the
form

(W"l a(”)b(’))(W”’| b(s))

is a linear combination with integer coefficients of standard
tableaux of the form

(Wrmla(p)b(t))( Wmnlb(s))
with ¢ = r, hence the conclusion.
Section 3. The Resolution

We next define the modules M. for 1 < k < q.

Choose a new positive alphabet R, having an infinite set of
letters us, u,, . . . suchthatu; <u, <. .., and consider the
underlying module of the algebra Super[R] as a module over
Super([L|{a, b}].

A Z-basis of the Super[L[{a, b}]-module Super[R] is given
by all elements of the form

(Wa™b@)Y Wb NuPuP . . . W,

where a, B, . . . , y are nonnegative integers and where the
bitableau (W"|aMb®)(W"|b(?) is standard, as in Proposition
2.

The module M;.; is freely spanned by all elements of
Super[R] of the form

(Wb Wb . . 1P,

where the bitableau (W"|a™b®)(W"|b@) is standard, where
the integers a, B, vy, . . . , ¢, @ are positive, and where 7 =
pta+pB+...to+w,andwm+p+o=p+gq.

The boundary operator 9,1 is defined as follows:

(W@ ™bP)Y Wb u@uPu . . . u® ™
= (W"|a(1r—a)b(a)b(p))
X (W"’|b(“))u(1ﬁ)u57) R u;(«i)zu;:z)l
_ (W”|a('”)b<"))
X (Wmlb(a))u(la)u:(lﬁ)ugy) . ui“i)zu](:)l

+ (W"l a™ b(p))

X (Wb )uPuPu? . . u@u™ — ...
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t(W”[a(")b("))
X (Wb NuuPu . . . P u®),.
With this definition of the boundary, we have

ak8k+1(W”|a(”)b(”))(W”’|b(”))u§"‘)u§3)u§7) . ui“’_)lufcw) =0.
We shall now prove that the complex defined by M, and 9
is exact; in fact, we shall find a basis of syzygies for each
dimension. To this end, we define a homotopy operator Sy,
mapping My to M., as follows. For k > 0 set

S W la™b@)Y Wb N uPuPuy . .. u®)
— (Wnla(qr+p))(Wmlb(a’))ugp)ugﬂ)u:(;ﬁ) . u;{‘P)

whenever p is a positive integer and 0 otherwise. The
operator .Sy maps

(Wlxrxoxs . .. x) (W xixoxs . . . xp)
to
(W]aP)(W'|bD).
Again, a simple computation shows that
Ok+25k+1 + Skdr+1 = identity.

We thus obtain our main result:
THEOREM 2. The complex defined by My and 9y is exact.

Section 4. Bases of Syzygies

We shall now display an explicit resolution for the Weyl
module M, and a basis for its syzygies in each dimension.
Recall that p and g are positive integers such that p = q. We
have

THEOREM 3. The complex {My, dk}x=1 is a projective
resolution of the Weyl module My over the Schur algebra of
degreep + q, with the map 3::M1— My as augmentation. The
(k + 1)-dimensional syzygy module of My is the submodule of
My+1 freely spanned by the elements

W 2@ (Wb ufPuPuf? . . . ul®u™,
where the diagram (W", W") is standard.

Proof. Since each module M, for positive k, is a direct sum
of tensor products of divided powers, we know by ref. 1 that
these modules are projective over the Schur algebra of degree
p + q. The exactness of the complex

..—>Mk+1—>Mk...—>M2—)M1—>M0—>0

asserts that {My, d;}x=1 is indeed a resolution. As for the
statement about syzygies, this follows from the facts that {S;}
is a splitting homotopy and that the nonzero elements of the
image under S; of the basis elements for M; are linearly
independent.

In the language of ref. 2, this amounts to saying that the
resolution is invariant under polarization of the letters L.

Section 5. Extension to Skew Shapes

The discussion is similar to the preceding, except that the
module M, is now defined as follows. Choose a set of ¢
negative letters y1, y2, . . ., yrsuchthaty, <y, <... <y,
and such that all other letters of L follow y,. The module M,
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is freely spanned by all standard bitableaux of the form (y;y>
e YW xi2xs - xpe (W xixoxs L L L Xg).

The only change required in the proof is in the definition of
the modules My, for k = 1, as well as in the definition of the
homotopy operator. The modules My, are freely spanned by
elements of the form

(W”|a(")b("))(W”’|b("))u§“)u(23)u§7) . ui“’_)lufcm),

where w > t, where a, B, . . . , ¢ are positive, and where as
abovewehaver=pt+ta+B8+...+tot+w,and7m+p
+o=p+qg.

All the homotopy operators S remain unchanged for k >
1. The operator S; is redefined as follows:

Sl(W//la(‘lr)b(p))(wmlb(a')) - (Wula(‘n'+p))(Wmlb(a’))u(lp)
whenever p > ¢, and
Sl(W”|a(")b("))(W"'| b(”)) =0

otherwise.

The operator Sy is defined on all tableaux of the form (y;y»
e YW rixexs . . L xp+ ) (W xixaxs . . . Xxg), Where the Young
diagram (y1y2. . . y.W, W')is standard. Say that W = cic;. . .
cp and W' = did, . . . dg. By the definition of a standard
(super) Young diagram, there exists a smallest index r such
that d, = ¢; < d,+1. Consider the Young diagrams D = (d1d>
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...dic1c2. . . Cpydrr1drsr . . . dg) and E = (aPb", b777). We
define

So(y1yz2 . - - yWlxixoxs o 0 d(WWlxixpxs . . L xg)
= Tab(D|E).

With these changes, the statements of Theorems 2 and 3
remain valid for skew tableaux.

Section 6. Applications to the Bracket Algebra

The preceding results yield a projective resolution of the
submodaule of the bracket algebra (3) spanned by all products
of two brackets. One simply interprets a bracket of length n
as [W] = (W|x1x; . . . x,), setting p = g = n above. In this
way, we obtain a resolution of the degree two component of
the ring of coordinates of the Grassmannian.
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