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Abstract

We present characteristic-free resolutions and splitting homotopies for the Weyl modules
associated to skew-hook shapes.
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Résumé

Nous présentons des résolutions en caractéristique-libre, et des homotopies associées aux formes
du type « skew-hook ».

0 2003 Elsevier Science (USA). All rights reserved.

1. Introduction

The consideration of the Grothendieck ring in representation theory prompted A. Las-
coux [L77]to translate the classical Giambelli determinantal expression of the Schur func-
tions into a resolution, in characteristic zero, of the Schur modules of which these functions
were the formal characters. The main idea in this translation is to determine in which di-
mension of the resolution the terms of the determinantal expansion are to go. Each term in
the expansion corresponds to a permutation, and the length of that permutation gives the
dimension of that term. Although in [L77] Lascoux dealt only with partitions, it was clear
how the extension to skew shapes should be made. The precise definitions of the maps in
these resolutions were given later and can be found in [A88,A92,287].
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When is a partition andl is a partition such that; < A; for all i, then the Giambelli
formula gives the skew Schur functieyp,,, as the determinamé,\;_ﬂ;ﬂ_ﬂ where)’, i/
are the partitions conjugate 1o i, thee; are thekth elementary symmetric functions, and
e_; =0 for—i < 0. For example, if./u is the skew shap€s, 3, 3,2,1) / (1, 0, 0), then

eq4 e e7
Sh/u = | €2 €4 €5 .
ep ez e3

Noting thate; is the formal character of thkth exterior powerA*, and replacing the
product of polynomials by the tensor product of the corresponding representation modules,
the characteristic 0 resolution of the preceding skew shape was given as

AS® A° AS® A%2® A8
0— A"® A > @ - @ > A At s (1)
AT@A2® A2 A*@ A°® A2

In treating Weyl modules, a completely analogous treatment can be given to the Jacobi—
Trudi determinantal expansiof,,, = |;,—,,+—i|. In this case, the entries of the matrix
are the complete symmetric polynomials(which are the characters of th symmetric
power in characteristic zero, and of tith divided power in arbitrary characteristic). Thus
the terms of the resolution would translate in characteristic 0 as the sums of tensor products
of symmetric powers. For example, a resolution of the Weyl mofiige 3)/(1,0,0) is given
by replacing each exterior power in (1) with the corresponding symmetric power. In a
characteristic free setting, we want to replace the exterior powers with divided powers.
This naive procedure will succeed for the skew-hook shapes treated in this paper, but for
more general shapes one must also add terms to the resolution that are not represented in
the Jacobi-Trudi expansion.

A number of reasons motivated the study of resolutions of Weyl modules in the
characteristic-free context. From a universal algebra point of view, the modules of syzygies
are of some considerable importance. But interest also was generated by questions related
to Z-forms of rational representations and to intertwining numbers (see, e.g., [AB86]).
From the point of view of obtaining an explicit description of the syzygies, the construction
of a splitting homotopy seems to be a fruitful way to proceed with these resolutions; the
non-zero images of the basis elements under the homotopy usually form a basis for the
syzygy modules. In [BR94,B98], examples of such homotopies can be found.

In this paper, we construct characteristic-free resolutions of the Weyl modules

associated to skew hook shapes such%ﬁH . Each term of the resolution is a direct sum
O

of tensor products of divided powers algebras. This result generalizes the characteristic-
free resolutions of Weyl modules associated to hook shapes found in [B98].

Exactness is established by constructing a characteristic-free splitting homotopy; here
splitting occurs over the integers. Few explicit homotopies are known for Weyl modules,
and this homotopy is new even in characteristic 0. The construction of the homotopy
involves a matching between basis elements in modules at adjacent stages of the resolution.
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Viewed combinatorially, this matching turns out to be the sign-reversing involution
appearing in the Gessel-Viennot proof [GV85] of the relevant Jacobi—Trudi identity.

In Section 2 we recall some constructions from characteristic-free multilinear algebra
including the Weyl (or co-Schur) modules from [ABW82] and the letter-place algebras
of [DRS76,GRS87]. Section 3 outlines the letter-place construction of the resolution of
the nth exterior powers of a free module as described in [B98]. This material provides a
vital connection to the general program [BRO1] for applying letter-place methods to the
resolution of Weyl modules. In Section 4, we introduce a new basis that simplifies the
construction in Section 3. The construction we provide produces the resolution of a tensor
product of Weyl modules having skew-hook shape as a subquotient complex (indexed
by intervals in a Boolean algebra) of the resolution of an exterior power representation.
Finally, in Section 5 we construct the desired homotopy.

The resolutions

In this section, we describe how to find characteristic-free resolutions for the Weyl
modules associated to the skew-hooks as a subquotient complexes of the Akin—Buchsbaum
resolution for the exterior powers. The proofs of these results and are deferred to later
sections, as are explicit constructions of both the Weyl modules and the resolutions of the
exterior powers.

Let F be a freeZ-module, We recall the structure of the characteristic-free resolu-
tion [AB86], X", of an exterior as a direct sum of tensor products of divided powers. All
of these objects are defined formally in Section 2, but the reader accustomed to working
in characteristic 0 may temporarily wish to consider the following constructions over the
rationals, in which case thi¢h divided power module may safely be replaced withitte
symmetric power.

Proposition 1.1.Let F be a freeZ-module, A" (F) thenth exterior power o, andD; (F)
the module ofth divided powers of-.

Define modules((;; <...<i, 1) bY X(i;<...<iy_1) = Di;—o(L) ® - - - ® Dy—;,_, Where the
isomorphism holds over the universal enveloping algebgd ©f Then there is a resolution,
X", of A" (F) over the universal enveloping algebragif- such that

X" ~ @ XE.

EC(l,...n—1)

Constructions for this resolution are given in Sections 3 and 4. A new proof of exactness
is given via the splitting homotopy of Section 5.

Definition 1.1. SupposeEp € E1 € {1,...,n — 1}. We defineX(Ep, E1) to be the
subquotient complex oX” formed by taking allX g with Eq C E in the quotient complex
X/XgEg, of X" by the subcompleXg¢ g, consisting of allX g with E £ E;.

The image ofX g in X" /X¢g, is naturally isomorphic t& g; we will continue to call
it Xg.
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With this definition, the compleX (¥, {1, 2,...,n — 1}) is just X" and the complex
X(E, E) is just the single modul& g .

Theorem 1.2.Let 1/u be ann-celled shape satisfying; 1 — u; € {0,1}, i.e., Ky, is
a tensor product of Weyl modules associated to skew shapeElLﬁt{Zllekl — |
j€Z\{n} and let Eo={}"]_ i} — i | j € Z*, Xj41 — wj = O}\{n}. The complex
X(Eo, E1) is exact except aX g, where its homology iX, /..

This generalizes the resolution [B98] for the hook shapes. The proof, in Section 5, is
again by homotopy.

Example. The subquotient compleX ({5}, {1, 3, 5, 6}) of the resolutionX’ of A’ forms
a characteristic-free resolution for the Weyl modutgy 4.31,1)/(3,2,1), corresponding to
shape

s

Assuming Theorem 1.2, we can interpret the resoluliofp, £1) as a mapping cone.

Theorem 1.3.GivenEg C E1 C{1,...,n — 1} andv € E1\Ep, we have a short exact
sequence of complexés— X(Eg U {v}, E1) — X(Ep, E1) — X(Eo, E1\{v}) — O.
Further, X(Ep, E1) is the mapping cone of a mafEg, E1\{v}) - X(EoU v, E1).

Recognizing the injection in the above theorem as subset inclusion proves exactness.
A proof thatX(Ep, E1) is the claimed mapping cone is given at the end of Section 4.

2. Constructions for characteristic-free representation theory

We review some constructions used in the sequel. The overwhelming majority of
these techniques can be found either explicitly or implicitly in [ABW82,DRS76,GRS87],
although the outline of the current presentation differs somewhat.

Let M be a rankn freeZ-module. The divided powers algeldfg M) of M is defined
to be the graded Hopf algebra dual of the symmetric alg8bra(M*) on the linear dual
of M. If we fix a basisy, . . ., b, for M, thenD(M) is isomorphic to the free commutative
Z-algebra generated by the symbbj@ forall 1 <i <m and allk > 0, modulo the ideal
generated by the relations

bf-’)bfk)=<1—; )bf-’*") and »® =1 ()

The moduleM appears naturally as a submoduldaiV) and we leth; denotebfl).
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Letting each element a¥f have degree ID(M) is a graded algebra and ith graded
componenD; is a freeZ-submodule with basi{%gfl) B et =)

Given two free moduled, and P, one can construct (see [GRS87]) a bilinear pairing
() of the divided powers algebra¥(L) andD(P*) into D(L ® P*). We have decorated
P with a sign following the definition in [GRS87] which properly applies to a direct
sum of free module® = P+ @ P~. Elements ofPT are said to b@ositively signednd
elements ofP ~ arenegatively signed/Ve have specialized above to the cé&se= 0.

In terms of bases, this pairing generalizes the permanent. In particular, suppose
P have base£ and P, respectively. We identify the basigs® p |1 € L, p € P} of
L ® PT with the set{(/|p) | ] € L, p € P} of “letter-places.” The algebr®(L ® P™)
can now be identified with the commutative associative algahiC|P*]) generated
by all (I|p) and satisfying the relations (2) for al = (/|p). Forly,...,lx € £ and
Pis..., P € PT, we have

(Io@lp) -+ Uswylpr) whenk =k,
(hl2---llpip2- - pr) = (,;Sk 3)

0 otherwise

Turningto the cas®™ = 0, we have a bilinear map) : D(L)Q A(P~™) — A(L® P7).
If we are given a basi®~ for P~, then identifyingA(L ® P~) with the free exterior
algebraA([£|P~]) on generator$(|p) |l € L, p € P~}, the biproduct(|) still satisfies
Egs. (3).

We note that for botl? = P~ and P = P, the relations (3) determing) overZ.

Example. Suppose we have basés= {a,b,c}, P* ={1,2},andP~ ={1-,27} for L,
PT,andP~, respectively. We have

(aabe|1222 = 12(a|1)(al2)(b]2)(c|2) + 6(b|1) (a]2) (a|2)(c|2) + 6(c|1) (a]2) (a|2) (b|2),
so bilinearity (ovelZ) implies that
(a@bc|12%) = (a]1)(@]2) (b]2)(c]2) + (B]1) (@2 P(c]2) + (c|1) (@2 P B]2).

On the other hand, since 2~ =0in A(P), we have(aabc|17272727)=0.

For the remainder of this paper, we fix two positively signed, linearly ordered(sets
of cardinalitym, andPT = {1 < 2 < --- < n} whose elements will be the basis of free
modulesL and P, respectively. Likewise, we fix a linearly ordered, negatively signed set
P~ ={1" <--- <n~} whose elements are the basis of a rarfkee Z-moduleP~.

The preceding example suggests the following.



D.A. Buchsbaum, B.D. Taylor / Advances in Applied Mathematics 30 (2003) 26-43 31

Notation. Letu = u1, ..., u; be a sequence of elements taken from somé sebrs € S,
definecs(u) = |{j | u; = s}| Further, for sequences anduv of elements inC and P+,
respectively, define

(w1, w2, ..., wilvy, v2, ..., ) = <H1(Cl(w))‘ l_[ P(c”(v)))

lel pePt

Likewise, for sequences andv of elements inC andP~, respectively, define

(w1, w2, ..., wrlvy, v2,..., %) = (nl(cl(y))‘vlvz- "Uk)~
lel

We recall the following expansion property of the biproduct.

Proposition 2.1.Given a sequence of elements inC andv, v’ € D(PT), we have

<1—[,(c1@>> UU/> -y (l—[lm(wl» U)(n,(cz(wzn v/)’
lel

lel wi,w2 Mel
where the sum is taken over all weakly increasing sequanges, such thaw = w; +w,
as multisets.

In Hopf algebras notation, one could instead witgvv’) = Z(w)((w)1|v)((w)2|v’)
Wherez(w)(w)l ® (w)2 is the Sweedler notation fak (w), the coproduct applied to.
Indeed, this and a few closely related properties are commonly taken (see [GRS87]) as the
definition of the biproduct over an arbitrary commutative ring.

Certainly, theZ-linear span of alkws, ..., wg|1,...,1) with w; € £ has as basis all

biproducts(wi, ..., wg|l, ..., 1) with w1 < --- < wg. Further, thisZ-span is isomorphic
to D(P) as agl,-representation. To make this formal omwe letU (gl ) be the Kostant
Z-form of the universal enveloping algebra of the general linear group generated by all the
divided powers of alk, , with a b and by all element§*,*), wherea, b € £ andk € Z*.
We omit the basis-free construction of tiisform. The elemeng, ; acts onD(L) as the
letter polarization:d/9b and onD([£|P*]) as the polarizatiol} ; .p+(ali)d/d(bli). The
action ofe, 5 on A([L|P~1) may be defined by requiring thag 5 (x|i) = 0 if x # b, that
eqa.p(bli) = (ali), and thatk, ; is a derivation, namely, »(pq) = e..s(p) - g+ p - €a,b(q).

More generally, one construdt(gl)-modules as is detailed below.

Definition 2.1.Given positive integers & ig < iy < - - - < i, a sequencey, ..., w;, in L,
and a sequence, ..., v;, in P* (respectivelyP~), define a generalizetitableau

Wigs--v W1 Vigy ..., V1 K
Wiy« v vy Wig41 Vigy o +5 Vig+1
’ ’ ’ ’ zn(wi17"'7wi1_1+1|vila"'avil_j_-'rl)
=1

Wips v v s wik_1+1 Vigsovns v,'k_1+1
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as an element dP([L|P]) (respectivelyA([L|P])).
In writing these bitableaux, we may choose to denote a repeated consecutive subse-
quencd, ..., of i copies ofl by ).

The last shorthand for subsequences is chosen to be suggestive for identities such as
(a,b,c,d|4,3,1@) = (abed|431?), the latter also equalg, b, ¢, d|4, 3, 1, 1).

The following proposition is a direct consequence of the fact that regardless of the sign
of P, eq.p(wlv) = (eqpw|v).

Proposition 2.2.1f we fix positive integer$; < --- < i; and fix a sequencey, ..., v;,
in P* (respectivelyP~) then theZ-linear span, ranging over all sequences, ..., w;,
in £, of the bitableaux

Wiqy ---, W1 Vi, ..., V1
Wipy o voy Wig+1| Vipy - -v5 Vig+1
wikv LR} wik,1+l Uikv LR} Uik,l+l

isaU (glr)-representation.

Note that the order of the elements in each row of the above bitableau makes no
difference in the module defined in Proposition 2.2.

Example. If for 1 </ < k in Proposition 2.2 we let;, = v;,—1=---=v;,_;+1=i;-1+1
for all 1 <! < k where agairig = 0, then the representation constructed in Proposition 2.2
is isomorphic, ovet/(gl), to

Di—ig(L)® - ®Dj,—i,_,(L).

If in Proposition 2.2 we instead had lgt=1/ andv;, = 1~ for all 1 <! <k, then the
corresponding representation is isomorphicitaL).

Definition 2.2. If we choose the sequeneg, ..., v; ;11 to be

(i1—d-D) ... (m1+1-(—-1)

then the representation given in Proposition 2.2 is by definitiorMilegl moduleX, /.,
associated to thekew-hook./u with A; — w; =i; —ij—1 andu; + 1= Ajy1.

Notation. When P = P, it is convenient to denote a bitableau of the form given in
Proposition 2.2 by7'] whereT is a tableau with cells filled as follows: Féer> i > i,_1,

T has a cell in row from the top and columm; from the right; this cell contains the
elementw;. Let D(v) be the set of weak descentaof.e.,D(v) = {1<i < ik | v; > vit1}.
When the weak descents ofoccur only in positiong;, thenw is the usualow reading-
wordof T'.
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Example. If in Definition 2.2 we start withig, ...,i4 =0, 1, 4,5, 7, then we construct the
representatiork 4,42 2)/3,1,1,0) @s the span over all sequenaes, ..., w7 in £ of the
bitableaux

w1 1~ w1
w4, w3, w2|37,27,17 | wa w3 |w2 4
ws 3 | = we (4)
w7y, We 4-,3" | |w7 wé

andws, wy, ..., w7 is the row-reading word of the tableau on the right-hand side of Eq. 4.

The following is a special case of the fact that the semi-standard Young tableaux of
skew shape./u index aZ-basis for the Weyl module of shapé ..

Proposition 2.3.1f A/u is a skew hook, then, following the notation of Definit®8, the
Weyl modul&K, /. has aZ-basis consisting of all bitableaux

Wig, ..., W1 [ seeenns , 1™

Wiy ooy Wiy 41| — Rk =D)7, ..., (k-1 +1—(k—=1)~
where the wordvy, wo, ..., w;, satisfiesw; > wjqfor j ¢ {i1,..., -1} andw; < w;41
when j € {i1,...,ix—1}. In other words, the set of stri@scentsof wy, wo, ..., w;, isS

precisely{i1, ..., ix—1}.

3. Letter-place methods for the resolution ofA” (L)

In this section we modify slightly the presentation of the characteristic-free resolution
of A"(L) given, via the letter-place techniques of [BR94], in [B98].

Let L be a rankm free Z-module with basisC. We construct a characteristic-free
resolutionX” of A”(L) inside a certaifbar compleBR94] as follows.

Definition 3.1.Let A be the free algebra with divided powers @) generator$Z; ; | n >
j > i > 1} modulo the ideal generated by relations

2929 =2)Q0Z%). fori=>1. (5)
Let {x1,...,x,_1} be a basis for another fré&module, and letA = A({x1, ..., x,—1})
be the exterior algebra generated by this module. The free produciofl A is known
as thebar algebraon the algebrai and the separatofsy, ..., x,—1}, and is denoted by
Bar(A; {x1, ..., x,-1}).

A boundary mapa is defined on Baw; {xi,...,x,-1}) by taking the sum of
the polarizations of ther;’s to 1. Specifically,d is the skew-derivation defined on
Bar(A; {x1, ..., x,—1}) by 3(A) = 0,3(x;) = 1, andd(pq) = 3(p)q + (=)' pd () with
| p| defined as the number of’s, counted with multiplicity, appearing ip.
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We define a quotient algebrg, of Bar(A; {x1, ..., x,—1}) by imposing the relations

Zjixx=xxZj; fori>k, (6)
20 z0x= Y 2\ Vxzl 2%, foru,v>0. )
a<Lu,v

We can now consideB ® 4 D([L£|PT]) where the action oA onD([L|PT]) is defined
by letting the elemeng;; act as the place polarizatial;; = Z,(l|j)%. The mapa
descends from BaA; {x1,...,x,_1}) to B and thence extends t8 ®4 D([L|P*]) by
d(p®@m)=09(p).

Definition 3.2. DefineX” to be the subcomplex of the complBx® 4 D([£|P*]) generated
by all elementshy;;, . ;, y(w) forall 0=ig<iy < -  <ij_1 <ix =nand allw; € L,
whereby;, i ;1 (w1, ..., w,) is defined as

Wiy, ..., W1 16
Winy oy Wigal i1+1(i2_i1)

Yn,ik,]_Yik,J_,ik,Z le llYl]_ 0 2 it ( ) (8)
Wigs -+ Wig_q+1 (lk 1+ 1)k 1)

with
R AL ‘ =i (=il
Yiji=2jj-1%j-1Z;" j_oXj-2"Xi+3Z; 3 pXi+2Zi’ 5 1 {1 Xi+1-

Remark. A typical generator of this complex is of the form

(cx) (c1)
Zikfi-l,ik'xik : Zl:—]i-]. ,1x11 ®m, (9)

for some sequende The boundary of such a term is

k—1-(cr) (c2) (c1)
( 1) ZlH»l i Xig le+l i Xip ®D11+l i1

+Z( 1)k= o 7(ck) Xip - . 7 (Ca+1) AU G ) Z:(:-li-)ltlxll(g)m

ir+1,ix ig+1+1, la+1‘x1a+1 gt lria Tigig_1" la—1"

The next example suggests how application of the boundary to a generator of form 9
produces another such generator.

Example. In the resolution ofA® consider the term in dimension 3 of the form
Z65x5ZipxaZ21x1® (w1]1?) (w,13) (w314®) = Y320 ® (w1]1?) (w,13) (w314®).

Lettingm = (w;|1@)(w,|3)(w4/4®), the boundary of this term is
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2 2 2
ZG,SZé,L);)MZZ,lxl m — Zs,s)CsZé,iZz,lm ®m+ Zs,ssté,iMZz,l ®m

= Z52A)1X422,1X126,5 Q@ m + Z5ax4Z21x1264Q m — Zs,5X522,1X1Zé?21 ®m

2
- Ze,5X5Zé,A)1X4ZZ,1 ® m.

Applying the requisite place polarizationsrig gives

wy 1@ wy 1@ wy| 21
0+Ys3Y20® | wy| 3| —VYe6aY20® | wo| 3| +VYe3®| wy| 3
w3|64@ w3|554 wsy|4®

Formalizing the preceding example, we have the following.

Proposition 3.1.TheZ-moduleX"” is a complex under the action dfand is free with basis
given by all elements; (w) such that each row;,,,, ..., w;, (of the bitableau appearing
in the expressio8) definingb; (w)) weakly increases.

Proof. Assuming thaiX" is closed undeb, the fact that it is a complex follows from the
fact that the square of any skew-derivation is 0.

To prove thatd(X") € X", we first observe that repeated applications of the
identities (5)—(7) gives

j—1— j—1
Y =k+ Y (DY vz (10)

j>I>i

wherex is in the right-sided idealk, of B generated by alt,,,, ,,, with j > m1 > i+ 1.
This claim follows from the identity

(a+1) (a+2) ) (a+l—i-1)
21120 Ly pXi-2 Xit2 Lo g XL

_ Q1 . (=D—-i-1 . (a+1)
=K+ 270 X2 Xiv2Z o001 Xiv1Z)

for somek € K. This last is easily proved by induction combined with the fact that for
m1 > [, we have

) (a+1) _ (a+l—i-1)
Zmgamy L1 20 X1-17 - Xi42Z; 05 0 T Xigl

_ (a+)) . (a+l—i-1) (b)
=22y Xi-1Xik2 200 0 Xik1 Ly iy € K.

We conclude by applying two observations. First, the expressioasd ZI(JJ'FI_II.)Jrl in
Eq. (10) commute with anyj, », wherei > hp. And second, ifj,/,i in Eq. (10) are
chosen to be someg, 12, i;,+1, i from Eg. (8), thenc annihilates the bitableau appearing

in Eq. (8).
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Independence of the claimed basis follows from the fact that, treated as reduction rules,
Egs. (5)—(7) (together with the reductinZ‘fi) Qm—1® (Dﬁ.f?m)) are confluent, i.e., they
satisfy a “diamond lemma” (see [Be78])O0

Remark. The calculations of the preceding proof show that, in general=fif < i1 <
s <ip—r<ig=n,thend(Yi i, - Yiip ® m) equals

> D" i YaoYub, - Yinio® DY) im, (1)
ve{l,...,n—1\{i1,....ix—1}

whereb, = max{i € {0,i1,...,ix—1} | i < v}, ay =min{i € {i1,...,ix_1,n}|i > v}, and

r)=Hi>v|ié¢f{i1,....ik}}

The following result, in a slightly different formulation, appears in [B98]. The resolution
of the exterior powers was originally described, entirely without letter-place notation,
in [AB86].

Proposition 3.2.The compleX” is a resolution ofA” (L).

Exactness may be proved via spectral sequences. In the sequel we provide a purely
combinatorial definition ofX” together with a combinatorial proof of Proposition 3.2
relying only on the multilinear algebra presented in Section 2.

Applying Proposition 3.1, we can write down the decompositioR’'binto a direct sum
of tensor products of divided powers as per Proposition 1.1.

Proposition 3.3.DenotingX;, <...<i,_,) the Z-linear span of allby, . i, (w1, ..., wy)
for all sequencess, ..., w, of elements i, gives

X" = @ Xg

EC{l,...n—1)

overU(gle) and X <..<iy_1) 2 Diy—o(L) ® --- @ Dp—;,_, Overu(gly).

4. Bases

The preceding constructions become more combinatorially tractable if we introduce
a new basis for the modulegg. Before defining this basis, we observe that the element
Y.,y -+ Yip,0 preceding the bitableau in (8) can be recovered from the bitableau itself.
Thus, for the sequel, we take the definition

Wig, ..., W1 102

Wisy ..., Wi i1+ 12—
bii,...ix_1) (W1, ..., wp) = 2 ll.+.l. (i ) . (12)

Wigs ooy Wig_g41 | (k-1 + D)
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This makesXy;, <...<i,_;} @ submodule oD ([L|P]), specifically the submodule spanned
byallb;,,  i_,(w1,..., w,) asw runs over all sequences ih The following proposition
gives the usual basis for thég; its proof is immediate.

Proposition 4.1.A basis forXg is given by allbg(wy, ..., w,) wherew = w1, ..., w,
ranges over all sequences such that the strict ascentsligfin E.

Our new basis will facilitate the definition of directly on theXg considered as
submodules ofD([L|P]). This basis is a translation to Weyl modules of a special case
of the “compressed” bases defined in [T0OQ]. As before, an element of the new basis is a
bitableau. Recall that the bitableau (8) defining the basis elemgnt) had|E|+1 rows
andw was restricted to have at mdgt| ascents. An elemet; (w) of the new basis will
still have at mostE| ascents, but the tableau used to define it will have precisely as many
rows as there are ascentsuin

Definition 4.1. Let E = {i1 < --- < i})-1} € {1,...,n — 1}, let iy = n, and letw =
wi, ..., w, be asequence if. Let{i,;, <--- <iq}denotethesel<a<n—1|w, <
wq+1} U {n}. Define the elemeriig (w1, ..., wy,) to be

Wiy oo wi| (g1 4+ DT (g 4 127010
Wigys -+ Wiy +1 (fapy-1+ 1)(1112*1“2—1) (" 1)(1a1+171a1) 13)

Wiy -+ Wig,_ 41| (g1t D) TV o (i 1) Caasi ™oy

Proposition 4.2. The moduleX ¢ has a basis consisting of allz(ws, ..., w,) Where
wi, ..., w, ranges over all sequencaswhose ascents lie if.

Proof. Since this basis has the same cardinality as that of Proposition 4.1, it suffices to
first apply Proposition 2.1, to expand the eleméntéws, . .., w,) into the usual basis for

X g, and then apply a rewrite of the same identity to expand the generatats imito the
basisbg (w1, ..., w,). O

Notation. As with the bitableaux forming the basis for a Weyl mod#lg,,,, it will be
convenient to denote the basis elementsXgr using (appropriately decorated) Young
tableaux. We denote the bitableaux appearing in Eq. (13) BY| whereT is defined in
two steps as follows. First, we start withbeing the Young tableaux of shapgu where
M41= 1, M — g =g — iq_,, and whose row reading-wordis. We do not draw a box
around each letter. Second, we decoffatey inserting a vertical bar between the elements
in positionsi; andi; 4+ 1 for all j such that; ¢ {i,,, ..., i4}.
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For example, we have

w1 1 w1
w4, W3, W2 3@ 2 _ wawsz| w2
we, wg| 6,5 we|ws
wg, w7| 7@ wgwy

Definition 4.2 (Alternative construction oX"). Using the definition (12), we could define
X" to be the linear span of

Wig, ..., W1 162
biiy,...ix_1y (W) 1= (14)

wik’ ERR] wik_1+1 (ik_l + 1)(”(—’1\'—1)

in D(ILIPY) forall w; € £ and all 0=ig < i1 < --- <if_1 < iy =n. We letU(glz) act
on X" via its action orD([L|P]).
Letre,=|{j |n>j>vandj ¢ E}|. Taking the relation

brw) = Y (=D Fbpup W),
ve(l,...n—1\E

computed by Eq. (11) and expressed in our new basis, as the definition of the boundary,
completes the construction &". The fact thatd is a map ofU (glz)-modules follows
from the fact that the polarizations gfcommute with the polarizations .

Remark. Employing the above definitions, the resoluti®tEg, E£1), defined in Section 1
as a subquotient complex &', is naturally isomorphic to the span, insi@¥[£|P]), of
all Xg for Eg C E C E1 with boundary given by

bpw)= Y (=D brup(w). (15)
UEE]_\E

Returning to the example following Definition 3.2, we have

, 2l b o], blb
abc|c || albelc ab|c|c abc|c ‘

Proof that X(Eg, E1) is a complex. It suffices to check thaK” is a complex. We
check this directly by showing that for an§ < {1,...,n — 1}, the image undep?
of any basis elementz (w) is 0 in Xg. We may assumé& = E’ & {v1} & {vp}, for
somevr, vp € {1,...,n — 1}, since otherwise the component & (bz (w)) in Xg is
automatically 0. Now we compute that the componend@b g (w)) in X is the same
as the component iXg of 3((—1)"E""1bpry(yy (W) + (—1)E2b gy, (w)), and this
component is the same as the componeri iof

((_ 1)’E’w(v1),v2 (_ 1)’E’,u1 + (_ 1)’E’w(v2),v1 (_ 1)’E’,u2 )I;E/&J{vl, v} (ﬂ)
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Assuming in the preceding notation that > vo, we havergi,) v, = re/v, — 1 and
TE'¢{va}, vy = TE' vy - So sincerE/w{vl})vz +rE v =TE v, —_1+ TE'w{vs},v1 the coefficient
of bgry(uy,v,) (w) above vanishes and the componen @bz (w)) in Xgis 0. O

We can now establish the structure of the resolut®gp, £1) as mapping cones.

Proof of Theorem 1.3.For eachEg C E C Ej\{v}, considerg:X(Eo, E1\{v}) —
X(Eo U {v}, E1) given by

9E:XE — Xpupy suchthat g (bp(w)) = (—1) Evb gy (w)

for each basis elemen (w) of X . Sincepr may be defined by the action of the divided
power of a polarization of the placé, the mapspg are U (g/)-equivariant. We claim
that the mag given bygr = (—1)(E2\PD\Ely, - is a map of complexes. Observing that the
sign appearing in the definition @fz above simply records the dimension of the module
X in the resolutionX(Ep, E1\{v}), the claim immediately follows from the calculation
on page 38 thaX” and hencé&(Ep, E1) is a complex.

To show thaiX(Eo, E1) is the mapping cone @i, it suffices to check the identities

X(Eo, E1)i =X(EoU {v}, E1); ® X(E1, E1\{v})i-1,
aX(Eg,El) |X(Eou{v},E1) = OX(EqU(v). E1)»

5 (Eo. 1) 15 (Eo. E1\(v)) = OX(Eo. E1\lv}) T -

The first identity follows from the fact thaX g has dimensionE1\E| in X(Eg, E1) and
X(EgU {v}, E1), whereas the dimension &fg in X(Eg U {v}, E1) is |[(E1\{vD)\E]|. The
second two identities are immediate consequences of formula (18) fan

We remark that this expression Bf Eo, £1) as a mapping cone provides the basis of
an alternate, inductive proof for the exactnesXofp, £1). One assumes exactness of the
smaller complexeX(Eq U {v}, E1) andX(E1, E1\{v}) except at the Oth dimension term.
Then one uses the known fact that,\ (v is the lift of a map from the Oth homology of
X(E1, E1\{v}) to the Oth homology oK (Eg U {v}, E1) whose cokernel is precisely the
Weyl module one desires to have as the homology @, E1).

5. The homotopy

We produce a splitting homotops for the resolutionsX(Eo, E1) of the skew hooks.
This proves the exactness of these resolutions.

Definition 5.1. Given Ep C E1 C {1,...,n — 1}, we will define aZ-linear mapS:
X(Eo, E1) — X(Eo, E1) by giving its action on the basis elemeitg(w) for all Eg C
ECE;q.
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Given a basis elemerttz (w), let D be the set of weak descents i specifically
D={1<i<n—1|w; > w;s+1}. If (DN E1\Eog# ¥, then letv be the minimal element
of (DN E1)\ Eg. We defineS by

- —1D)"E\v by (w) if v exists and € E,
s(h _ \(v) :
(bew)) [0 otherwise

Example. We display the action of the homotopy (on basis elements) for the resolution
X(#, {1, 3}) of the Weyl moduleX 3 3 2)/2,1,0):

[[wswa|wawz|wi]| = [[wswa|wawowi]| = O,

[[wswawswz|wi]| — — |[[wswawzwaw1]| > 0,

w3awz|wi N
wswW4 wsw4

w1 N w1
wsw4|w3awz W5WAW3W?2

w1
w3w2
wswy

Necessarily, we assume that in each decorated tableau above, there is a weak descent
w; > w;+1 iff we have writtenw; andw; ;1 in the same row.

— 0,

w3w2w1j|

— 0,

— 0.

Theorem 5.1.Given Eg C E C E1 C{1,...,n — 1} and x € Xg, we haveSo(x) +
0S(x) =x.

Proof. It suffices to prove the proposition when= bg(w) for any w with strict ascent
setD C E.

Case 1.Suppose exists and ¢ E, soS(bg(w)) = 0. We compute

Abew) =Y (=5 bpup)w) (16)

uEE]_\E

and observe that since th@ppearing in the definition &(br (w)) depends only ow and
notonF, S must vanish on every term of the right-hand side ex¢ef) svb guv) (w).

Case 2.Suppose exists and € E. ThenS(bg (w)) = (—1)"E\0v by 1 (w). In this case,
the homotopy is nonzero on all terms on the right-hand side of Eq. (16), and we find

S3(be(w)) = Z (= 1) B (= 1) ERDNELL b g0 oy (). (17)
ueEN\E
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On the other hand, we calcula$¢b ¢ (w)) = (=D v by (w), SO

3S(be(w)) = Z (=D (=D)L by Uy (W). (18)
ue(E1\E)U{v}

The basis elemeritz (w) appears in Eq. (18) with coefficient 1 wher= v and is absent
from Eq. (17). The coefficient of any other basis elenggat ,))u.) that could appear in
S9(be(w)) +3S(be(w)) vanishes for # v. Letting F = E\{v}, this amounts to applying
the definition ofrr , to check that

(=LY P (=) Pt - (=) Foloha (=1 Pl =,

Case 3.Finally, supposeD N E1 € Eo or, equivalently, E1 € Eq U D. Then we
have S(x) =0. But E1 2 E 2 Eg and E 2 D, so E = E;, where we are permitted
homology. O

We note that Definition 5.1 still leads to a homotopy if instead of choosing be
minimalin (DN E1)\ Eo, We choose it to be the earliest elementbfin E1)\ Eg appearing
in some pre-determined permutatien,of {1,...,n — 1}. It is an interesting exercise to
show directly that the result of averaging (over the symmetric groud.on.,n — 1}) all
such homotopies is itself a homotopy, albeit no longer a characteristic-free one.

Proof of Theorem 1.2. It suffices to prove that homology &f(Eo, E1) is as claimed. We
do this by augmenting the boundary with a maX g, — K, /,, defining$ on K, ., and
proving thatSe(x) + 9S(x) = x forall x € Xg, .

We defines by (bg, (w)) = [T] whereT is the tableau of shape/ . with row-reading
word w. This map is well-known to be a homomorphismétg/,)-modules. One can
verify this using superalgebra techniques by constructiras a product of negatively
signed place polarizations. Informally, we can describe (up to sign) the actierasf
replacing each subsequen@g -+ 1)(+17) on the right-hand side of the bitableaux in
either expression (13) or (14) with the sequenge. .., (uj + 27, (uj+D".

Lethg, (w) be a basis element &fg, , let D C E1 be the set of strict ascentswof andD
its set of weak descents. Following Case (2) of the preceding proof, if there exists a minimal
elementv of (D N E1)\Eo and if e(bg, (w)) = 0, then Se(bg, (w)) + 3S(bg,(w)) =
5151 (w). But the existence af guarantees that we can wriEgl (w) in the following form:

bp,w)=| ...|... w+DPw—a+1)@ .

for somea, b > 1. Thus, choosing: such thaw = i,,,, 8551@) has two copies oi,;H in
the displayed row. Sincg, ;4. ., =0, we indeed have(lEEl@)) =0.

+1%m+
Suppose however thﬁ) N ?«?1)\E0 is empty. Then we are in Case 3 of the preceding
proof and soE1\Eo € D C E;. But this is precisely the condition required to make

s(lEEl@)) the basis elementl’] corresponding to the semi-standard Young tabl&au
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of shapei/u with row-reading wordw. We complete the proof by definin§([7']) =
bp,(w). O

Remark. The above homotopy establishes a complete (directed) matching among the basis
elements inX(Ep, E1) that do not appear ifs(E1). Since matched elements appear

in adjacent stages of the resolution, their weights cancel when we compute the formal
character of the homology &£, as an alternating sum of the formal characters of the
stages of the resolution. In fact, on the level of formal characters, our homotopy is the
Gessel-Viennot sign reversing involution [GV85]. To see this, consider the following
bijection between basis elements and collections of lattice paths. Define the height of
the sth horizontal step (reading from the right) of thiéh lattice path from the right to
bew,'jflﬂ.

Example.In our previous example, the homotopy acted (in part) by

L )1l ]

which corresponds to the sign-reversing involution

6. Extensions

The results of this paper hold # is replaced by any commutative ringwith unity
via minor modifications of the above constructions and proofs. Additionally, the resolution
and homotopy presented above extend to the supersymmetric generalization of Schur and
Weyl modules.
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