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1. INTRODUCTION

Many years ago, in [2], a family of complexes was introduced which were to be
considered generalizations of the usual Koszul complex, and in [3] they were studied
in some detail, especially in relation to the generalized Cohen-Macaulay Theorem
and a generalized multiplicity notion (see [8] and [9]). Given a commutative ring
R, the idea was to take a map f: R™ — R™ (m > n) and, for each integer k, with
1 < k < n, to associate a complex related to the map AFf : A*R™ — AFR"™ (we
will denote it by C(k; f) in this article). At about the same time, another—and
much more efficient—complex was developed by Eagon and Northcott [6] which
was associated to the map A™f. A number of years later, Eisenbud and one of the
authors ([5]) constructed a large family of complexes which were associated to the
maps L 1a)(f) : Lig,1ayR™ — L(j,10)R™ induced on these hooks from the map f.
In particular, for ¢ = 0, complexes were associated to A¥ f for all 1 < k < n (which
we will denote by T(k; f) in this article), and for k = n, the Eagon-Northcott
complex mentioned above was reobtained. As was the case of the Eagon-Northcott
complex, the complexes in [5] were much slimmer than the corresponding complexes
constructed earlier in [2].! Although a connection between these complexes was
never doubted, none of the authors involved in the construction of these complexes
ever established a connection between the more unwieldy—or fatter—ones and the
slimmer ones (except for the case k = n which was treated, albeit in a very awkward
way, in [4]).

Another gap in the literature has to do with the fact that in [2] it was stated that
for every maximal minor p of f, the complex C(n; f) carried a homotopy which
made multiplication by p homotopic to zero. In [3] an ‘acyclicity-type’ proof of
the grade-sensitivity of the complexes C(k; f) was given, which did not involve the
use of homotopies, so that the cited homotopy was never written down in either of
those papers, and no such homotopy was ever given for these complexes (although
explicit use of it was made in [7]).

In this paper, we propose to fill in some of those gaps. In Section 2, we will
show that for each maximal minor p of the map f there is a homotopy on C(k; f)
establishing that multiplication by u is homotopic to zero (we will occasionally refer
to this as the ‘homothety homotopy’). In Section 3, we will show the existence
of maps a : T(k;f) — C(k; f) and 0 : C(k; f) — T(k; f) such that f« is the
identity, that is, we will show that the complex T(k; f) is a summand of C(k; f).
Using this fact, we will show that the homothety homotopy on the latter complex

Date: January 17, 2003.
IThis explains the notation C(k; f) and T(k; f): the C stands for ‘corpulent’, while the T
stands for ‘thin’.
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can be transported to its summand. Finally, in Section 4 we will show that the
composition af is homotopic to the identity. Thus, the fact that the complexes
T(k; f) and C(k; f) are homotopically equivalent will finally be established.
Throughout the paper, we will use notation that has become more or less stan-
dard in this context. We will let F' = R™ and G = R"™ and note that AG* operates
on AF (and AF on AG*) through f*. For § € AG* and y € AF, we denote the
action of 5 on y by 3(y). If we diagonalize an element x, we will generally write its
diagonalization as Y z; ® 3:; If z has degree d, and we want to specify its diago-
nalization in a fixed bidegree (I,d — [), we will often write this diagonalization as

’ 2
DT R Ty

2. THE ‘HOMOTHETY HOMOTOPY’

In this section, we define the homotopy on the complex C(k; f). This complex
is defined as follows:

0= Ch 1= > CF = = Y ARG R ATG @ AP
Sizl
ZAn—k—i-sG* ® An+sF _ AkF _ AkG,
s>1
where
Cy = Z ATTREOGE @ ANGF @ - @ A% 2GR @ AMTIEIE, ¢ > 2,
Sizl
|s| = 3" s;, and the maps (except for A¥f : A¥F — A¥G) are the bar complex maps
associated to the action of the algebra AG* on AF.
As the signs of all our maps will be very crucial in all that we are about to do,

we will make clear just what we mean by ‘boundary map’ in this context. Namely,
if ap®ay ® -+ ®aq_p ® x € CF for ¢ > 3, then

0(a®a1 ®-- Qag_2 @ x)
(2.1) =ay®a; @ - @ ag_a(z)
+Z?;§(—1)q_lao®a1®~-~®ai/\a¢+1®"'®aq—2®xo

We take € € A»G* and A € A"F, and we want to show that multiplication in
the fat complex C(k; f) by u = &(A) is homotopic to zero. We define

o0 : A*G — AFF
by setting

Then we have
(2:2) doo(y) =Y Eyi A€W AXN) =y AEN) = py.

Most of the summands disappear in the above sum since the A is now to be consid-
ered as sitting inside A™G, so that multiplication with y; is zero unless degree of y;,

2Much of this could be handled more elegantly using letter-place notation. However, since our
use of this notation is very limited in this paper, we will avoid introducing the more elaborate
letter-place machinery.
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is zero. The first equality of 2.2 is a variant of the ‘measuring formula’ [5], which
says that, for 3 € AY(G*) and =,y € AF,

(zAy) Ziﬁl ) A Biu(y)-
The signs =+ in this formula are explicitly given in [5].

We now define
=Y D wul@)@w A

I<k j

where 2 € A*F. Remember that the [ is supposed to indicate the degree of the
term, and the j indicates the summation.
In order to see that this works, we prove the following two lemmas:

Lemma 2.1. For z € A*F, ¢ and \ as before, and for each integer |, we have

! l !
ij,l(f)(xj,kfl AA) Z Z ( - t) T p—1—t N T4t (E)(A).
Proof. By the measuring formula, we see that
Y@ AN = Z Z £ 1@ 00) A (Es i) N)
7 — £
ZZink - t/\x (Ezt)le(ﬁzn t)( )

- Zzi%k 1—t N Zjl ijt §it)€in—t)(N)
ZZixj,k_l_tij,xxj,t(f))(x)

Z Z + (l —; t) x;‘,kflft AN zj14(8))(A)-

Lemma 2.2. For x € A*F, and ¢ and X as before, we have
DD T AN =2 AED) = 2(§) AN
JjoI<k

Proof. As we saw above, for each [ we have

k—1
SICIANVPTED SEY (e E A o

t=0
So this says that
NGV WD Wl ( FNIEI
<k B l

and the conclusion follows (because we know what happens to the alternating sum
of binomial coefficients). I
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Now it is easy to see that oy gives us what we need.
The next step is the ‘generic’ one; that is, once we get this one, the others all
are of the same type. We define

oa(f®@x) = Z Zﬁ ® Tjnys—ht1(§) @ x;‘,kfl AA

I<k—s j

for B € A" F+sG*, x € A"T*F. There are two ‘tricks’ to showing that this works:
one is to recognize that

B(@jnts—kt1)(§) = BANTjngs—ky1(§)

because & is of degree n (we are applying the same formula that we applied in
the first equality of 2.2). Then when we compute the boundary of >3, , 3 ®
Tjnts—k+i(§) ® m;‘,k—l A A, we can allow | = k — s, since the zero degree term in the
middle cancels out in the boundary. But then, since the degree of x is greater than
n (since s > 1), the term z(§) = 0, so when we apply our lemma, we see that this
definition of s5 works.

Now it is easy to see that for ¢ > 2, we may define

04+1(By @ @B, ®x) = Z Zﬁ0®'"®ﬁq—1®$j,n+\s|fk+l(£)®xj,lcfl/\)‘
I<k—|s| J

for B, € AP~Fts0G* 3, € ASiG*, for i > 1, and = € A"HSIF (|s| = > >0 8i)-

3. THE MAPS o« AND 6

The maps we want to define are between the complexes C(k; f) and T(k; f). The
first complex has been described in the section above; we will define the complex
T (k; f) here:

0— T£7n+1 — > T: — e — K(2717L7k)G* @ A" F —

ARG 9 AR - AFF — ARG,

where
T: = K(qfl,lnfk')G* ® An+q_1F q Z 2,

and K(,_11n-#)G" denotes the Weyl module associated to the hook partition
(g — 1,1"7%). (Recall that the Weyl—or coSchur—module K 1m) is defined as
the image of the map A™ ® D; — A™t! ® D;_;, where D stands for the di-
vided power. It is an instance of a more general module: cf. e.g. [1].) We
should remark that K 1n—xG* = A"FHLG* (and K,1n-#G* = 0). The map
AR GE @ AMTLE — AR F is the usual action of the AG* on AF, and the other
maps K(g_q1,1n-0G* @ A"TILE — K 5 n-r)G* @ A"T172F are defined as fol-
lows: the modules K(;_11n-#)G" ® A"t F may be regarded as submodules of
A" FIG* ® D, _G* @ A"T97LF. By diagonalizing D, _2G* into D,_3G* @ D1G*,
and then acting by G* on AF, we see that we have a map

ARG ® Dq_QG* ®An+q71F s ARG ® Dq_3G* ® APta2 R

It is easy to see that this map, restricted to T)F, carries it into T} ; (see [5]).
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3.1. The map a. We may use the observation above to good advantage in defining
the map « : T(k; f) — C(k; f). In dimensions 0 and 1, of course, the map is the
identity. For ease of notation, we will label these maps c_s and «_; respectively
and, in general, we will denote by o the map that takes T%, 5 to CF,,.

Definition of the map o: For ¢ = —2 and —1 we define ¢, to be the identity.
For ¢ > 0, we define «,; as the composition

Ty, — AMG @ D,G* @ ANTITE —
ARG @ DG @ - © DG @ AMHITLR,

q

where the right arrow is the ¢g-fold diagonalization of D,G*. (We observe that
the latter term is a summand of CF,,.)

It is a relatively straightforward calculation to see that «, thus defined, is a map
of complexes.

3.2. The map 0. The map 0 : C(k; f) — T(k; f) is a bit more complicated to
define (except in dimensions 0 and 1 where, again, it is defined to be the identity
and denoted by #_5 and #_;1 ). As in the case of the definition of the map «, we
will denote by 6, the map that sends C¥, , to T%, ,. We introduce some notation to
facilitate its definition.

Notation: Assume that a fixed basis of G* is given, say y1,...,y,. An element
Y N -+ Ay will be written either as j3 A --- A j or ji---j or simply
as J. In short, the index on a basis element will be used to denote that
element (as is the practice when working with tableaux), and products of
elements will be denoted by products of their indices. For | = 1, we will
usually write j or j; instead of J. When working with products in the divided
power algebra, we will use tableau notation in order to avoid confusion about
whether juxtaposition means the usual product within that algebra, or the

divided power when there are repeats. For example, we will write, for y,(fl)yuw

with u; < wug, the tableau . We will use freely the standard

basis, consisting of standard tableaux, for Weyl modules, and a typical basis
element of thﬁ would be denoted by

Ji uy |- | ug |
J2
. Kz
jn—k+1
71 Uy ‘ ‘ ug ‘
. J2 :
where z is an element of A9 F and [ is a standard
jn7k+1
tableau which stands for the image of the element
Jort gkt ®[ g1 [ ur [+ [ ug |€ AFG* @ D1 G* in A"FHIG* @ D,G*

under the map which diagonalizes Dy 1G* — G*® D,G*, and then multiplies
A"EG* into AP 7FH1G* by using the G* factor.

Recall that ‘standard tableau’ means that the indices are strictly increasing in the

column, and weakly increasing in the row. For reasons that will become apparent
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later, we will make one more (unusual) convention about our use of tableau notation
in the case of rows: we will assume that the tableau is zero if the top row is not

weakly increasing as written. Thus, in the case of yfﬁ)yw with u; > ug, we would

have to write to represent it as a tableau.

We are now in a position to define our maps 6, for all ¢ > —2.

Definition of the map 6: For ¢ = —2 and —1, we have already said that the
map is to be the identity. For ¢ =0, and Y = J ® z, with J a basis element
of A»F+sG* and x € A"T5F, we define

Oo(Y) = (1) D=kl 5 ® 1 e ().

Forg>0,and Y = J®u; ® -+ ® uy ® x with all the u; basis elements of
degree one, and J still of degree n — k + s, we define

7 ug [ [ |

jsl
0a(¥) = (~1) DR

® 1 Js—1().

jn—k+s

It is essential to remember here that the tableau is to be read as equal to zero if
the row is not standard. Assume that the map 6; has been defined on elements
Y =JoU,® - @U@z for U; basis elements of arbitrary degree, and [ < ¢,
and that 6, has been defined on elements 2 = J @ U; ® --- ® Uy ®  with
Ui,...,U; basis elements of arbitrary degree (we make the convention that
Up = J), Uita,...,U, basis elements of degree 1, and Uyy; basis element of
degree s;11 <7 (r>0). We now let Z' =JU1®- - QU1 ®---QU; @2
with the basis element U;11 = v A W, v of degree 1, all of the basis elements
Uita,..., U, are of degree 1, and degree(WW) = r. Define

0,2 =0, (B + (—1)<Q*t*1>TE)

where B=J QU@ - QUuwOWRUi12® - QU;@x,and E=JQU; ®
"'®Ut®U®Ut+2®"'®Uq®W($).

Notice that in position ¢ + 1, the elements B and E are of degree less than
or equal to r, while the terms of higher index are not affected in degree. From
this we see immediately (using a simple induction proof) that 6,(Z) = 0 unless
Uiy > --- 2 U,.

While it is trivial to show that the map « is a map of complexes, it is not trivial
to prove that the same is true of 6. In order to prove this fact, we must first prove
the following two lemmas.

Lemma 3.1. Let A=J®U; ®---® U, ®x be a ‘basis’ element of A"~ *+50G* ®
AG*®--- @A G* @ A" TISIF, where by ‘basis’ element we mean that J and all the
U, are basis elements of their corresponding exterior powers (the element x need not
be a basis element). Fiz an indext with 0 <t < g—1, and suppose that U1 = vAW
with v of degree 1 and W of degree r, and that s;40 = S443 = -+ = 54 = 1. We let
p=qg—t—1,weset B=JU; @ - QUuwOWRQU;12®---®@U, ®x and set
E=JU;10---QU;@vQUit2®---@U, @ W(x). Then

0q—10cA = 0q10c {B + (-1)""E}.
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Proof. When ¢ = 1, this property is clearly satisfied, so we may assume that g > 2,
and that this all holds for ¢ — 1. With this inductive assumption, the case t = ¢—1
is easy to prove, so we may assume that ¢ < g — 1. Since all the work in this lemma
involves the application of 6,_1, we will denote it by 6. The proof proceeds by
meticulously calculating and keeping track of signs. We will use lower case letters
u; for U; when s; = 1.

OcA = JU1®@ - QU@ W ®@0(u42 ® - Qug @ x)

H=D)ITTIRUL @ QU @ Wi @ - @ uy @ T

+(-D)TTQUL @ - QUwWW @uo ® -+ Qug @ x
H=D)TT(I UL R @Uw) QW @U@ @uy @ T
=) JRU @ @ U) @0 @ Upra @ -+ @ ug @ W ().
The use of the symbol 9 has the meaning indicated by Formula 2.1, and involves the
action of AG* on AF, while the symbol § denotes the boundary of a bar complex in
which the action of AG* on AF does not enter. We are also using the convention of
leaving out the # in writing all the above (and following) equalities. For example,

the last two lines above are really there by virtue of the definition of this map. Now
we continue to compute:

O0cB = JoUi® - QUuwW @0(u42® - @ uqg Q)
H=D)ITTIQUL @ QU@ Wi e @ - @ug @
+(-DTIRUL @ QUWW QU ® - Qug @
+HDTHJ QUL @ @Uw) @W @ Uupe @ -+ @ uy @ T

and
(=1)P"OcE =
JROU1® - QU @v@Nuga @ - @ uqg @ W(x))
(—1)r +(-1D)TTI QUL @ QU @ vitgyo @ - @ ug @ W(z)

HDTITQUL® - QUw @ Ugp @ -+ @ ug @ W(x)
+H(=D)TTHSJ QUL @ QU) @0 Upge @ -+ @ ug @ W(z).
Making obvious cancellations, then applying 6 to the term JQU; ® -+ - QU; oW ®
O(us42 ® - - - @ uqg ® ) and splitting it up judiciously (as we will be doing to similar
terms later), we get further cancellations, and we are left with having to prove the
following:

(JRQU1 @ - @U@ WWuro® - @ uqg Q)

= 0(JU1 @ - QUuwWiu2® - Quy ® x)
+H(=D)O(J QUL @ QUi Quupya @ - Q ug @ W(x))
—(—1)0JRU1 Q- QU@ U2 @ - Qug @ W(x)).

(These are simply the terms that are left after the above cancellations.)

Since our definition of # requires that all our elements (except z) be basis ele-
ments, we have to ‘rectify’ our term vWu,yo in order to see what results when we
apply 6. First of all, we notice that if u;yo is equal to v, then it is trivial to prove
the desired equality (because several of the terms drop out). If v < uzyo, it is clear
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that

OJU1 @ @U@ W2 @ @ uqg ® )
= 0(JoU1® - Q@Uwe@ Wi ® - Q@uy @)
HD)UTYJT QUL QU RV - ® ug ® Wuria(z)) .
But we also have
(=)0 (JRU, @ @ Up @ vty 12D - @ g @ W(z))
= (—1)’"0(J®U1®~-~®Utv®ut+2®-~-®uq®W(x))
HEDPTOTRUL @ QU @0 @ ug @ w2 W (2)),
so we must show that
(—D)CYT U@ QUi RvE - ®uy ® Wuga(x))
= ()OI RUI® QU008 @ uq ® w2 W (z))
()P (J UL @ QU @v® -+ @ ug @ Wugio(z)).

Noting that p = ¢+ 1, we see that pr + ¢+ r = ¢(r + 1) mod 2, and our equality is
true.

If v > w2, we observe that vWuyo = (—1)" uy00W and use the previous
case together with some easy extra work. i

Our second lemma that we need for our theorem is relatively straightforward.

Lemma 3.2. Let A=JQui ® - Quq®@x be such that all the u; are of degree 1.
Then 0;_10cA =0 unless uy > ug > -+ > u,.

Proof. For ¢ = 1, there is nothing to prove. For ¢ = 2, we assume that u; < us,
and we see that
010cA =01 (Jui QRua @z — J Q@uius @ + J @ ug Q@ us(x)) .
But
91 (JU1 R U @ x + J® U X 'LLQ((E)) = 01(J® U1U2 ®£C),

and we have it for ¢ = 2. To proceed to the general case, recall that if B =
JOU ® - Qug—1 ®x, then §,_1(B) = 0 unless u1 > ug > -+ > ug_1.

Assume, then, that we have u; > w41 > -+ > ug, that ;1 < u;, and that
l < gq. Then
1-3
(-1)%0cA = Y (1) T® - @uptly 1 @ QU QU R ... DUy DT
r=0
+(_1)l_2J®"'®U172u171®uz®---®uq®x
+(-D)I® R U Ui ® R ug @
+(—1)l+1<]® QU QU R QU ®
g—1-1
JF(*l)l Z (1)@ @U@ @ U Uy @ © Ug Q@
r=1

DT Qu ® - @ ug—1 ® ug(x).

Now all of the terms J ® - @ UpUp41 @ - QU1 QU X ... ® Uug ® T gO to zero
under ,_; because our defining identities all take place to the left of wu;_; and
thus give us linear terms all containing w;—1 ® w; which, by the property of 6,1,
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all go to zero. The reduction of the element in the third line cancels the term in
the second line, and leaves the term

(_1)171+q71J @ QU-2@U—1 QU1 DU ® Ul(m)
= (DT Quoa@u_1 QU ® Ug @ w(x).
The fourth line reduces to

(_1)l+1J QU U1 QU R - DUy B
F(=D)FHT @ @ uy @ ug ® - @ g @ ug(x).

The second term has opposite sign to the identical term above, so they cancel, and
we are left with the term in the top line above. But u;—; and w;;1 are both less
than u;, and so in the defining identities, the final linearization is going to contain
either ;1 or uj41 to the left of u; and therefore is sent to zero by 6,_;. Thus we
are left with the terms
q—1l-1
(_1)l Z (—1)T+1J®"'®Ul—1 ®Ul®"'®Ul+r+lul+r®"'®uq®l'
r=1

+H(-1D)ITRQu ® - Qug—1 ® ug(x).

The terms in the sum, because we assume the indices decrease beyond [, all reduce
to linear terms containing J ® - -- ® u;—1 ® u; ® - - - which are sent by 8,_1 to zero.
Reducing this term further gives us

T @ QU1 U1 QU QUL ® - QUpr @ - QUG O T
j:J®~-~®ul,1®ul+r+1®ul+1®--~®ul+r®-~®uq®ul(x).

Now both of these terms are sent to zero under 6,_;; the first one because further
linearizations of the quadratic will reduce to linear terms having either w;_; or
Uj+r+1 to the right of u; and the second one because, with » > 1, we have uj4,4+1 <
u;+1, and this violation of order gets it sent to zero.

The term J @ u1 ® - - @ ug—1 @ uq(z) gets sent to zero, since [ < g.

We now consider the case [ = ¢, which has been left out. In that event, the proof
proceeds pretty much as above, with cancellation occurring among the very last
terms, and the other terms equalling zero because of the occurrence of uq—1 ®uq. 1

With these two lemmas, we are ready to prove the following theorem.

Theorem 3.3. The map 0 defined above is a map of complexes. That is, if we let
Oc and Or be the boundary maps of C(k; f) and T(k; f) respectively, then we have

Orby = 04-10c
for all ¢ > —1.

Proof. For ¢ = —1, this is clear; the first place we must look is at ¢ = 0, i.e., we
must see that 976y = dc. But

Orbo(J @ x) = (—1)= D=k 5 s G s (@) = J (),

and this last is clearly 9c(J @ x).

To proceed to the general case, we use the two lemmas above; if we let ¥ =
JRU ®- - ®U; ® x, we observe that Lemmas 3.1 and 3.2 permit us to reduce to
the case where all the U; are of degree one (hence we will use lower case u to denote
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them), and u3 > --- > uq. In this case, we assume that J is of degree n — k + s,
and we must prove that

s Uq\'“\m\

Js
(—1)(= Dkt Dag, | ® g1 jer(@) | = 0,_10c(Y).

jnkars

At this point, we must introduce some additional notation. To take account of
the fact that not all the u; need be distinct, we will write
Y:J@ui@ml ®...®u§mp QT

with up > -+ > up.
Applying Lemma 3.1 (which we will refer to as the reduction formulas ), as well
as Lemma 3.2, it is straightforward to see that

b
010c(Y) = (-1)*> 01 (Jui@uf™ @ @ui™ ' @ @u™ @ )

i=1

£ 0 (B B e 6 B Bula).
i=1
To briefly sketch a proof of this fact, we first observe that
do (V) = zp:(—l)mﬁ“*mu Qud™ @ @ul T T @uiu; @uP™ T @ @ud™ @
i=2
I @uP™ @ @uS™ T @ u,(2)

+(-DJu @uif™ '@ @ui™ @,

and we want to evaluate 6,_; on each of the terms in the sum for i = 2,...,p. Using
our reduction formulas, as well as the facts that u; < u;_1 and u;_1u; = —u;u;_1,
we have

0q—1 (J QuP™M @ ® u;&_wleﬂ @ui—1u; @ud™ T @ ® ugmp ® x)

= 041 (J® u$™ @ @ul T T @ u @ ui @ U™ T @ @ uS™ ®x)

i
+(=1)mettmig (J U™ - ® u?i"f“l_l Qui™ @ @ui™r ® ui_l(x)> .
If we now apply the reduction formulas to the quadratic term

—04-1 (J QU™ @ ® u?,";ifl_Q @ Um 1 @ Ui QuE™ T @ ® udmr @ x) ,

we see that we get a new quadratic term plus a linear term that places u; to the
left of u;_1, which §,_; then carries to zero. Thus, each of these quadratic terms
produces only one summand as we continue to apply the reduction formulas, and
we may stop ‘reducing’ when we arrive at the point where u; multiplies J. Thus we
see that

0q—1 (J(X) u(lg‘ml R ® u;@lrlﬂi—l—l & Uy 11; @ u;@mifl Q- ® u?mp ®x)
= (_1)m1+-..+m¢—19q_1 (Juz ® u?rm R ® U,Z@mifl Q- ® u?mr’ ® Jj)

H(=1)mettmig (J uP™M @ @um T QU™ R @ udmr @ ui,l(x)) .
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Multiplying each such term by (—1)™»*+™Mi gives us the claimed result.
Since, by our definition (and convention), 6,(Y) = 0 unless j;, < u,, we first
have to show that 6,_10c(Y) = 0 if u, < js. In that case, it is clear that

0q—1 (J@ui@ml ® - QuimTlg... ®ug" ®ui(:c)) =0 for all ¢ < p, as is also

0q—1 (J'Mi ® u?ml R u;@mi_1 R ® uf?mp ® x) . The latter is true because if

up < js, then the (s 4 1)th factor in Ju; is either jy or u;. In either case (since
u; > up), the value of 6,_; is zero. Hence we must simply evaluate

(=)0 (Jup @ u™ @ - @uy™ T @ 1) +0,1 (J @ U™ @ @ u™ T @ uy(x))

If m), > 1, then it is again clear that both of the terms above are zero. Hence, we
must consider the case that m, = 1. Since u, < js, js is the (s+ 1)th factor of Ju,,

so if u,—1 > js, we have

(198, (Jup @ 0™ - 0 w2 @12)

(71)q+s(n7k+1)+s(q71)+n7k+s

while

Uyt (JOUP™ 0 ® uS" @, (x)) =

(_1)(s—1)(n—k+1)+(s—1)(q—1)+s—1

js up—l ‘ e ‘ Ui ‘
Js+1 o
: ® upj1 -+ Js—1(z)
jnkars
js Up—1 ‘ e ‘ 3% ‘
Js+1 o
: ® upji -+ Js—1(2).
jn—k:—i—s

These have opposite sign, so the sum is zero. Of course, if u,—1 < js, each of the
terms above is zero, and we have the result in the case that u, < j,.

Now assume that u, > j,. We will assume the strict inequality; equality requires
a separate, but easy, discussion. In this case, we have

Js up” [ [ui™ ]
(s—1)(n—k+1)+(s—1)q Js+1 ' '
aTeq(Y) = (_1) aT . ®j1-- ']3—1(31‘)
jn—k-‘,—s
R 7 T X
- — — js+1 , .
=y qu @ uifi - Js—1(2)
|
jn—k-l-s
mp—1 my
Up Up ‘ ‘ uy

js+1

+(_1)(s—l)(n—k+1)+(s—1)q+s—1 :

jnfkr+s
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But we have

9q—1 (J@Ui@ml ®...®u;®mi71 ®...®u§)§mp ®’U,z(l‘)) —

s up” ‘ ..

(=1)(= D kD=1 (a1 51 Jst1

T [ T

Quijr - js—1(),

jnsz«ks

which agrees (when we sum) with the first term for 9r0,(Y) and, if uy > js+1 (in
which case u; > js41 for all 7),

(_1)q20q_1 (Jui QU™ ® - ®Ul®m/"71 - ®u§m” ®a:) =

Js+1 up” | [ ] [u™ ]
W
(71)q+s(n7k+1)+s(q71)+n7k71 Z : ? ®j1 - ]s(x)
—
jnkars
However, if u, > jsy1, then the term
up u;np_l ‘ e ‘ u"inl ‘

s5— n— S— s— jSJrl ] ] ]
(—1)(e= D=kt 1)+(s=1)g+s—112 ® 1+ Js—1Js(x)

jnkars

which arises in the calculation of 0rf8,(Y’), is not a standard tableau: it must be
straightened. When straightened, it gives precisely the sum immediately above it.

®myp

If, though, we assume that js < up, < js+1, then 6,1 <Jui U™ @ QuP TR Quy T ® a?) =

0 for all # # p, and in that case we must simply compute 0,_; (Jup U™ ®---® u?ﬁpfl ® a:) .

This is easily seen to be equal to the term displayed immediately above, and the
proof is complete. I

Having obtained the map 0, we are now in a position to transfer the homothety
homotopy on the fat complex. That is, we have the homotopy s that takes C(k; f)
to itself with the property that ds 4+ s0 = u, where p is a given maximal minor of
our original map. Let us denote the complex C(k; f) by Y, and the slim complex
T(k; f) by X. Let us denote the boundary map on X by dx and that on Y by dy.
Then we have the following lemma.

Lemma 3.4. Let X and Y be complexes, a : X — Y and 0 :' Y — X maps of
complexes such that 0o = idx. Let s : Y — Y be a homotopy on'Y which makes the
scalar . homotopic to zero on'Y. Then the map T = 0sa : X — X is a homotopy
on X carrying p to zero.

Proof. First we have to show that Ox 79 = p. But Ox 19 = dx 0150000 = 090y soag =
Oopcg = pbocg = . For i > 0, we have to show that

OxT; +Ti—10x = L.
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But here again we have
OxTi = 8X9i+15i01i = 0,0y sia; = 0; (u - 51‘—13Y) (673
= p—0isi-10vaq;
while
Ti—10x = 0;8;_10,_10x = 0;5;,_10y oy,

and this does it. |

As a result of this, we now know that our slim complexes carry the desired
homotopy.

4. THE HomoTOPY EQUIVALENCE OF THE COMPLEXES

In this section we prove that the maps o and 6 are inverses of each other up to
homotopy. That is, we know that 8,04 = id. What we want to show, then, is that
there is a homotopy, 7, on the fat complex, C(k; f), such that

Ocn+ndc =1—ab.

In order to define this homotopy, we have to introduce some auxiliary maps that
are closely related to the maps o and 6 defined in the previous section.

Definition of the maps 9;: For each ¢ > 0, we define the map
9:1 : An_k+‘90G* QNG R---QANIG — K(q+1’1n—k)G* ® A\s|—q—1G*

as follows: if all the s; are equal to 1 for i > 0, we adopt the notation of the
previous section and set

]:S uq\uq,1\~--\u1‘
9;(J®u1®®uq)::t .:]s-i-l

® g1 Js—1-

jnkars

We still adhere to the convention that we adopted in the definition of the maps
04 : the tableau is to be read as zero if the top row is not weakly increasing.
For higher degree terms, we do as we did for the maps 6, : if Upy1 = v AW

is a basis element of A®*+'G*, and s410 =+ = 54 = 1, we set
9;(J®U1®“-®Ut+1®“-®Uq):
0, (JOUI® - QUuOW - & Uy)

0, (JQUI® - QU @0 Uz ® - @ Uy) W.

The notation 9; U1 @ @U@ve U2 ®---®@Uy) W is to be inter-
preted as follows: the element 0; (JOU1®@- QUi @vQ@Uit2® - @Uy) is
in Kg41,1n-5G* ® Alsl=st1=aG* while W € A®+1~1G*. Our notation indi-
cates that we are to multiply the element of AlI=5++1=¢G* by W and we end
up in Kgq110-5)G* @ AlsI=9-1G* as we are supposed to. The signs signified
by £ are equal to those for the corresponding maps 6,.
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Definition of the maps a;: For each ¢ > 0 we define the map

’

oy Kgp110-0G* = AFHIG @ AGT @ @ MG
as the composition
K(gi11m-mG* = A" *1G* @ D,G* — A" MG @ DIG* @ -+ © D1G”.

q

As the reader can see, this is just the map «, with the exterior power of F'
stripped away.

In addition to these maps, we introduce one more piece of notation. If uy, us, ..., u,
is a sequence of indices, then ’ Uy \ U \ \ Ug ‘ denotes an element of D,G*.
We denote by A (’ Uy \ Us \ \ Ugq D the total diagonalization of this element in

D1G* ® -+ ® D1G*. Keep in mind that, because of our earlier convention on read-

q
ing tableaux, this is zero unless we have u; < ug <--- < ug.
Now we are ready to define the homotopy 7 : C(k; f) — C(k; f).

Definition of the homotopy: For the sake of notational convenience, we start
the homotopy with n_, : A*G — AFF, and set it equal to zero. Similarly,
we set n_; 1 AFF — Y o A"FsGr @ A F to be zero. We define 7, :
Yo ARG @ AN — Y1 AR oGE @ A G @ APHISIE as

no(J ® ) = 0,(J) ® .

For an element A =J ® u1 ® - - - ® uq ® x, with all the u; of degree one, and
J of degree n — k + s, we define

q

ngA) = Y (-0 |eele-ol] el ol
i=0 q—i+2 q—i+1
(oA (ug [ug1 [ Jur @)
Assume that 7, has been defined on elements Y = J@ U ®---®@ U, ® z with
Ui, ...,U; of arbitrary degree, Uy of degree < r, and U; of degree one for i >

t+1. Let Abe anelement: A =JQU1®: - - QUi QU1 QUit2®- - -Qug@x with
Ui, ..., U basis elements of arbitrary degree, Uz = vW with degree(v) = 1,
degree(WW) = r, and the degree of u; equal to one for ¢ > ¢t + 1. We define

1nq(A) =
1,(T) 4+ (=1)47* {Z;}:—é—l(il)i(rfl) SHJ@UL® - @U @A ([ux, [+ [ux [v)
WA (ug [ [y [ [y [ [us ) @}

ifugro > s > -0 2 ug;
0 otherwise,

where

I = J®U1®"'®UtU®W®Ut+2®"'®uq®$+
(_1)’“(q—t—1)J®U1®-~-®Ut®v®ut+2®~-~®uq®W(x),
and A = (Aq,..., ;) is a strictly descending sequence of indices between ¢ + 2

and q.
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As in the definition of the maps 6, we resort to this inductive definition, making
heavy use of the fact that there is no upper bound on the degree of J at any point.

The fact that this does provide the desired homotopy is not immediately obvious.
In fact, the rest of the section is devoted to the proof of this fact. First we will
prove two lemmas which are special cases of the main theorem.

Lemma 4.1. LetY = J QU1 @ - QU @ U1 @ - Q uqg @ , with u; of degree
one fori>t. Thenn, 10c(Y) =Y unless ug < ug—1 <+ < Upy.

Proof. The first place that we have to prove anything is for ¢ = 2. In that case we
have, if Y = J ® u; ® us ® x,
moc(Y) = n(Jur ®ux @)
=1 (J @ urug @ ) + 01 (J @ u1 @ ua(x)).

But if we assume that us > uq,

N1 (J @uiug @ x) =1y (Jur @ ug @ x) +

m(J@u @ua(z)) —J Q@u @ us @,
and so for ¢ = 2, we are done. Now we proceed to prove this result by induction
on q.

Suppose our first ‘wrong’ inequality occurs in the last place, that is, suppose
that uq—1 < uq. We see immediately that we have the result, for

anlaC(Y) =
q—2
Z(—l)qilﬂnqq JoUi@ - 0UiaU;® - Qus1 ®u, @)
i=1

+Ng-1 (JU1® - ® Ug—2ug—1 ®ug ® x)
—Ng—1 (J QUI @ QUj—2 @ Ug—1Ug ® :L')
g1 (JOUL @+ @ ug—1 @ ug()).
By our definition of n,_;, we see that the terms
Ng—1 (JOUL1®- QUiU; ® -+ ®ug-1 @ ug ® )
are zero. On the other hand, we know that
N1 (JRUL1® -+ @ Uy 2 @ ug_1uq @ )
= _nq—l (']®U1 ®"‘®Uq—2uq—1 ®Uq®.]3)
—Ng—1 JU1® - ® Uj—2a @ug_1 ® uq(x))
FIRQUI ® - Qug_1 Qug ® 2.
Thus the surviving terms above are simply Y, and we are done.
Now suppose that for some [ with t +1 < [ < ¢, we have u;_, < u;, but
Ug < ug—1 < -+ <. As in the previous section, we will rewrite Y as follows:
Y=JU1® QU _2@uduf™ @ ui™ Q@
withmy+---4+m, =q¢—1+1,u<uy,and up, < -+ <wup. Set p; =mp+ - +my;
we have

anlac (Y) =
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2
(1), (JoUL®@ - @UnU; @ - @ueui™ @ @us™ @ x)

M

.
Il
_

—) 2, (U1 e @Uueu™ @ - @ud™ @ x)
—D)ty (U@ U @uu @uf™ T @ @ud™ @ )

Ai_\

_|_

+zp:(—1)“’~'n ) JoU1® - ueud™ ®-- ®Z§mf’ @ 1 @ udmi
P - ®..0u"" Q@

g1 (J®U1 @U@ ueu™ @ - @ uy T @ udmr T ®up(:c)).

By the same argument as above, we see that the summands from 1 to [ — 2 are all
zero. Also, the last term is zero, since we are assuming now that [ < ¢ (i.e., that
U1 > Uy, or, if p =1, then m,, > 1). So this leaves us with the problem of evaluating

(71)qil+277q71 (J® U®- - ® Ul_2u®u?m1 Q- ®u§mz} ®(£)
+(_1)q_l+177q71 (J ® Ul K- U172 ®'LLU1 ®U?m1_1 XX u®mp ® (E)
u ®my Qmi— @m;—1
+Z( 1)Hi77q71 J®U1®®u®u1 ®- ®Zf_fpl " ®uz 1U; @ u; .

i=2 ®---®up ®T
Now
Mg-1
1) l+177q 1(J®U1®"~®Ul_2u®u1®u?m1*1®...®ug§mp®x)
H(—1)a lnq_l (J®U1®~--®Ul_2®u®u‘1®m1_l®...®u§mp ®u1(x))
> Y JetieelsedA(w [ @ u)eus

p=>0 (npv"'»n2)

(D), (Jelh® - @U_2@uu @ui™ '@ @ui™ @ x)
(=

mo—ns9

A (’ up " . ‘ Ug

u{ﬂl—l D Q.

where p = ng + -+ +ny, and (ny,...,n2) runs over all sequences of non-negative
integers such that n; < m, for i = 2,...,p. >Consequently, we see that

nq—laC (Y) =

—1)Hi _
Z( Vg ®..0u™" @z

1=2
g1 (JOUL® - @U_2@u@uf™ '@ @ud™ @ uy(z))

+Y . Y JeUie-eUeA(w [ [ur [u)owe

p20 (np,...,n2)

z <J®U1®-~-®u®u?m1® ®u;®"1“ @y @ uPm™ ! )

A (’ up” "

. ‘ uy 2" ‘ um D ® .

3We should explain that we use the notation l ugp [ cee [ u;2 [ u ] to indicate the element
of the divided power algebra represented by this tableau. Thus the exponents mean that the

element is repeated in the tableau. We could also write u;n") cee uénQ)u but, while this is equal to

uu;np) cee ugnZ) in the divided power algebra, the tableau l u [ u;p [ [ u;” l represents the

element 0.
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(Notice that since all of this action is taking place above t-level, we are never
encountering anything but linear terms as we proceed. Notice too that in our last
double sum, we have not put in any sign that depends upon p; that is because we
are assuming our formula for our reductions has a sign p(r — 1) in it, and so these
signs disappear when r = 1.)

Clearly what remains to be done is to calculate

zp:(—l)mn JOUI®  @ueuf™ @ - ©uly ™ @uiu; ©uf™ !
— -1 ®.. U™z '

As in the proof of Theorem 3.3, we are going to use ‘reduction formulas’ to move
our element wu; to the left until it hits up against u;. As we do this, certain terms
are going to be sent to zero under n,_;. As opposed to the situation in Theorem
3.3, however, we will pick up terms involving total diagonalizations; these are the
‘correction terms’ that figure into the definition of our homotopy. To illustrate, we
see that

" JRU @ - @ueud™ ®...®ul®_”;i71*1 ® wi_ru; © UL
q—1 ®®u§mp®x

®mp

S JRUI® - @u@ud™ @ - @ue v @ ugus_q @ ud™ !
a1 ®...Quy, "Rz

= - JOUI® - @uauf™ @ @uly' P @ uiau @ u @ul™ !
ot ®..0u"™" @x

®mi—1—1

- ®®’U,p p®ui71($)

—(=1)r Z Z J®U1®---®u®u?m1 ®~--®u?inzi*1_1®

;=20 (np,...,n;)

?

AT T

2

Ui D ®ui—1 ®A (’ U;;np_n" ‘ - ‘ umifmfl

We immediately see that the terms

®Om1 o .. @y EMim17L g ®mi
(—1)”"77q1<J®U1® QUu; 'R Qu,_y ® u; )

®...0u"" @ ui_1(z)

are zero for ¢ > 2, and that for ¢ = 2, the term is zero unless m; = 1. Since this
term is to be multiplied by (—1)*:, it occurs with a positive sign, and cancels the
corresponding term in the original calculation of 1, _;0c(Y’) above.

We now want to continue to eliminate the quadratic term (i.e., the one involving
Qu;—1u; ® u;—1®); the other remaining term, though by no means elegant, is here
to stay. But as in Theorem 3.3, when we apply our reduction process, we will get
another quadratic term, then a term which is carried to zero by 7,_, (because we
will have wu; to the left of u;_;), and another correction term (which cannot be
discarded). Continuing with this type of reduction, and letting Z denote J ® Uy ®

)

D .
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-+ ® U;_o, we arrive finally to the conclusion that

1 Zouaui™ @ @ul " T @uqu; @ uf™
(71) anfl ®m,
— (—1)rHYy, Z@uu; @ud™ @ - - - ®u;87"1w—1 ® udmi~!
-t ®...®u§m”®x

i—1 my
“Y Y Zeueum e eul o ug™ e A (W [ [a [ ©

A=1 Dt)\Zl

uy ® A (’ u;”z’*"p . ‘ u;’nifmfl ‘ u:’iffl . ‘ ’U,ik_l D ® 7,

so that we see that (making a few changes in our indices of summation in the
“non-eta” terms)

anla(y) =
ZZ@A(’ ug” ‘ ‘ uS? ‘ " D®U1®A(’ u;np*np ] ‘ u;nszLQ ‘ UT171 D ®x
p  p—lm;—1
-3 3> Z®u®u?m1®---®u?f{“1®uz®ai®A(’ wp [ [l D®
A=i+1i=1 a;=0
o (F [ [ [ [ o

p
H=DTHY (Z Quu; @uP™ @ @ul T @ u™ T @ @ ul™ @ x) ,
=2

where (. > 0. Thus, what we have left is to evaluate

P
(=D T (Z Quu; @uf™ @ @ur T QUM T @ @ ud™ @ x) :
=2
and this clearly depends on the relative sizes of v and wu; for i = 2,...,p.
First, let us assume that u < u, < --- < up. In that case, we see that

P
(—1)7- 1 an_l (Z Quu; QU™ @ ® u?j’;“l ® u;@mifl R...0 u?mf’ ® x)
i=2

= zp:Z®u®ui®A(] up” ‘ ‘u;”i’l ‘ \u{”l D®w

=2

(The terms involving n disappear because either u or u; would appear before the
u1, and that would make 7 vanish.) This then yields

a0 (V)= Zeue > uoA (g [ Ju [ [u]) e

i=1

P p—1m;—1
Y YN zeusum e eui T wut oA (u
A=i+11=1 ;=0

u; @ A (’ uzl'rﬁp

IESHE

T T es
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A simple argument shows us that the term that we are subtracting is equal to all
of the positive term except for the element Y. For we have

iW@A(’ wp? [ [ [ D AT [ [u

T,

and this latter term runs through all (¢—1)-fold tensor products of content (my, ..., my).
The terms that we are subtracting can clearly be seen to run through all such tensor
products of the same content, except for the term u?ml Q- Q® u?mp.Thus, the
difference is just Y. Let us record this fact as a separate identity:

2

p p—1 —m;—1 ®my
= Nmit1 Qi Qa0 ZOURUTT ® - ®

v=zouo X, ueh (] [ur ] Ju)) ex

N o (ramrou)
u; ® A (’ u;npfﬁp . ‘ u;\nx\fﬁkfl ‘ ‘ u;”i—@i—l D ® 1.

We will now give a full argument to handle the case that u, < u < up—1 <
-+ < u1. Once we do this, the general argument will be clear. The thing we must
do in this situation is to see what gets added and what subtracted from the terms
in (4.1) above. A term that gets added to the positive terms, due to the fact

that we may now consider the tableau ,is Z® A( up+1 ) ®

w oA (g L

) ® x. Since we no longer have Z ® u ® up ®

A (’ u;,n”_l ‘ ‘ u; ‘ ‘ uy™ D ® x, we must subtract it from our positive

terms. At the same time, we must consider the contribution from

(—1)q_l+177q—1 (Z@uup, @u ® - Qup_1 @),

which is —Z@uy " @ue A (] P T

) ® x. However, each of the

terms
(D), (Z@uu @ui @ @ Ui—1 Ui R ... O Up R T),

with 1 < ¢ < p, contributes a positive term that it did not contribute in the
preceding case, namely

Z2oA (upy Tu) @wea (a7 Tur

2

o

mi
. ‘ul

But now it is easy to see that the terms added cancel out the terms subtracted,
and this completes the proof in this case. Clearly, to attack the general case, we
assume that u, < -+ < u;41 <u < u; <--- <wup and notice that in each step the
terms added cancel those subtracted, as in the case just treated. This completes
the proof of our lemma. i

This next lemma tells us that our explicit definition of 7 for terms all of whose
elements are of degree one satisfies the homotopy identity.

Lemma 4.2. LetY = J Q@ u1 ® -+ - Q@ uqg ® x, with all the u; of degree 1. Then
ey (Y) + 1y 100(Y) =Y — gy (Y).
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Proof. We will again write Y = J ®u?m1 R ® u?m” ®x with uy > -+ > u, and
>~ m; = q. By a process identical to the one used to prove the lemma above, and
using the identity (4.1) above, it can be easily shown that

nq—laC (Y) =

p
("D n (Ju@uf™ @ @ @ U™ @@ U™ @ ) +

i=1

p

Yo (Jeuf™ e euP™ T @ @ud™ @ ui(z)) +
i=1

Y=JoA(uy " [ [ul" )@

We will assume first that u, > jsi1.
What we have to compute now is dcn,(Y) +n,_10c(Y), and show that it equals
Y — a,0,(Y). Let us look first at

()™ dcagly (J@ A (up” [ [ul" ) @),

Since az) is the identity, and 9;)(J) = (=) DOkt g s ® 1 fs1, WE
see that

(1) 0cagly (J© A (Cup” | [uf" ) @) =
70 A (BT @) @2 — (-1 nbrs @1+ dos (BT [ [ @2
_|_(_1)q+1 Z(_l)gjs"'jn7k+s Q1 js_1 ® A (’ ugl” ‘ ‘ ulmifl ‘ ‘ um D @ ug (),

(where we have set 0 = (s —1)(n— k+ 1)). Many terms in the boundary disappear
due to the fact that Dy — Dy ® D; — A? is zero. In any event, we see that adding

(71)q+1aca695 (JOA(up” [--- [ui"™ ]) ®x) to our expression for 1, ,0c(Y)
gives us
Y—(—1)Ujs"'jnfk+s®j1"'jsflA(’ u;n” ‘ ‘ uTl D R x +

p
(_1)q+1 Z(—l)[’js ks @1 Jel1 @A (’ ug% ‘ ~~u;’”—1 . ‘ u D ui(x) +
=1

p
(=D)"> ny (Jui Rud™ @ @udT T @ud™ ... @ud™ @ x) +

i=1

p
S (Jeuf™M e ouf T e @ud ™ @ u(x)) .
=1

For maximum coverage, we will consider the case that j, < u, (for otherwise,
0,(Y) = 0). After handling this case, we will indicate what must be added and
subtracted in the event that u, < --- <wu; < js <y < -+ < uy.

For [ > 0, we have

(—)* " 0ceyf, (J@ A (up” [ Jup” ) @x) =
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(~1)H Y deald); (J@A(y [ ) @A(y w7 [ Ju D ®x)
gs  Jup’ |- [y
(~1)7H Dl : D1 jsa®
= (_1)q—l+1 Z 60 jn—k+s
A ( u;np—np : ‘ u;nl_nl D R

where n = (ng,...,n,) runs through all p-tuples of non-negative integers with
ny + - +np = . We see that

Js Up

Tp ‘ ‘ ’LL;LI
(_1)0+(871)la; ® 1 Js1
(1)t Z dc Jn—lk+s = (up to sign)

Joa

N T

mi—ni
. ‘ ul

(@i (DTS 0l (Joug™ @@ up)eA ([(upr 7 [ [u ) (o)
B+ Y e dnekes @A (up” [ Jut ) @
J1ejs—1A (’ uzlp*np . ‘ uflnrnl D QKx+
@ ¢ X wen ko (Gl [ [ [ [u ) e
n A
J1Js—1A (’ u;np*np u;nlfTh D ®xx
@ 0 ek ®A (T [ )i e
Nrisaenraa
(e)l : ZZuAjs+1"'jnfk+s®A(’ js‘uzp ‘ ‘ug\h\il"" ‘u?l Djl"'jsfl®
n A
Nrsamraa Lt

A simple calculation shows that

o0, (J®A (] up? [ [T [ D ®ui(3:))
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cancels (a);, and that (d);4+1 cancels (b);. To handle the next cancellations, let us
rewrite the term (e); as:

(e1): Zzukjs+1"'jn*k+S®A(’ RIS D®
A

n

mp—"nNp

J1 Js=1Js ® A (’ Up

™ D ®z+

(62)1 ZZuAjs-‘rl o 'jn—k+s ® A (’ Js ‘ U;;lp te ‘ U’:\U‘_l ‘ uZ“fl s ‘ urlll
n

Mmp—Nyp

Uy Js—1Js @ A (’ up

Tur ) o

Then we see that (e2);4+1 cancels (¢);. Finally, let us evaluate the terms
P
(=D g (Jui@uf™ @ @uP™ T @ @ ud™r @ x)
i=1
that remain from 7, _;0c(Y’). Again we apply 0429; to each of the terms
Jui®u?ml ®...®uz®mi—1 ®...®u§’mp R x

and add them to the terms that we have left. At this point that is simply (e1);. We
get

ot (Jui @A (L [ Tl [ up J@a) =
Sl (@ e T T o )
> tiferr nerrs @A (up” [ [l ) @1 G ®
ACg T Twr— a0
£ untiure - dnoirs ® A ([ [ap [ [ ]) @G @
A T T [ [ ) e

For the usual reasons, the terms

Zu/\uijs-ﬁ-Q"'jn—k-&-s@A(’ up” ‘ ‘ui\u—l ‘ ‘u;n D®j1...js®

Jou

add up to zero, and the term above that clearly cancels the term (ej);41, and it is
easy to complete the steps to show that we have the desired result. In particular,
we see that the term (a), does not get cancelled, and that is why the sum we are
left with is Y — a,6,(Y).

All this was done under the hypothesis that j, < u,. However, just as we did in
the previous lemma, we simply have to keep track of what we add and subtract from
the terms above under the assumption that u, <--- <wu; <js <ui—q < -+ <y,
to get the result in general.For example, if we had ¢ = p, we would have to study
the terms above under the restriction that in our sequences n, the entry n, = 0.
But this presents no new difficulties. I

mi—n

A (’ up . ‘ Uy

m;—n;—1 ‘ .
i

Ta
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Now we can state and prove the main theorem.

Theorem 4.3. The map n defined above is a homotopy of the identity map on
C(k; f) with the map «f. That is, for all ¢ > —1, we have
Ocng +ng—10c =1 — agby.

Proof. 1t is easy to verify this in the lower dimensions: for ¢ = —1, we get zero on
both sides. For ¢ = 0 we take J ® x € A"~ *T$G* @ A"**F and check that

O (*(*1)(5*1)(”*k+1)js e Grrs @ 1 el ® z) _

_(_1)(8_1)(n_k+1)js ks @ 1 Js—1(x) + T @

In fact, the signs have been rigged so that this does check.

In the general case, we consider the element Y = J QU1 @ --- Q Uy Q Upy1 ®
u?ml Q- ® u?m” ® x with Uypq = v AW, and v, uq,...,u, all of degree one, as
usual, with uq > --- > u,. We assume that ¢ is some integer lying between 0 and
q — 1, and we set

B(Y) = J®U1®®Utv®W®ui®ml®®u§mp®x
EY) = JoU® U @veuf™ - @ud™ @ W(z)
L) = B(Y)+(-1)7E(Y)

with 0 = r(¢ —t — 1), where degree (w) = r. Furthermore, we assume that we have
established the fact that 7; is a homotopy of desired type for i < ¢, and that 7, is
also such on elements of type Y in which the degree of Uy y; is less than or equal to
r. We want to establish the homotopy identity for the element Y whose (¢t 4+ 1)th
term is of degree r + 1. We see immediately, since 0,(Y) = 6,(I'(Y)), that we have
to establish

Icng (Y —=T(Y)) +14_10c (Y —T(Y)) =Y —T(Y).
Using a by now familiar type of argument, we see that

anlac (Y) =

p
DY e (Ve e @U@ oWy @uf™ @ @uf™ @ gui™ @ )
i=1

p
+> g (JOUL® @U@ @uf™ @ 8 ud™ T @ @ U™ @ ui(a))
=1

+(_1)q_t77q71 (J QUL @ - @UwWud™ @ ® u?mp ® x)

t
+(—1)q*tznq_1(Li)+Y—J®U1®-~®Ut®uW®A(] w' [ [ )@,
=1

where we set

Li=JoU1® QU U@ - @U@ W @ui™ & @ ud"™r @ x;

14190 (B(Y)) =
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p
DY (Ve @ - @Uue Wy @uf™ @ @u™ ' @ @ uy™ @ 1)
=1

+Z77q  (BJohi® - @U@uWeuf™ @ @uf™ ' e 0ud™ @ ui(r)))

+(_1)q nq 1(J®U1®“-®Uth®u?m1®~~.®u§mp ®1‘)

) thq 1 ( N+BY)-B(JoU1® @U@ W @A(up” |- [u" @a);

where by B(X) we mean the obvious, and

ng-10c (E(Y)) =

p
DTy o (e e el @ uf™ @ @ul™ T @ @ud™ @ W)
i=1

an W(E(JeUi®-- ®Ut®vW®u?m1®--~®uz®mi71®~-~®u?m"®ui($)))

N tnq LU 80U e uf™ 8- & ud™ & W)

)= tznq . N+EY)-E(JoUh @ - @UuWA(u,” [+ [ul" Jox),

where by F(X) we also mean the obvious. Then

Ng—10c (Y =T(Y)) =

p
an,l (J®U1®--~®Ut®vW®u?m1®-~-®uz®mi_l®---®u§m"®ui(:v))—
i=1

Zﬂql (JRU@ - UeWeuf™ @ ui™ '@ oul™ eu(r))) +

(—l)q’t’lznq_l (JeUi@- oUWy oui™ @ @ui™ ' - @ui™ @) -

i=1

p
()Y (TR @ QU W @uf™ @ 0 uf™ L e g ul™ 9 1) -

=1
p
()Y " (e @ @U@ v, @uf™ @ @ul™ T @ @ ud™ @ W) —
i=1
()7t (JeU1 @ @Uweui™ @ @ ud™ @ W(z)) +

1)t Z g1 (Li = T(L;)) + (Y = T(Y)) —

( JOU1® - @U@ uW @ A(up” |- [ul )@a— )
FrJoUi® oUW eoA(u” |- [u" o)
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The first two rows are, by the definition of our homotopy, equal to

S Y )z A (T 0] e We

i=1 p>0 |n|=p

A (’ up "

. m;—n;—1 L. mi—ni
[ ui [ [l

) ® ui(z),

where we have set
Z=JU1®- - U
and |n| =nq + ... +ny.
The terms (—1)2~ 25:1 Ng—1 (Li —T'(L;)) are also easy to write down; they are
simply

t
(_1)(1%22 Z (-1)PIRUL e @ULU; @ RU; ®

i=1 p>0 |n|=p

N (5 R T 2 P (R

: ‘ T ‘®az)

Thus all of our terms but the following have been converted to “non-n” terms, and
we have to examine their sum:

p
DY (et @ @U@ oWy @uf™ @ @uf™ T @ @ ui™ @ x) —
i=1

P
(fl)q*t*Ian,l (J®U1 ®'~~®Utv®Wui®u<1®m1 ®~-®ul®m"_1 ®~~~®u§’m1’ ®x) -
i=1

P
(D)7 " (TR @ @U@vu @uf™ @ @ul™ T @ @ ul™ @ W(r)) —
=1
(1), (JOUL1® - @Upweuf™ @ - @ud™ @ W(z)).

There are two possibilities we have to consider: u; < v and u; > v. (The case
u; = v is easy to dispose of: two of the four summands above are zero, and the
other two are very easy to handle.) As usual, we will make the assumption that
v > u; for all 4, and remark what happens to various terms that we have to add
and/or subtract in the other cases.

Since vW is a basis element, v is less than all the factors of W, so u;vW is a
basis element and we have

P
(_1)q_t_l an—l (J® U1 - U @ vWu; ® Ui@ml R--R u?mi*l R ® u;@mp ®$)
=1

p
= ()Y o (Jeh e @U@ oW @uf™ @ ouf™ T @ ud ™ @ x) +
=1
(_1)r+q7t+(r+1)(¢1*t72)nq_1 (J QU@ - U; ® u(lgnfu ® - ® u?mp ® ’UW(I)) +

Y Y yrzea L [ [a) e v e

i=1 p>0 [n|=p

(7 i e il L0

KA
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(The penultimate term has no summation in it because the terms of the same sort

coming from ¢ > 1 all vanish.)
Next we see that

p
(1) Ny (JeU @ @ U @ vu @ uf™ @ - @ uf ™!
=1
P
= ()Y, (JeUh e U eveul™ @ @ui™ T @

i=1

(1), (VU@ 0U @ui™ @ - @ ud™ @ oW (z)) +

DY S Y zoa (T Tw) oos

i=1 p>0 |n|=p

A (’ up? "

T T Tap e ]) @ Wa),

When we collect our terms we have

p
(_1)r+q7tznq71 (J® U, ® - @ Uy ®vW®u§§)m1 Q--- ®uz®mi—1 ®

=1

P
(*l)aJrq*tZ?]q_l (J®U1®---®Utui®v®u?ml ®'--®u?m"_1®~-

i=1

p
)Y e (el e U Wu@uf™ @ ouf™ ! @

i=1

p
(D)7t N g (JOUL - @ Uw@ud™ © - @ul™ © W(z)) +

i=1

TIZZZ DPZ@A (up [ [ul [uw ) @ oW e

i=1 p>0 |n|=p

A (’ up® "

. ‘ il ‘ ‘ u71nl*n1 D Rz +

DTty > Y ZeA(uw [ [ [u])@ve
i=1 p>0 |n|=p

A (’ uy T Jar T e D ® W(z).

(3

@...@u;?mp ®W(x))

®u§m” ®W($)) +

QU™ @) +
® u?mp @ W(z)) —

® uf’mf’ ® l‘) _
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Next, we see that

p
DY (Ui e @Uue Wu, @uf™ @ @uf™ ' @ @ ul™ @ 1)
=1

P
= (DT (e @ @Uuu @ Weui™ @ @ui™ T @ eud™ @ x) +
=1

(—1)’1’“1“”((1’“2)% (T ® - 0Uweeud™ - 0ud™ o W(r)) +

ZZZ DY JeU e - QUwe

i=1 p>0 |n|=p

ACy [ T Ju)owea ([(u ™

T [ [ o

so that our collected terms now are

1)r+a- tz J®U1®-~-®1Utui®vw®%u?ml@...@ .
u?mi_ R Qupy TR

p
1y i JOUI® - @Uuovaud™ @ ® )
~ ufm T e @ uy " @ W)
Lya-thr - JOUL® - @Uauv@W Qui™ ®---®
z:: u;@mi*1®...®u?mp®x +
D
(_1)7"—12 (_1)7"/)Z®A (’ u;lp ‘ ‘ u?l ‘ w; D QW ®

e T D ®z+

Y S Y zoa G @ Tu) ove

i=1 p>0 |n|=p

A (’ up "

] ‘ i1 ‘ ‘ uTlinl D ® W(x)) +

2

DYDY (It e @ U e

T Tu)ewea ([ [ [ oa.

Finally, we have that the first three rows add up to

p
Y Y (o6 8 U

i=1 p>0|n|=p

ACy [ Tur To)owea (fu ™ [~ [u [ a0,
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so that we end up with our collected terms summing to

H)MZ”:Z SNz A (up [ [ul [u ) @ oW ®

i=1 p>0 |n|=p

N

. ‘u;m—m—l ‘ ‘ugm—nl D QT+
()7 > > Zzealw [ v Ju])eve
=1 p>0 |n|=p

A (, R e s D ®@ W(z) +

2

DY DI (It e @ U e

i=1 p>0 |n|=p

A(’ u;z’ ‘ ‘ ’Lb?l ‘ w; D ®W®A<’ uglpfnp ‘ u?’bi*nifl ‘ ‘ u717741*n1 D K T+
DY DI (IRt @ @ U, @

i=1 p>0 |n|=p
Ay [ [ Jo)ewea (fy " [ Ja [ Ju ) o

All of the above was by way of calculating n,_;9c (Y —T'(Y)). We now have to
add to what we have obtained, the terms of don, (Y —I'(Y')). But we know that

1 (Y =T(¥)) =
DN zeA(w [ Juf o) ewe
p>0 n

A (’ up " ‘ ‘ ™ D ® .

If we take dcm, (Y —T'(Y)) , we see that the boundary applied to the Z part of these
terms just gives us our terms related to our L; terms above. The boundary term
corresponding to the action on x is covered by terms calculated at the outset.The
terms

( JOU1® - @U@ oW @ A(up” |- [ul" )@a— )
PJeUi@ - @U@uW@A(u,” |-+ |u" ) @)

that we found earlier are taken care of in part by the W(z) terms we have found
just above. The rest of the terms that we have laboriously calculated deal with
the interactions of the v with W, and with the multiplication of these with their
immediate neighbors that occur when we apply the boundary. In short, we can
check off, term by term, the results of applying the boundary and our collected
terms, taking into account a certain amount of internal cancellation (such as the
W (z) terms just mentioned).

All of the above was predicated on the assumption that v > wq. If we had
u; > v > ug, say, then the terms involving A (’ up” \ \ uyt \ v D would have
the requirement that n; = 0. On the other hand, when we calculated the “n” terms
of our 7,_10c (Y —T'(Y)), we would have had to keep the v in front (other signs

involved in ‘rectifying’ the product Wu; would have cancelled each other out), and
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we would have had a corresponding gain or loss of our resulting “non-n” terms.
Thus we have our desired result. |
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