A CHARACTERISTIC-FREE EXAMPLE OF A LASCOUX
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Alain Lascoux: un homme de caractére libre dont les travauzx se basent en caractéristique
Z€T0.

1. INTRODUCTION

Although Alain Lascoux and I never collaborated on a mathematical pa-
per, his ideas have been a constant influence on my students’, my collabora-
tors’ and my work ever since the appearance of the first draft of his doctoral
thesis [12]

His systematic use of characteristic-zero representation theory to find the
resolutions of ideals generated by the minors, of any order, of generic matri-
ces, impelled me and my students in that period to develop a characteristic-
free theory of Schur and Weyl modules [4]. The attempt by Akin, Weyman
and myself to use these characteristic-free methods to reproduce Lascoux’
resolutions led to the realization that there were many mysteries hidden in Z-
forms of rational representations that had to be uncovered in order to move
ahead with this project [3]. Akin and I soon discovered that the study of Z-
forms was intimately bound up with the resolutions of Weyl modules [1, 2],
the characteristic-zero version of which Lascoux had already presented. The
study of such resolutions was helpful in the Roberts-Weyman [13] presenta-
tion of the Hashimoto [10] example of the dependence of the Betti numbers
of determinantal ideals on characteristic. Further work on these resolutions
with Rota [8] led to the use of letter-place methods and place polarizations
in a systematic way in this area.

In sections 2 and 3, we will give a few examples of the way in which
Lascoux’ work has been incoporated into a number of the above-mentioned
areas of investigation. Where possible, we will point out the similarities and
differences between the classical and ‘neoclassical’ results. In section 4, we
give a very brief indication of how place polarization methods, Capelli iden-
tities, and resolutions come into play in the study of intertwining numbers.

2. EXAMPLES OF Z-FORMS OF RATIONAL REPRESENTATIONS

In [3], we had to prove and use the rather strange fact that the complex

(1) 0=-A*=D@AT1 . ..o DeA - ... 5 D —0,
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in which the maps entail diagonalizing the exterior power and multiplying in
the divided power, is exact from A* up to I = [%], that is, exact till halfway
up. Thus, the kernels (or images) in those dimensions are universal Z-free
representations of Gl, which, when tensored with the rationals, Q, are iso-
morphic to the Schur modules of the hooks in the corresponding dimensions
(since the Schur hooks are the kernels of the corresponding complex where
the divided power, D, is replaced by the symmetric power, S). Thus, these
integral representations are what Akin, Weyman and the author called Z-
forms of the same rational representation of Gl,,. For example, D; and Sj
are non-isomorphic Z-forms of the k' symmetric power.

Another, simpler, way to construct non-isomorphic Z-forms is the follow-
ing:

Consider the short exact sequence

0— Diy2 — D1 ® Dy — K(gq11) — 0

where K1 1) is the Weyl module associated to the hook partition (k+1,1).
If we take an integer, ¢, and multiply Dyio by t, we get an induced exact
sequence and a commutative diagram:

0 — Dit2 — Dpn®D1 — Kgg1yy — 0

Lt !
0 — Dgro — Ek+1,1) — Kgpy — 0,

where E(t;k + 1, 1) stands for the cofiber product of Dyi9 and D11 ® D;.
Each of these modules is a Z-form of Dy ® Dy, but for ¢; and t2, two such
are isomorphic if and only if ¢; = t2 mod k + 2 (see[2]). In fact, one can
casily show that Extly (K(111); Di+2) = Z/(k + 2), where A stands for the
Schur algebra of appropriate degree (namely, k + 2).

To see how such forms are related to resolutions of Weyl modules, consider
the partition (k,2), the associated Weyl module, K (1,2), and its resolution
(over the integers):

0 — Dyyo — {Diy2® Dgy1 ® D1} — Dy @ Dy — K, 2y — 0.

Notice that in characteristic zero, the resolution that Lascoux describes

would be

0 — Dg11®@ D1 — D, @ Dy — Ky 9) — 0;
the Euler-Poincaré characterisitcs of the two are the same, but the first one
requires more terms to take care of torsion over the integers.

The map of Dy into the indicated direct sum is the usual diagonalization
into the second summand (or the place polarization 01 ), but is multiplica-
tion by 2 into the first. The map from Dy, 9 to Dy ® Dy is the second divided
power of 091 or 85?. As a result, we see that the cokernel of this map is
what we called above, E(2;k+1,1), and we would have to rewrite Lascoux’
resolution above as

0— E(2;k+1,1) = Dy ® Dy — K39y — 0.
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(This is, of course, the same as his original resolution after tensoring by Q.)

The study of Z-forms, especially as they emerged in our attempts to
resolve determinantal ideals beyond the submaximal minors, led to the sus-
picion that perhaps there is no universal (i.e., integral) resolution for the
minors of any order of the generic matrix. Hashimoto [10] finally took what
everyone thought must be true: the Betti numbers of these determinantal
ideals are independent of characterisitc, and found a counter-example (the
case of 2 X 2 minors of the 5 x 5 matrix). As things now stand, the resolu-
tions of Lascoux stand as the minimal characterisitc-zero universal ones; re-
cent work of Hashimoto [11] shows that minimal universal resolutions whose
terms are tilting modules, do exist.

3. SOME EXAMPLES OF THREE-ROWED SHAPES AND SKEW HOOKS

One presentation of the Hashimoto counter-example mentioned above, de-
veloped by Roberts and Weyman [13], uses the characteristic-free resolution
of Weyl modules in certain cases. In this section, we’ll look at the resolu-
tion of a three-rowed shape, and see how it differs from that constructed by
Lascoux in characteristic zero. The resolutions of two-rowed skew shapes
were given in [2] and [6], while those for very special three-rowed shapes
were given in [7]. The one given here also appeared in [8], but the explicit
connection with the Lascoux resolution was not given there.

3.1. Lascoux and non-Lascoux resolutions for (2,2,2). The Lascoux
resolution of the Weyl module associated to the partition (2,2,2) looks like
this:

D3®D3®D0 D3®D1®D2
0 — Ds®D2®Dg — @ — & — Do®Do®Dy — 0.
Dy ® Dy ® Dy Dy ® D3 ® Dy

Recall that the terms of the Lascoux resolution are read off from the
determinantal expansion of the Jacobi-Trudi matrix of the partition, with
the position of the terms of the complex determined by the length of the
permutations to which they correspond. The correspondence between the
terms of the resolution above, and permutations, is as follows:

Do ® Dy @ Dy «— identity
Ds® Dy ® Dy «——
Dy@D3®@ Dy «— (
D3®D3®D0 — (
Dy@Di®@Dy «— (
Dy®Dy®Dy —— (
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By contrast, the terms of the characteristic-free resolution of the same
Weyl module, are:

Xo =Dy ® Dy ® Dy;
X1 = Zé 1)33D3 ® D1 ® Dy @ Zé 1)a:D4 ® Do ® Dy
Ze(,lz) yDs ® D3 ® D1 ® Z§2) yDo ® Dy ® Dy;
Xy = Z22{)aDs® Dy © Dy
Z(lz) yZ(?l)ZED4 ® D1 ®@ Dy @ Z(I) yZ(3)xD5 ® Do @ D1&
§22) yZ£?1)$D5 ® Dy ® Doy @ Z§22) ngll)xD6 ® Do ® Do®
Z:)(,lz) ngElg) yDy ® Dy @ Do@®
753 yZ§!) 2Dy © Dy @ Dy;
X3 = 3(,12) yz (21) ché,ll)ng, ® Do ® D1®
23y y2) ez )« Ds © Dy ® Do
28y 259 y2)eDs © Dy © Do
:5,12) yZ;E,lg) yZ§ 2Dg ® Do ® Dy
2 yzY) 2 2) 2Dy © Dy © Do
240 y75) Zé?fwg) © D1 ® Dy
Zing) yZ:E,,lf ZZSH)HCDﬁ ® Dy ® Dy;
Xy =253y 7Y y2$)e 282 Ds @ Dy ® Do
2)y2) :28)228Ds © D1 © Do
20y 2 2202 aDs @ Dy @ Dy
2y2.Y) 222 2{)xDs ® Do © Dy;
Xs = 253 yZ4 ] 225} 282 22 Ds @ Dy @ D,.

where the subscripts on the X indicate the dimension in which these terms
appear. The symbols Z ( l); are the formal ‘polarization’ operators defined in
[8], and the letters z,y, z are the separator variables also explained in that
paper.

The boundary map for this complex is obtained by polarizing all the
separator variables to one. When the separator x disappears between a
Zg,)) and elements in the tensor product of divided powers, this means 8{%,
or the place polarization operator, applied to that tensor product. The
only essentially new terms that we have here are the terms that involve

Z:gl) Zig 1) z, or more generally terms of the form:
1 1 k kn—
Zéz) y Z:z(m) z Zé,f) T T Zé; 2 Do 141k @ Doy1—js

(of which, in this example, there aren’t that many). For these we have to use
identities of Capelli type, or some easy variants of them ([8]). The boundary
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map on such a term sends it to

1 1 k kn—
233y 24] 20 {Zé,f) v w27 a Dy @ Dq+1—|k|}

1 1 k kn_
Loy (A0 A0 2 25 Dy © Dy )

1 k Ko
200 {2 0 25 Dy © Dy
and we have to define the terms
Z(l) Z(kl) - Z(kn72) D D
31421 T Ty T X Ppriqk] © Dgp1—|k|
and

with n > 2.
Ifn=2, Zé}l)v = 03,1(v), while Z(z) E(; 1) = ;1) xf):%) (v)—{—Z?()?Q) y0a1(v).
For n > 2, we have

KA a2 Zy w0 = A I A 2y vt

2 J— 9

1 1 k kn—
Z?E Q)Z?E,l) z {Z;ll) T x Zé,l 2) T Dp+1+|k| ® Dq+1—\k\}

and
T O S T S ST S
(k1 — )Z§22) Z(klﬂ) T Zéfcf”) Tv.

3.2. Reduction of non-Lascoux to Lascoux. It is of some interest to
see how we can discard the ‘excess’ terms of the characteristic-free resolution
to recover that of Lascoux. For example, we want to throw away the terms

Zé?l)ﬂ?l% ® Dy ® Dy and Z§22) yDs ® Dy ® Dy.
If we look at the image of a term Zézl)m ® v, where v € Dy ® Dy ® Do,

we see that it is 85? (v) = 303 (v). So, the image of Zézl)w ® v is the same

as the image of %Zé’ll) T® (9%) (v). Hence in characteristic zero we can rig
up the boundary map taking this into account. Obviously the same kind of
thing holds for the term Z§22) yDo ® Dy ® Dy i.e., its image is the same as
that of %Z?(,lQ)w ® 8;%) (v). Thus, any term that’s sent by the ‘full’ boundary
map into one of the ‘redundant’ terms above, should now be sent into the

non-redundant term instead. For example, the following terms should now
be sent as follows:

1
Z39 yZ5 v — Zzg,lz? y 0y (v) — Zéll) z 031 (v) — 525,11) x 02103 2(v)

and
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1
Z?El2) l/Z:g,leU — Z?Elg) y 031(v) — Z§11) 900?()22) (v) — B :)512) Yy 03,2021 (v).

With this modification, the terms of the type
ZN a2 )eDy ® Dy ® Dy
and
233 yZ3 yDs ® Dy ® Dy
are automatically sent to zero. As a result, when we go to the last term

that counts in this complex, we see that under the boundary map in the big
complex we get
Zs) yZsn= 23 wo — 253 yZ5) 2 000(v) + Z5 y 257w 03 (v) -
1 1 2 1 1 2
23y 253y 053 (v) — 23 223} 0 03 (v),
so that under the modified boundary, we can simply define the boundary

map on this term to be

Z:,(,}Q) yZé}l)z Zé}l) TV — Z§712) yZ:,(,,ll)z 021(v) + Z:,(,B Yy Zé?l)x 032(v).

Of course it remains to prove that in characteristic zero this is exact; we
indicate how to do this in the next subsection.

3.3. Question of exactness. Here, we indicate more schematically how
we modify the maps to take advantage of divisibility in Q. Divide the terms
of our big complex into the sum of those of the Lascoux complex, and the
others. That is, we look at the terms of the complex as:

Xo = Ao

X1=410 B
Xo = A2 ® By
X3=A3® B3

Xj:Bj fOI‘j:4,5,

where the As are the sums of the ‘Lascoux’ terms, and the Bs are the sums
of the others.
Let o1 be the map
B1 — Al

defined by

1 1
Zé?l):rv — §Z§711)x8271(v) and Z§22) yw— 5 §12) Y03 2(w)

where v € Dy® Dog® Do and w € Dy ® D4® Dy. This situation we’ve already
discussed, but we should point out that the map o satisfies the identity:

04,4001 = 0B, Bys
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where by 64,4, we mean the component of the boundary of the fat complex
that carries A; to Ag. We’ll use notation d4,,,4,, d4,,,B, etc. in the same
way. We define

o1 : A1 — A
as

81 = 5A1A0~
But now we’re in position to define

Oy : Ay — Ay
by

Oy = 04,4, + 0104, -
We get immediately

Fact 3.1. The composition 0195 = 0.

Proof. We have
8182(61) = 5141140{5142141 (a) + 01514231 (a)} =
5141140 5A2A1 (a) + 6A1A0015A231 (a)

But since 64, 4,01 = 0B, B,, We see that

6A1A0015A231 (a) = 53130514231 (a)’

SO

041400454, (@) +64,4,0104,B,(a) = 64,4,04,4,(a) + 6B, B, 04, B, ().

But this is zero since it is the boundary of the fat complex applied to a. [

Before we can prove exactness at Ay, we have to define a map

09 : By — As
such that
(Co) OByA; + 010B,B; = {0A,A; + 010A,B, }02.
We define this map as follows:
Zéll)mZéll)xv — 0
Azl — o
20y 20 w0 — M2y 2 2 0na (o)}
25y 25 wv 3{Z§y 282 05,(0) — 233y 251 203 (0)}
Z3yZi a0 — — {2y o w)

where the element v is in the approprlate tensor product of divided powers
as given in the description of the fat complex.

Fact 3.2. The map o9 defined above satisfies the condition (Cs).
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Proof. Trivial. O
Fact 3.3. We have exactness at A;.

Proof. This is just a diagram chase. O
Using o9 we can now also define
03 : A3 — As
by

03 = 0434, T 020438,
Not too surprisingly, we have

Fact 3.4. 8283 = 0.

Of course, what we need now is a map o3 : B3 — Ag similar to the o’s
above, i.e., satisfying

(Cs) OByA, + 020B3B, = {0A3A, + 020448, }03.

We define such a o3 as follows:
23y 23wz wo 0

—
20y 2 e 2 w0 — 3Ly 2 2 200 2 00 ()
Zy3yZygyZilav — =Mz y 2z 2 28] 2 0 (v)}
Zy)yZs)yZy)wv — =23y 23] = 20) 2 05 (v))
253y Zs) 2 2w — My 2 2 2 o) ()}
ZéQ)yZ:g’ll)zZéi)xv — 0

where the element v again is taken in the appropriate tensor product of
divided powers as described earlier.

Fact 3.5. The map o3 defined above satisfies the condition (Cs).

Proof. Trivial. O

We have yet to prove that we have exactness at Ao and that 03 is a
monomorphism. But first we explicitly define the boundary maps in the
complex

0—>A3 A2—>A1—>A0

The map 0; is clear: it’s just the operation of the indicated polarization
operators on the argument. The map 05 is defined as:

1 2 1 2 1 1 1 1) A(1
02 (253 yzav) = 253y o2 () - 25 0 01} (v) — S 28] v ol o) v
1
02 (253 y7Z8}) 2v) = Z§3y ol (v) - 5289 y ool (v

1 2
: )+ Zy) w355 (v).
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And finally, the map 03 is defined as:

1 1 1 1 1 1 1 2 1
00 (280 ) = 740 o) = 280y - 0) + 280 7 w1).

Since one component of the map 0s is a diagonalization of Dy into D1® D1,
it is clear that Os is injective. Hence, the only remaining exactness to prove
is at Ay. To handle this, we suppose that we have V € A; with d2(V) = 0.
We want to produce an element W € Az such that d3(W) = V.

It is easy to see that we can add to V an element W € Bs, such that
under the boundary of the characteristic-free complex, V + W goes to zero,
while o9(WW) = 0. Using the fact that this ‘fat’ complex is acyclic, we know
that there are elements o € As, 5 € Bs such that a+ ( goes to V + W under
the ‘fat’ boundary map. It is then easy to show that « + o3(3) goes to V,
and our Lascoux ‘reduction’ is exact.

4. INTERTWINING NUMBERS

In this last section, we give a brief indication of the beginnings of a place-
polarization approach to calculating intertwining numbers. A complete de-
scription of the zero-dimensional intertwining number in the three-rowed
case is given in [5]. This was based on an approach already suggested in
[2], but in trying to proceed to partitions having four or more rows, the
calculations became very unwieldy. These calculations involve elaborate
straightenings of non-standard tableaux, so it seemed worthwhile to seek
another method that would cut down on the straightenings that must be
performed.

In [8], we had made extensive use of place polarizations, and had made
an explicit correspondence between the algebra of such polarizations and
the Heisenberg-Weyl algebra. The new idea in attacking the intertwining
numbers is to express some of the basic targets of our investigation in terms
of place polarizations, and to then simplify our problem by proving some
identities in the Heisenberg-Weyl algebra. This investigation is just now
under way, so we will simply give a little example of the sort of thing we’re
talking about.

Let us start with a four-rowed tableau A of the form
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and manufacture from it the three-rowed tableau u:

‘ ‘ pr=M+d
| s1+d H2 = A2

52 H3 = A3

Our aim is to compute the abelian group Extjléx(KA, K,,), where A is the
Schur algebra of appropriate degree. If we let [J denote the presentation map

of the partition A, it is made up of place polarizations 85” 8(l) or 8&? for a
range of positive integers [. Since the group we want to ﬁnd is determined
by the invariant factors of the matrix associated to the map Hom (O, K,)
(see [5]), and since the domain and range of [J consists of sums of tensor
products of divided powers, this amounts to calculating a basis for certain
weight submodules of K, and then making explicit the entries of the matrix
of the map above with respect to these bases.

The weight submodule of K, corresponding to weight A is parametrized
by three parameters 31,41, 42, where n; indicates the number of n’s in row
i. The homomorphism corresponding to these parameters, o442 may be
described as the composition of place polarizations:

adrdrde 8(d 41— 42)6(42)8( )a(d 31—4i— 42)8(31)8(d 31— 41)

The only restrictions on the parameters are that
31+41+42<d

and
42 S S9.

We see immediately that:

21=d—-31 -4 29=s3+s2+31+4
Jo=d—31—41—42 33=s3+41+4
43 =d — 41 — 49.

The idea of using the place polarizations is that composing the alphas
with [0 just amounts to composing the given composite of place polariza-
tions with either 8511), 8§2) or 84(13) for some positive integer [. Since all of these
polarizations are taking place at the level of the generators of the Weyl mod-
ules involved, that is, in the tensor product of appropriate divided powers,
we want to throw away those terms that are obviously in the kernel of the
Weyl map defining K. But those are any terms which are composites of
place polarizations that have either a 8%? or 8?()[2) at the extreme left end of
the composites. Thus when we take an alpha and compose it with one of

the 8511), 3(2) or 8213), we want to use the Heisenberg-Weyl identities to bring
these all the way to the left, if we can.
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That is the general strategy behind the simplification, and there is some
evidence that this can be carried out. At least, this is a program on which
a group of us are currently engaged.! As a more detailed description of the
fragments we have so far obtained would take more space than would be
justified by the results, we will forgo giving one here.
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