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1. Introduction. It has long been common knowledge that if R is a unique
factorization domain, then so is the polynomial ring R[z]. However, until recently,
it has been an open question as to whether the same can be said for the formal
power series ring R[[x]]. Samuel has just produced an example of a unique
factorization domain R of characteristic two such that R{[x]] is not factorial
(i.e. a unique factorization domain). This example still leaves the problem of
what stronger hypotheses might be imposed on R in order to prove that R[[z]]
is factorial.

Recent investigations have shown that the problem of unique factorization
can be studied using homological techniques. For example, in [3] it was proved
that every regular local ring is factorial. It therefore seems worthwhile to try
to attack the factorization problem in R[[z]] from a homological point of view.

We will show that if R is a noetherian unique factorization domain, then
R[[x]] is also if and only if a certain ideal in R is principal. (In particular, one
gets the result if R is a principal ideal domain.) We hope that the realization
of this fact might provide an approach to the problem mentioned at the end
of the first paragraph above.

We also show, using the result of [3], that if R is a regular ring (7.e., a noetherian
ring all of whose local rings are regular) which is factorial, then R[[x]] is factorial.
Since the regularity of R implies the regularity of R[[z]], we obtain the result
that if R is a regular factorial ring, then so is B[[z, , + - , «,]]. Since a principal
ideal domain is regular, we see that any power series ring over such a ring is
factorial.

2. The crucial ideal. It is well-known that an integral domain R is factorial
if and only if the following two conditions hold:

i) the ascending chain condition for principal ideals;

ii) the intersection of two principal ideals is principal.
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Lemma 2.1. If the ascending chain condition for principal ideals holds in the
integral domain R, then it also holds in the formal power series ring R[[z]].

Proof. Let (¢1) C (¢2) C --- be an increasing chain of principal ideals in
Rl[z]], with ¢; = D a;;z’. Then (a1,0) C (asz,0) C --- is an increasing chain
of principal ideals in R. Therefore for some integer n, we have (@n.p,0) = (@n,0)
for all p > 0, and a,,0 = UyQnsp,0 Where u, is a unit in R. Since ¢, = ¥;Pnsyp
for some ¢, ¢ R[[z]], we see that the constant term of ¥, must be u, . But the
fact that u, is a unit in R implies that v, is a unit in R[[z]] so that (¢,) = (Pn+p)
for p > 0. (Although we have tacitly assumed here that not all the a;, are
zero, it is clear that one need only consider this case.)

As a result of the lemma above, we see that if B is a unique factorization
domain, then R[[z]] is factorial if and only if the intersection of any two principal
ideals in R[[x]] is principal.

Proposition 2.2. If I is an invertible ideal in the unique factorization domain R,
then I is principal.

Proof. Since I is invertible, I is finitely generated. Let I = (a, , --- , a,).
If ¢ is an element of the field of quotients @ of R such that ¢ C R (i.e., if ¢
isin I™"), then ¢ = r/d where d is the greatest common divisor of @, , - , @, .
For we see that ¢ C R if and only if ga; is in R for all . Now if ¢ = u/v with
u and v relatively prime, then ua;/v = ¢; ¢ R or ua; = ve,; . Since » and » have
no common factor, » divides a; so that v is a common divisor of @, , --- , @, ,
and thus divides the greatest common divisor d. Hence d = sv and ¢ = su/d.

Again using the fact that I is invertible, we have ¢, , --- , ¢, in @ such that
> qia; = 1and ¢; in I™". Thus ¢; = r;/d so that d = Y (dg.)a; = 2 r.a
and this shows that (d) C I. Since obviously I C (d), we see that I is principal.

Proposition 2.3. If R s an integral domain in which every invertible ideal
18 principal, then the same is true in R{[z]].

Proof. Let I be an invertible ideal in R[[z]]. Then I is generated by oy , -+ , a,
in R[[z]]. If we let a; = D a;;z’, we may clearly assume that not all the a.o
are zero.

Therefore there exist ¢, , ++- , ¢, in Q[[z]] (@ = the field of quotients of R)
with E ¢:a; = 1 and ¢; in I"'. We see, then, that the ideal I, in R generated
by the {a;,} is invertible and by our assumption on R, I, is principal; I, = (d,).

Now a;o = dob; , and dy = Z Ty . Let B = Z ra; . Then 8 is in I and
a; — b;8isin I M (x). However, if A is an element of I M (z), then

A=N1= 2 Mp)a; = 2)\—%(930&):

and ¢, /z is in R[[z]] (since ¢; is in Q[[z]] and ¢,I C R[[z]]). Thus I N (z) C «I
which implies that I = I M (z) and hence I C (8) + zI. Since z is in the
radical of R[[z]] and I is finitely generated we see that I = (B).
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The preceding propositions tell us that if we want to show that an ideal
in R[[z]] is principal, we need only show that it is invertible. However, it is
shown in [4] that an ideal in an integral domain is invertible if and only if it
is projective. We therefore have

Corollary 2.4. R[[z]] is factorial if and only if the intersection of any two
principal ideals is projective. This condition s equivalent to the following:
hdgiiz11(u, v) £ 1 for any two elements u, v in R[[x]].

Here hdgz i, denotes the homological dimension with respect to R[[z]], and
the proof of the equivalence of these two conditions is given in [2].

Lemma 2.5. Let S be a noetherian ring, E a finitely generated S-module,
and x an element in the radical of S. If x is not a zero divisor for E, then

hd,gE/wE =1 + kdsE.
Proof. It is known that
hdsE/zE = sup hd ,E/zE &) 50,
where m runs through the maximal ideals of S and o = S, [4]. Since z is in

the radical of S, « is in the radical of the local ring o = S, for all m, and z is
not a zero divisor for E,, = E ) s0. Hence by [1], we know that

hdoEm/xEm =14 hdoEm y

so that we have the desired result.
The following lemma is well-known, but we state it for the sake of completeness.

Lemma 2.6. If S is an integral domain, E a torsion-free S-module, and x
an element of S, then

hd,g/zE/xE é hdsE.

Corollary 2.7. Let S be a noetherian integral domain, E a finitely generated
torsion-free S-module, and x an element in the radical of S. Then

hdsE = hds, E/zE.
Proof. By [4], we have
hdsE/zE £ hds,,E/xE + hdsS/x = hds, E/xE + 1.
Combining this with the above lemmas, we have
1+ hdsE = hdsE/aE = 1 4+ hdg, B/eE £ 1 - hdsE.

Hence the inequalities are equalities and we have the result.
Before proceeding to power series rings, we will prove one more lemma.

Lemma 2.9. Let R be a unique factorization domain, and E an R-module
generated by two elements e, , e, with e, torsion-free. If rie; + re, = 0, let d be
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the greatest common divisor of v, and ry . Then hdgE = 1 of and only if the an-
nihilator I of (ri/d)e; + (r/d)es s principal.
Proof. Consider the exact sequence
0-K—-RAPRLE—DO,
where f(1, 0) = ¢, , f(0, 1) = e, . Then
K = {(s1, 8) | 8101 + 800, = 0};

and the pair of elements (r, , 7,) mentioned in the hypothesis belongs to K.
If (s;, 8.) is any element of K, we have

To(s161 -+ 8p€2) = (1281 — sari)e, = 0,

so that r,s; = s,r, (since e, is torsion-free). Letting d’ be the greatest common
divisor of s; and s, , we see that

S S) _ (T T2
(d’ ’d’) “(d ’ d)

d'(%% o+ ez) =0,

where u is a unit in R. Since

we have

d'(%el + ?”d—zez) = 0.
We therefore obtain an isomorphism between K and the ideal I by assigning
to each pair (s; , s,) in K, the greatest common divisor d’ of s, and s, . Now
hdrE = 1if and only if K is projective. This in turn is equivalent to I being
invertible, hence principal.

To see how all this applies to power series rings, we observe first of all that
we must merely show that if w = u, + au’, v = v, + av’ with u, *+ 0, then
hdg i (u, ) £ 1. (If up = 0, v, = 0, we would have (u, v) = z(/,v") &~ (W', v').
Hence, we may assume that 4, *+ 0.) Since hdg(i.;1 (%, v) = 1 if and only if
hdgi.1uw = 0, and since uw = (ux)w = waw (since uo *+ 0, ux = wu), we
see that hdz .1 (u, v) £ 11if and only is hdg .1 (4, 2v) = 1. However, by the
preceding lemmas, if B is noetherian we have that Adg(.);(u, 2v) = 1 if and
only if hdgz(u, xv)/x(u, 2zv) =< 1. Since this latter module is generated by two
clements, one of which is torsion-free, and since uexv is in z(u, 2v), we see that
hdgiz1(u, zv) < 1if and only if {r e B/rv € (u, av)} is principal. Therefore we
have the following theorem. This result could be obtained without using Lemma
2.9, but 2.9 is of some technical interest in other connections.

Theorem 2.10. Let R be a noetherian unique factorization domain. Then
R[[z]] s a unique factorization domain if and only if, for every pair of elements
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u = uy + zu’ (uo *+ 0) and v in R[[zx]], the ideal in R consisting of the constant
terms of the elements of uw is principal.

Proof. All that we must show is that this ideal coincides with the ideal in
the discussion immediately preceding this theorem. Clearly, if v = au + Bav,
then (r — Bz)v = au, so that r — Bz is in uw and r is the constant term of the
series.

3. Regular rings. In [1], a ring R is defined to be regular if it is noetherian,
and every local ring R, is regular.

Lemma 3.1. If R is a regular ring, then so s R[[x, , - -+ , x.]].

Proof. We may first of all assume that n = 1. In the proof of Theorem 1.12
of [2], we showed that if m is a maximal ideal of R[[z]], and m’ is the image
of m under the obvious map R[[z]] — R, then gldim R[[z]], = 1 + gldim R, .
Since R is regular, R, is a regular local ring, so that gldim R, is finite. Hence,
by the homological characterization of regular local rings in [1], we see that
R[[z]].. is regular. Therefore R[[z]], is regular for every maximal ideal m, and
this suffices to show that R[[z]] is regular.

Theorem 3.2. Let R be a regular unique factorization domain. Then R[[z, , -
z,]] is a regular unique factorization domain.

)

Proof. Again we may assume that n = 1. Since R[[z]] is noetherian and
integrally closed, it suffices to show that every minimal prime p of R[[z]] is
principal. However, by 2.3, we need only show that p is invertible or, equiva-
lently, that b is projective.

Now
hdg =1 = sup hd, p, = 0,

where 0 = R[[z]].. since R[[z]].., is regular for every maximal ideal m, and every
regular local ring is a unique factorization domain [3]. Hence hdzi.;1p = 0
so that p is projective.

Corollary 3.3. If R is a principal ideal domain, then R[[x, , --- , z.]] is a
unique factorization domain.

BiBLIOGRAPHY

[1] M. Austanpzr & D. A. BucasBauM, Homological dimension in local rings, Trans. Am.
Math. Soc., 85 (1957) 390-405.

, Homological dimension in noetherian rings, II, Trans. Am. Math. Soc., 88

(1958) 194-206.

, Unique factorization in regular local rings, Proc. Nat. Acad. Sci., 45 (1959)
733-734.

[4] H. Carran & S. EiLeNBERG, Homological Algebra, Princeton, 1956.

2]

(3]

Brown University
Providence, Rhode Island



