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0. INTRODUCTION

In recent years, much attenti n has een i ent cur ature r erties iece
ise uci ean an iece ises herica ¢ m e es ntin cur ature un e
a e rsuchcm ees asintr uce y e an r in the s an urther
e e e inthe Sy rm he cur ature un is e ne asac n iti n

n the sha e trian es they must esu cienty thin an is n mnasa
ine ua ity m aris n ine ua ity e anr n me articuary
nice € am es s aces satis yin ine ua ities are s herica an  uci ean
ui in s hich c me e ui e ith a natura iece ise s herica r wuci ean
metric

ui in s as satisy ther nice metric r erties s herica ui in , T
e am e, iseasiyseent ha e iameter ,as esthe in any sim e in
It is natura t as  hether wuci ean an s herica ui in s are characteri e y
their metric r erties In this a er, e 1 e se era metric characteri ati ns
ui in s ream € e r e

T

etric uci ean ui in sare r wucts irre uci e uci ean ui in s,c nes
n s herica ui in s, trees, an n nsin uar uci eans aces see ecti n

n ther metric r erty ui in sisthat reery ca e esic , the set

irecti ns in hich can e e esica y c ntinue isn nem ty an iscrete
e ca this the iscrete e tensi n r erty



erner a mann an ichae rin, stu yin the wuestin ran rii ity r
iece ise uci eanc m e es n n siti e cur ature, ha e taine re ate re

su ts in an ,incu in a metric characteri ati n s herica an u
ciean ui in s imensi n ruce einer has as escri € un u ishe
a metric characteri ati n uci ean ui in s un er the assum ti n that e ery

e esicis ¢ ntaine in an at

he rst t secti ns the a er cntain ac run a ut ui ins an
e esicmetrics aces he ey r emini entiyin a ui in isthec nstructi n

en u h a artments ecti ns , , an are e te t this tas ecti n

¢ nsi ers the imensi na case, an ecti n ¢ m ines these resutst arri e at
the main the rems

he rstauthr u 1iet than ruce einer rhe wu ¢ n ersati ns he
secn auth risin e te t erner a mann rsu estin the uestiman r
his ¢ ntinue su rt urin the e e ment this a er

UILDIN
In this secti n e re ie s me e niti ns an termin y r mre etais
a ut ui in ssee r an
et e a nite set n is asymmetric uncti n
such that an r he
ass ciate t isthe r u i en ythe resentati n
he air iscae a eter system I , then the su r u
enerate y is the eter r u ass ciate t he eter system
is i there is n n ntri ia artiti n such that
he eter r u can ereale as a iscrete r u inear trans r
mati ns an imensi na ect rs ace , ith the enerat rs actin as
re ecti ns acr ss the a s a sim icia ¢ ne his acti n reser es a 1iinear
rm n re resente y the matri c s here — is ta en
t e is nitei an mnyi this rmis siti e e nite In this case,
actsasa ru rth na trans rmati ns an the acti n restricts t the unit
s here in ence isca e a
I is siti e semi e nite utn t e nite an is irre uci e, then the
acti n n in uces an acti n nan n imensi na a ne s ace

ith the enerat rs actin asa nere ecti nsacr ssthe a s asim e
In this case, isca e an ey act a ut



irre uci e uci ean eter r u sisthat rany r ersu r u ,

is a s herica eter r u re enera y, e ca a
iitisa irect r wuct irre uci e uci ean eter T u s
any eter r u , necan ass ciate a sim icia ¢ m e ca e the
T In the case s herica an uci ean eter T u s, the
eterc m e hasasim e, e metric escri ti n et i
is s herica r i isirre uci e wuci ean r each e ement
hich acts as are ecti n n namey, isa enerat r rc nu ate a
enerat r , es s me hy er ane, ca e a he as iie int
sim ices heresutin sim icia ¢ m e , , 1s the etercm e T I
isa r uct irre uci e uci ean eter r u s, then is the r uct
the ¢ rres n in etercm ees het imensi na sim ices T ce S
are ca e acts reey transiti ey n the set cham ers
an thesta iier any er imensi na ce isc nu atet rs me
here are se era e ui aent e niti ns ui in s hem st c n enient T
ur ur ses is the in see r
D isasim icia ¢c m e t ether ithac ectin
sucm ees ,ca e , satis yin
each a artment isis m r hict a eterc m e |,
any t sim ices are ¢ ntaine in a ¢ mm n a artment,
i t a artments share a cham er, then there is an is m r hism
hich es int ise

I,ina itin, e eryc imensin sim e isc ntaine in at east three cham

ers, then is a ui in It S T mc n iti ns an that a
the a artments are is m r hic t the same eter c m e e say that a
ui in is res i is s herica res uci ean

th u h the ¢ ectin a artments isn t, in enera uni ue, there is a
uni ue ma ima set a artments e 1 a aysassume t e ma ima

I are s herica ui in s ith ass ciate eter r u s , then
the in isas herica ui in ith eter r u In articu ar,
the sus ensi n isa ui in ith eter r u te that

r , the sim icia structure n een s nachice 1 enti cati n

ith the in es ite this si ht am i uity, e i
¢ nsi er the sus ensin a ui in t ea ul in n ersey, i is
as herica ui in h se eter r u s itsasa r uct , then
can e ec m se asthe in a ui in r an a ui in r see

he rem imiary,any uci ean ui in s itsasa r uct irre uci e

uci ean ul in s

ETRIC

metric s ace is a i ranyt ints ,
there is an is metric em e in ith an uch



a athisca e a rsim ya rm ¢t n is metric

em e in int isas ca e a , an an is metric em e in
isca e a
res cm e isa yvhe ra ce
cm e t ether ith a metric such that each ce is is metric t a
cne yvhe ra ce in res rs me ,an
in en th isa ath rm ¢t
r any e 1 as assume that the metric isac m ete, e esic
metric In articu ar, the in mum isreaie ythe en th s me ath
I isa iece ises herica r wuci eanc m e an isa intin ,then the
set  unit tan ent ect rst at isca e the an en te It
c mese ui e ith the structure a iece ise s herica ¢ m e , since the in
inasin e ce isis metrict a yhe ra ce in I isa ce in
, € € ne t etheset wunit tan ent ect rs rth na ¢ at any
int in the re ati e interi r his set a s has a natura iece ise s herica

structure an e cani entiy

here the ins are rth na insin the sense ee rthea en i
ra iscussi n ins iece ise s herica ¢ m e es
In s me cases, e may isht c nsi er s aces hich nthaea ay
e ne ce structure r this, eintr ucethen tin a ca ys herica s ace
imensi n he e niti nisin ucti e ca y s herica s ace imensi n
is an nem ty is int uni n ints
, ,isac m ete e esic metrics ace r hich
eery int hasamneih rh is metric t a s herica res uci ean c ne
na ca ys herica s ace imensi n eca such anei h rh
a eary, iece ise s herica res
uci ean ¢ m e isa ca ys herica res uci ean s ace imensi n i
an nyi e eryce isc ntaine in an imensi na ce
he asis r ur metric characteri ati n ui ins i ethe ine ua ities
ene y rm in et eac m ete, e esic metrics ace an et
ea e esictrian ein uci ean ¢ m aris ntrian e r is a trian e
in ith the same si e en ths as esay isa i e ery
e esictrian e is thin reati et itsc m aris n trian e hat is, i en
any ints , the istance r m ¢ in is ess than r e ua t the
istance in et een the ¢ rres n in ints e e nea
simiary yc¢ m arin e esic trian es in ith s herica ¢ m aris n
trian es in In this case, h e er, e ny re uire the thinness ¢ n iti n
t h r trian es erimeter since n ¢ m aris n trian e e ists ith
erimeter
Inthene tt the rems ec ects me actsa ut an s aces
hese are uet r m , a mann, ri s nan thers s urce r s
is r a



T

uci ean res s herica ul in Imensin ¢ mese ul e ith a
natura lece ise ucl ean res lece ise s herica metricin hich each a art
ment is is metric t res ith the eter T u actin  y is metries

In the s herica case, there is a uni ue such metric In the wuci ean case, this
metric is etermine nyu t scaar muti e n eachirre uci e act r

e ne the iameter t e
su

he natura metric na ul in satis es a num er nice r erties hich are
escri e in the r siti n e

P
an are e n n s r m the act that e ery e esicin
is ¢ ntaine in an a artment see r r s r m the act that the
istr y ru asim e in is a s herica eter r u he acti n
n the s here 1 es a natura 1 enti cati n ith the
etercm e r hese ¢ nstitute the a artments
r et i is uci ean an i is s herica nsi er

thec ectin su s aces

1s i1s metric t



y e niti n  themetric n , ¢ ntainsa the a artments ince e are
assumin the set a artmentst e ma ima,itsu cest sh that satis es

the ¢ n iti nsin e niti n r a system a artments
ser e rst that any su s ace is metrict is necessariy asu ¢ m e
since its intersecti n ith any sim e must e th enan c se in
y in ucti n n the imensi n , e may assume that r any sim e ,
is an is metric em e in It s that the em e in
reser es ca e esics | is uci ean, then it is , hence ca
e esicsare e esics I is s herica , then it is ,hence ca e esics
en th are e esics In either case, e c ncu e that ma s e esics
t e esics,s itis an is metricem e in
et an et ean sim e i an is metry ith the
un amenta cham er a eterc m e hisis metry e ten suni uey
t anis metry incee ery sim e in isis metrict , lsas
asim icia is m r hism hus, isa eterc m e re er,i as
¢ ntains , an is an is metry e ten in , then
is an is metry in an hence in a ina y, since ¢ ntains a
system a artments, any t sim ices are ¢ ntaine ins me hus,

satis es the ¢ n iti ns r a system a artments

HERICAL UILDIN

In thissectin e r ea artia cnerset 1r sitin It i rm the
in ucti este t mne the main the rems in ecti n
T
e reem ar in nthe r , ema ese era ser ati nsa utthehy the
ses irst,I isany ce in , then isas herica ui in ri
is any erte , then
an isas herica wui in y hy thesis hus, it srTm r si
ti n that is a s herica ui in re er,i isany intin ,n t
necessari y a erte , then isas as herica ui in ri ies in the
reati einteri r a ce ,then
y r sitin , thereis an iuscan i ate rasystem a artments r
, hame y
is is metric t
s in the r r siti n , 1t is easy t sh  that any such su s ace

iIsasu cm e an the inc usi n is an is metric em e in



he ey r em in the r he rem ist c nstruct en u h  these
su cm ees hei eaisas S rany air anti a ints t ints
are i they ha e istance an any a artment in , ecn
struct an a artment in y r aatin e esicsrm t ine ery irecti n
in
e e in ith a ey technica emma mea itina ntatin 1 e nee e
r the r I an isa e esic emanatin r m , et
en te the tan ent ect rt at et st en te the ¢ se star , that
is, st istheuni n the c se sim ices ¢ ntainin In the ca y s herica
¢ nte t, st i enteacmneie yhe ra nei h rh
r as herica ce ,thes herica sus ensi n , le e asasu s ace
,isca e a hen ,itisas ca e a
e T ethene t emmaun er si ht y m re enera hy theses 1 use in the
ne t secti n In articuar, e n t assume that is ay

L

iie int se ments ithen ints such
that each ies in st et ean a in centere at an et e
the s herica sect r
r each ect r , there is a uni ue e esic se ment in st r m
t st h se tan ent at is et e the su s ace st ¢ nsistin
the uni n  these e esic se ments I entiyin ith an initia se ment
i es an is metry a yhe ra su s ace nt
e t, ¢ nsi er the imensi na ui in he tan ent
ect rs t an at rma air anti a ints in since the
¢ ncatenati n is e esic, an is anei h rh in
is metric t a s herica ce he uni n e esics in r m t
ith an initia se ment yin in this s herica ce rms an a artment
he e esic se ments emanatin r m  in irecti ns rm a s herica ce
in st hrin in the ri ina nei h rh i necessary, e may assume
that a the se ments en in here is then a uni ue ca y e esic
¢ ntinuati n acr ss ,en in in st a thisne se ment et
etheuni n the ca e esics hen e ten sin an ius
manner t a ca is metry r ma yhe ra su s ace nt
ere eat this r cessat each unti e et e esics r
e ery an a ca is metry r m nt as re uire

eturnin t the hy thesis he rem , ecann c¢ nstruct a artments
in



irst n te that since is ,any ca € esic en th is a
e esic re er,it e esicsrm t , an , ha e the same tan ent
ect rs , then they must a ree insi e st , hence they must a ree
e ery here ther ise, e eta e esic i n en th hus, e esics
rm t areuni uey etermine Yy their tan ents at
nsi er the set e ists y emma , this set is en in
e c aim that it is as ¢ se see this, rst n te that i are
ints istance in  , then r any , his can
eseen ycm arin the i n rme y in itha 1 n
an e ¢ nnectin a air anti a  ints in Insi e st , these t
i nsareis metric hatis, rsu cientysma ,the istance r m
t in is the same as the istance et een the ¢ rres n in ints
in hus, isas herica ¢ m aris ntrian e r It S
r m the ¢ n iti n that the istance et een an in is ess
than r e ua t the c rres n in istance in ra In articu ar, i
is a se uence ints in cnerin t ith , then C n er es
uni rmyt a ath rm ¢ ith his ath has en th since each
has en th ence is e esic an
ince is th enan c se ,itiseitherem ty ra ince is a
e esic metric s ace, there must e ist at east ne e esic rm ¢t |
isany int in , then there e ists an a artment ¢ ntainin th an
r this a artment, isn nem ty, hence hus, there isa e esic ith
tan ent ect r as esire his r es
y emma , e n that the ma ta in t is
ca y is metric ince ca e esics en th are e esicin , this ma

isan is metry nt itsima e his r es

he s heres ¢ nstructe in emma ieusa ar enum er a artments It
isn easyt sh that isa ui in
L
ince e ery int in has an anti a int, e esics in are
ca ye ten i e ince is ,any ca e esic en th isa e esic
hus, iam u  se there e ists a e esic ith
et an et et ethe ut in tan ent ect rt
ie, the tan ent ect rt y emma ,thereisa e esic T m
t ith tan ent ect re ua t ut this means that an a ree in a
nei h rh his is cear y im ssi e since the istance r m ecreases

a n an increases a n



et e rst sh  that the s eet n , ,1s a uni n
e esic s heres hichisc se un erre ecti n acr ss each such s here
u se isa intinthereati einteri r a sim e hen
is is metric t , hence it is an a artment in the imensi na
ui in he s eet n  this a artment is a uni n e esic
S heresc se un erre ectin a in the in ith ,
e see that is a uni n e esic s heres in c se
un er re ecti ns It s that,inac nei enei h rh in , the
s eet nc nsists auni n e esic is s, In articu ar,
any e esic thr u h hich enters this nei h rh thr u h must a s
ea ethr u h ince this is true at e ery int , ec ncu e that any
e esicin ¢ ntainin an n tri ia se ment in , les entire y in
et e ne the e esic issat asa e he e esicse mentsin
emanatin rm e ten t rma e esic s here in hich, y the
iscussi na e, iesentire yin eca a a thruh e ecti n
acr ss es an ermutes the is s , hence it ermutes the a s
thr u h re er,i isa a thr u hs me ther int , then
must intersect since they are t e esic s heres in a s here
ay yin the ar ument a e ith re ace y sh s that
re ecti nacr ss taes t s me ther a thr u h hus, it reser es
et e the r u enerate y re ecti n acr ss the a s y the
re i us emima, acts n asa ru sim icia is m r hisms ince is a
nitec m e, isa nitere ecti n r u, rin ther r s,as herica eter
ru et e the e set hich ¢ nsists  the intersecti n a the
a s hen isa e esic s here rs me ,an ec m ses as a in,

It s rm emma ,thatce sin aresim ices rsus ensi ns sim
ices

L

ince any ce is ¢ ntaine inan «ce ,itsu cest r e the emma T
t ce s et e ints in the interi r , res ecti ey et e
a e esic T m t an c¢ ntinue t a e esic en th et e
the en  int anti a t an n te that
It S T m emma that the uni n a e esics r m t rms a
su s ace ince isasucm e an c ntains th an , it must
¢ ntain  an

L

et e a Int in the re ati e interi r et en te the n rth e
an an is metry hen there is a uni ue
is metry ith an thein uce ma n



e ua t et ince the ce structure isc m etey etermine

yre ecti ninthe a s , the is metry isas asim icia is m r hism T
any int ntanti at ,thereisauni ue e esic rm ¢t
hich necessariy ies in ince  an a ree n the tan ent ect r |
they a ree n a

he ast statement the emma s r m the act that

It S Tm emma , that itse ec m ses as a in an a
s herica wui in ith eter T u his ¢ m etes the r he rem

I earent ienana ririce structure, ecan r in the settin cay
s herica s aces an use the sin u ar set ie, the ranch set t e neace
structure In this settin e et the in the rem
T

ORE ON HERICAL UILDIN

Inc ntrastt the ca y uci eancase,a ca ys herica s ace hichissim vy

Cc nnecte an ca'y nee nt e ay eer,as en
sh , un er the str n er hy thesis that in s are is metrict wui in s, asim y
¢ nnecte ca y s herica s ace imensi n is , an hence is a s
is metrict as herica ui in

T

he hy thesis that is essentia here In the s there as much

interest in the the re ati n et een inci ence e metries an ui in s see T
e am e an In , its r es a the rem ana ust  he rem r
inci ence e metries, ith the same imensi n hy thesis ¢ untere am e in
imensi n is 1en y eumaler in It is a nite inci ence e metry
ty e , ith a transiti e acti n the a ternatin r u n  etters he
a cm e ass ciate t  eumalers inci ence e metry is a imensi na
sim icia ¢ m e ,a h se in sare ui ins, ut hichcann t ec ere y
a ul in ne can metri e eumaierse am e Yy assi nin e ery sim e the
metric a s herica trian e ith an es — — — assin t the uni ersa c er
iesac untere am et he rem in imensi n

e re r in the the rem, e 1 nee s me reiminary emmas e e in
ith an easy ¢ nse uence emma



u se 1S an a artment in ¢ ntainin the tan ent ect r
hen y emma , there is a nei h rh n an a uni ue cay
1s metric ma h se restricti n t is sin the ma s ,
e can e ten uni uey a n any e esic in e innin at ince is
sim y ¢ nnecte r , these e tensi ns are c m ati e
u se an are t ca e esics en th T m t an et
hen it s r m the ¢ nstructi n that the in are
e ul aent
is the restricti n t an ice ersa
here e ists a ca y is metric ma a s herica une int ith si es
an
esay thata e esic r m 1is i any ther e esic
r m ith iseua t rin ther r s, hasuni ue
¢ ntinuati n at e ery int in its interi r In articu ar, i is ¢ ntaine in a
cne ieneih rh , then it is n n ranchin
he In is an imme iate ¢ nse uence emma
L
he «ca is metry in thec r ary a e is essentia y uni ue re recisey,
e ha e the in
L
y hy thesis, an restrictca n t e est ca e esics an
emanatin r ms me int hean e et eentheset e esisthe istance
in et een an u  se this an e ess than hen c eary
ince is cay , the su s ace n hich must e cay

cne,an hence must ea
I the an e et een the e es is e acty , then is either a e esic i
en th en th , a s herica une i en th en th , T
a hemis here i en th en th In the ast case, e may assume
ith ut ss enera ity that en th then an are threstricti ns



In articu ar, they a ree a n hich rms the

un ary
L
he r is the same as that emma usin  emma in ace
emma
1 a int in e neane ul aencereati n n the
set e esics en th startin at y
r € herem , e e neac erin s ace as s s a set,

i1Is e ne asthe u tient
iIsa ca e esic en th ith

tethat ny ca e esics en th can ei enti e in

he t y n is e ne as s et en te the a ra ius
in centere at iena ca e esic rm t an area num er such
that isc nei e, e ne
a ca yis metric ma a s herica trian e
int hich restricts nt si est an

an h se thir si e iesin

I has en th , then these ca y is metric ma s are a restricti ns In
articu ar, een s ny n thecass in hese sets rtm a asis r
the t y n heyas e neametric cay n ame y, the istance
et een an is the en th  the thir si e the trian e
e ne t e the ma ta in t itsen int y emma
restricts t an is metry nt ettin  run era ca e esics
rm t , ecaim that these a s ma e u the entire in erse ima e
rsu se ith ince iesinac neienei h rh
,the e esic rm t isn n ranchin It STm emma ,a e
t an , that there e ists a ca is metry a s herica trian e int hich
restricts nt siet an he restricti n t the thir si e, ,isa ca
e esic tm t  such that
It remainst sh that r istinct ,the a s are is int u  se
hen there is a ca is metry a s herica trian e ith
sies an , T ince is c nei e, there is a uni ue e esic
rm t theen int hus an areea n t e es, an It
S T m emma that in
his r es that isac erin ma y hy thesis, is sim y
¢ nnecte , an it is easy t eriy that is ¢ nnecte , thus is inecti e In
articu ar, r any istance ess than r m | there is a uni ue ca
e esicrm t re er,it S T m emma that this e esic aries
¢ ntinu usy iththeen int ince as ch sen ar itrariy, thisa iest a
an y he rem , ecncu ethat is



UCLIDEAN UILDIN

herea er may  ectthatatreeisa  imensi na irre uci e uci ean
ui in  h se a artments are eter c m e es r the in nite ihe ra r u
e er,thestan ar wui in metric na imensi na uci ean ui in u
assi n the same en tht e erye e thetree incethisnee n t e the casein
ur situati n, e ist these act rs se aratey

In , eneran ee intr uceam re enera ntin a uci ean ul
in, hich e i1 ca a metric uciean ui in ,an r e an ana us
r uct ec m siti n the rem r rthese ui ins ere ie their
e niti n in the ¢ nte t ca y uci eans aces einer an  ee r in a
m re enera settin
a a ru a ne trans rmati ns an i is
enerate yre ecti nsan thein uce r u is metries nthes here at in nity
is nite ne ey rusincu e uci ean an s herica eter r u s, as
e asn n iscrete T u s enerate yre ecti nsacr ss ara e a S
et eac ectin 1is metricem e in s int a cay uci eans ace
imensi n e ca an r an theima es theem e in s are
ca e
D u se isa , cay ucl eans ace imensi n
hen is a i there is an atas an an a ne ey
ru such that

ery e esic se ment, ray, an ine is ¢ ntaine in an a artment
isc se un er rec m siti n ith

I t a artments intersect, then is the restricti n
S me e ement

In the ¢ nte t cay uci ean s aces, this e niti n a rees ith that

einer an  ee since their rstt a i msh aut matica y r cay u
ci eans aces It is an imme iate c nse uence he rem that the s ace
is a metric uci ean ui in

C

n ersey, it is easy t see that a metric uci ean wui in satis es the hy
theses he rem hus, r ca y wuci ean s aces, he rem as
r iesan ther r eineran ee s r uct ec m siti n the rem



he r he rem i ccu y the remain er  this secti n s in

the s herica case, the eyist =n ts a artments y r siti n | the
a artments in  are is metrica yem e e ¢ ies , N nas he
crucia ste t c¢ nstructin atsist n is metrica y em e e

c les r s me

D et ea s ace e 1 ca thetrian e in a

,1itsc n e hu isis metrict a trian e in

r a trian e e en te the se ment r m ¢ y , etc he
an e et een an is e ne as the istance in et een the tan ent
ect st an an itis en te 'y he in emma S
imme iatey rm r sitin a
L
he ¢ n iti n n the an es is aut matica y satis e 1 the e esic isnn
ranchin , re am ei iesinacne ieneih rh
I isa «ca ys herica s ace an , et en te the uci ean ¢ ne
n ra ius ie, the e esics emanatin r m the ¢ ne int ha e en th
he in emma is an ana ue emma he r is essentia y the
same an the etaisare ett the rea er
L
u se lisasin emma ,an isa e esicin ri inatin at hen
emma im ies that there is a uni ue e tensi n t a ca yis metric
ma int I is , the ma is an is metric em e in his

ena es ust c nstruct uci ean trian esin  since the ima e any trian e in
is uci ean
r mn n, e assume that satis es the hy theses he rem

ssume, ith ut ss enera ity, that ince iesin ac nei e
nei h rh ,the e esic rm t isn n ranchin h sea e esic
in rm ¢t an e ten t anis metricem e in int

ince is n n ranchin , it a rees ith n hus, S an a
uci ean trian e



y the re i us emma, r each , the trian e is u
ciean y emma ,e erytrian e the rm is uci ean
ince any t ints in the s an an ie n such a trian e, the emma
s
r any su s ace ,an any int , e en tethe in in y
L
et et e the su s ace S anne |y
an nsi er the natura ma that ta es ia the i entity
ma t an ta es the ine se ment et een an t the e esicin
rm t y emma , the restricti n t the stri is an is metry
rany e esic thr u h e must sh  that isis metric n a
ny t ints in ie n the ima e a trian e ith ertices
y the iscussi na e, isac m aris n trian e r its
ima e in ence, y the ¢ n iti n, the istance et een an
is at m st the istance et een thec rres n in ints in hus, is istance
n n increasin re er, i r ies n , then they th ieina uci ean
stri ,asa e, s theset istances a ree
r e the re erse ine ua ity, ch se an et
i ure nsi er the in uce ma et een the in s an
It su cest r e that is an is metry, r in this case, the trian e
ith ertices has the same an e an same t si e en ths at as its
¢ m aris ntrian ein ,s Yy the ¢ n iti n, the site si e is at east

as n asinthec m aris n trian e
see that  is an is metry, n te that the act that restricts t an is metry

n stri s im ies that ma s ints istance in t ints
at istance in n the ther han , since is istance n n increasin at
a ints, it must as e istance n nincreasin n in s  ut these t acts

¢ ntra ict each ther uness is an is metry

L
et e an at in ith et , e
ch sens that 1isc ntaine ina atem e e ith an
such that are ma ima, that is, ne cann t em e this ina i er
e ¢ aim that ssume the ¢ ntrary ay, re am e,
et ea intin etermines an imensi na hemis here

in ¢ ntainin I , ch se any hemis here c ntainin



I URE

h sean s herein ¢ ntainin an et e the int  the s here,
hich has istance — r m et earay emanatin r m in the irecti n
y the re i us emma, rsma |, an s ana at he
ch ice ,t ether ith emma , uarantee that an t
t ethert rm a at stri his ¢ ntra icts the ma ima ity
hus, any at, an m re enera y, any e esica yem e e ,
,can eem € e in an at It s in ucti ey, that e ery
e esican e ery atstri is c ntaine in an at

et e an at in he set the sin uar ints
in isc se an ca yitisauni n hy er anes, s is a yaunin
hy er anest e ca these the sin uar hy er anes he set sin uar
hy er anesis ca yin ariant un er re ecti n in each  these hy er anes, s i
t sin uarhy er anes an aren t ara e,there ecti n, acr ss
isas sin uar re er,i an are ara e, an theree istsasin uar
hy er anen t rth mna t an , then a sim e e ercise sh s that
can e taine y aseries Tre ecti ns acr ss intersectin sin u ar hy er anes
hus, a ain, must e asin uar hy er ane
et eama ima ec m siti n int mutua y rth na
amiies sin uar hy er anes It s T m the iscussi na e that each
is either a iscrete amiy ara e hy er anes r the set a s anirre uci e
s herica r wuci ean eter ru cmare r, I
a in t ethesu s ace enerate ythen rma ect rst the hy er
anesin , e tainan rth na ec m siti n int ,
here isasu s ace ara e t a the sin uar hy er anes I isa amiy



ara e hy er anes, then is imensi na ther ise, i es the struc
ture a uci ean eterc m e ran in nite uci eanc ne n as herica
eterc m e
en ch sean at suchthat,inthe ec m siti n
the imensi n the act r is minima ,an am n a ats ith im ,
e re uire that minimi e the num er s e 1 see e ,thenum er is
actua yin e en ent the ch ice Inthis at , ech sea int ,such
that r , the hy er anes etermine a u  imensi na , irre uci e,
s herica eter r u in the s here Intuiti ey, e ha echsen t e
the m st ¢ m icate atan t ethem stc m icate int in
he r uct ec m siti n iesriset a ecm siti n as an
rth  na in, ince is an a artment in
the s herica ui in , it s that s its as a in irre uci e
ui in san an s here,
et e an ther at thr u h sa e ecan actr asan rth na
r uct ince is as an a artment in , 1t
must ha e the same sim icia structure as eary thisis ssi e nyi
im im , an u t ermutati n ra
te that ath u h e ha e sh n that the sim icia structure an
a reeinanei h rh , € n tyet n that they a ree ay
I isany ther intin ,then y emma , there is a at ¢ ntainin
an ,s the ec m siti n iesriset a ec m siti n asa in
s herica wui in s In this case, h e er, the act rs nee
nt eirre uci e nsi er, re am e,thecase here isan nsin uar int
et, e r ethati the ec m siti n is n t the tri ia ne, e can
ecm se asa r uct et e the uni n  the e esic rays emanatin
r m in the irecti n hen isc nnecte an y emma ,itis ca y
cne, henceitiscmne r e that , ea y
he rem II hich states that s ittin s asa r uctcrres n
t s ittin s the its wun ary asa in he its un arymay e ie e
as the set  rays emanatin r m sh  that , it
su cest sh that r this e must eriy
c emma [I

b

ery ray iesin thes an rays ith
ays yin in istinct act rs ha e istance — in the its metric

he rst thesec n iti ns s r mthe act that any ray at isc ntaine
in an at hich, y the iscussina e e m ses asa r uct
ith

rthesec n ¢ n iti n,itisen u ht sh ,thatany e esic in thr u h
an any ray in emanatin r m s ana at ha ane I n t,then
there is a ar est such that an s an a at stri y emma , €
can assume that is i er than y emma , ecan em e thisstri in

an at et an et e the ine in ara e t thr u h
he r wuct ec m siti n iesriset a in ecm sitin the ui in
he tan ent ect rst at iein hi e the



tan ent ect rst at lein It s that the an ec n iti n emma

is satis e , s that r sma , an s an a at stri his stri
ts t ether ith the stri et een an , ¢ ntra ictin the ma ima ity
his r escn iti n an e ha esh n that ec m sesasan rth na
r uct the s
It remains t 1 entiy the act rs ince iscne in ,itis ,
an at any int , isa ui in hus, each act r satis es
the hy theses he rem he act r ¢ ntains n sin uar ints, ri

issin uar,then ecu n an at thr u h ith

In ther r s,

ssume I is imensi na , then the ¢ n iti n im ies that
it is a tree I im , then ¢ ntains an a artment hich is either
an irre uci e uci ean eter c m e rthe c ne n an irre uci e s herica

eterc m e hus, cham ersin  aresim ices rc nes nsim ices,an the
sim icia structure isc m etey etermine yasin echam er It S
that any ther a artment in  sharin acham er ith  has the same sim icia
structure 'y emma , any t ints hence any t cham ers in ie in
ac mm na artment,s anyt a artments areis m r hic I isa uci ean

eter c m e , then e c ncu e that is an irre uci e uci ean ui in
In the case that is the ¢ ne n a s herica eter c m e , it has ny ne
erte ,namey , hichmust ethec ne int re erya artment hus, in this
case, is the ¢ ne n the irre uci e s herica ui in In either case, since
the sim icia structure n  is e ne yitssin u ar set, these ui in s must e
thic his ¢ m etes the r he rem

Itisreas na et as  hether an ana usthe remh s r ca yhy er ic

s aces that is, i is ca yhy er ic an ,an e ery in in is
is metrict as herica ui in,can ecncu ethat isahy er ic ui in
ie, a ui ins h sea artments are c ies ce uate y the a s
a iscrete, hy er icre ectin 1 u he ans er is n th u h ne can
c nstruct ts em e e c ies un er these hy theses, these a artments
nee n t ha e the structure a eter c m e ream e, et e
e e esics hich rm ari htan e enta n  he re ecti ns
acr ss these ines enerate a hy er ic eter r u et e an ther
e esic ine intersectin rth na yan is int r m the ther s ecan
ch se s that the three e esics intersectin enerate a n n iscrete r u
re ecti ns  hen cann t ethe as areectin ru actin n
te that these si inesare ca y, utn t a yc se un erre ecti ns
Itisn ssi et ¢ nstruct asim yc nnecte , ca yhy er ics ace ,a
h se in sares herica wui in s in act ecanta ethe in e ery erte t
e the ra h ithe e en ths — an such that ¢ ntains an is metrica y
em e e h se sin uar set ¢ nsists thesi inesa e hiscannt ea

hy er ic ui in
NE DI EN IONAL HERICAL UILDIN

In this secti n e 1 e a metric characteri ati n ne imensi na s herica



ul in s n e ul aent characteri ati n a ears as emma in e
incuea r here rc¢ m eteness

T

ecan as a y this the rem in cases here e ery erte has a ence
sim y yin rin th se ertices a ence In this case, h e er, s me
in rmati na utthe ri ina ce structure i e st since ertices a ence
are in isi e t the metric
ssume thr u h ut this secti n that satis es the hy theses he rem
In this situati n, the ana  ue emma iseasyt r e

L

h sea int in the en star s that the e esic rm t
satis es e rst ser ethat cann t eanti a t ri is
a int n et een an ,thenthe e esic tTm ¢ must ass thr u h
either r I th an areanti a t , then , ¢ ntra ictin
iam hus, an hence thereisauni ue e esic rm ¢t
his e esiccann t assthr u h sincethis u im y ,
s it must ea e in the site irecti n r m hus, the ¢ ncatenati n
isa ca e esicrm t re er,since ¢ ntainsn anti a  intst
ther than , the en th cann t e m re than hus, is the
esire e esic

L

1 is a erte , then ¢ ntains at east istinct  ints

y the re i us emma, there are e esics rm ¢t ith

ny t these e esics intersect ny at an since, ther ise,

they u rm a circuit en th hus, has at east istinct
ints, s is a erte

L _
ince isc nnecte ,i anyt e esha e 1 erent en ths, then e can
n a air a acente es, i erent en ths et e their c mm n
erte an et e the ther en  ints res ecti ey ay
h sea int anti a t an athir e e emanatin r m
y emma ,there are e esics rm t hich e in ith
res ecti ey nyt these e esics, , Tma en th nsi er
the et e the int n anti a y emma , is a

erte e t,c nsi er the et ethe int n anti at y



emma , isa erte ut hus, ies
in the interi r  thee e hisis a ¢ ntra ictin ec ncu ethata e es
ha e the same en th inceanti a intst erticesareas ertices, this

en th must e — r s me inte er

I a e es ha e en th , then the istance et een any t ertices
ise acty It s that has nyt ertices ther ise, it u ha e
iameter hus, is the sus ensi n  the iscrete set ¢ mnsistin the
mi ints thee es
r mn n, e 1 assume that e erye e has en th — 71 s me
In this case, e ery circuit en th isa eterc m e rthe ithera ru

e 1 reert such circuits as a artments

L
It su cest r ethe rststatement rt e es h sea int
in the interi r u se ¢ ntainsa int anti a t hich, y
emma must ie in the interi r hen c nsists  t ints
each hich i esriset a e esic rm t ether, these t
e esics rm an a artment ¢ ntainin an
u  se, n the ther han , that n int isanti a t et ea
e esicrm t a int in the interi r ten t a e esic en th
te that thise ten e e esic hich esti en te must ¢ ntain a
et etheen int ,S isanti a t hen there e ists a e esic
rm t hich e insa n in the irecti n site t he uni n,
is the esire a artment
hesec n statementis i ussince the hy thesisim iesthat

1s ¢ nnecte

AIN HEORE

m inin theresuts the re i ussecti ns, e arri e at ur main the rems

et y he rem i is , then s is T
e ery ce In articuar, r an ce is a imensi na , iece ise
s herica ¢ m e  hich is , lameter , an has e ery erte a ence



I nrin ertices aence 1esacm e satisyin he rem hus,
is is metrict a  imensi na s herica ui in he the rem n Sy
in ucti n r m he rem

In the the rema e, ec u ha eassume that as ca ys herica instea
iece ise s herica i e inter ret ce as meanin imensi na strata
the sin uar set In act,ini n rin ertices aence ,s mein rmati na ut

the i ence structure n may e st re am e, ce ecm siti n
the stan ar s here satis es the ¢ n iti ns  the the rem, ut nee n t e the
ce structure a ui in uarantee that the ri ina ce structure isre ecte

in the metric, e u mnee t assume that is thic

T

he r is the same usin he rem instea he rem

na us resuts h in the iece ise wuci ean settin

he rst hy thesis im ies that is re ery y he

rem , ecncu ethat r a erte , is is metric t a s herica
ui in It s y he rem an r ary that is a metric uci ean
ui in an thatit act rsasa r uct irre uci e wuci ean ui in s, c nes
ns herica wui in s, trees,an an nsin uar uci eans ace I is thic , the
¢ m nents then nsin u ar set are the interi rs the ce s In articu
ar, they are un e hus, nythe rstan astty e act rcan ccur in this
situati n

e acin the ¢ n iti nin he rem yasim yc nnecte nessc n i
tin esn t ieasatisyin characteri ati n ecause the r emin imensi n
It es,h eer, ieanana ue it s the rem a ut inci ence e metries

, hm



In the s herica case, the the rem S rm he rem an in ucti n

Inthe wuci eancase, in sin ares herica ui in s ythes herica case the
the rem s is cay ince is sim y c nnecte , it isas ay

he rem he the rem n sTm T ary
n ther interestin metric characteri ati n in es e tensi ns e esics

ca e esic en in at i the set irecti nsin hich can
e e esica yc ntinue thr u h isan nem ty iscrete su set , T
e ui aenty,i the set ints at istance rm isn nem ty

an iscrete esaya e esic metrics ace has the
i eten s iscretey reery ca e esic

T
irst n te that i has the iscrete e tensi n r erty, then s es
re ery ri an isa e esicemanatin r m in irecti n
,then rany int inacneienei h rh ,
hus,i e ery int in has an nem ty iscrete set ints at istance ,
then the sameh sin eethea en i r etais n istances
in s herica sus ensi ns
he iscrete e tensi n r erty as im ies that is ¢ nnecte ri isa
s herica ce in an isn t in the ¢ nnecte ¢ m nent ,
then a has istance r m
he the rem n s yinuctin n I , then the iscrete e tensi n
r ertyim iesthat isc nnecte ,has iameter ,an e ery erte has aence
at east hus, y he rem , an the remar in it, is is metric t
a imensi na s herica ui in ra y he rem | res r ary
is is metrict as herica res metric uci ean ui in
I , then isac nnecte , ca ys herica s ace satis yin ¢ n iti ns
an the the rem y in ucti n is is metric t a s herica ui in r
e ery ,an thec ncusin s r m he rem res r ary
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