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Metric Geometry: Connections
with Combinatorics

RUTH CHARNEY

ABSTRACT. First introduced by Alexsandrov in the 1950’s, metric geome-
try allows one to apply techniques of differential geometry to a very general
class of metric spaces. Recent work of Gromov explores the notion of “non-
positive curvature” in metric geometry. In this expository paper, we discuss
these ideas and how they connect to problems in combinatorics involving
the cd-index, the lower bound theorem, and arrangements of hyperplanes.

1. Introduction

In differential geometry, the fundamental objects of study are smooth man-
ifolds equipped with Riemannian metrics. The goal of metric geometry is to
apply techniques of differential geometry in the more general context of topo-
logical metric spaces. Metric geometry dates back to the work of Alexsandrov
in the 1950’s (see [A]). Recent work of Gromov ([G1], [G2]) applying metric
geometry to problems in infinite group theory have led to an explosion of new
activity in this area with applications to topology, group theory, and combina-
torics. What follows in an expository paper explaining the fundamental ideas
of metric geometry and their connections with combinatorics. For more about
metric geometry and its applications to group theory and topology, the reader
is referred to [G1], [G2], [Gh], [P], and [BH].

Another very interesting connection between differential manifolds and com-
binatorics may be found in the work of MacPherson, Gelfand, Gabrielov, and
Losik ([GGL], [GM], [Ma]). They define a “combinatorial differential mani-
fold” using matroids to encode the “differential” structure. While their work
may be viewed as a combinatorial version of differential topology, metric geom-
etry is more akin to a combinatorial version of differential geometry, involving
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notions such as curvature and geodesics. It would be interesting to know if the
two approaches could be effectively combined.

A Riemannian metric on a smooth manifold  is given by an inner product
on the tangent space of . From the Riemannian metric, one obtains a distance
function (that is, a “metric” in the topological sense) defined by letting ()
be the infimum of the lengths of paths from to . ne also defines notions of
connections, curvature, and geodesics in terms of the Riemannian metric. These
are the fundamental tools of Riemannian geometry.

Metric geometry, while borrowing many ideas from differential geometry, ap-
plies to a much more general class of metric spaces. The starting point of metric
geometry is the observation that certain properties of a Riemannian manifold

can be characteri ed in terms of its topological metric . Geodesics, for ex-
ample, can be characteri ed as distance minimi ing paths. Even curvature can,
in a sense, be recogni ed by the topological metric. To see this, consider the
standard models for constant curvature 1, 0 and 1, respectively, namely the
sphere , Euclidean space , and hyperbolic space . If we draw triangles
in , ,and with given side lengths, we find that the distance across the
triangle (say from a vertex to a point on the opposite side) is smaller in ~ than
in and smaller still in that is, the smaller the curvature, the “thinner”
the triangles (Figure 1).

Now suppose ( ) is an arbitrary metric space. (For simplicity, we will
assume that all our metrics are complete.) We wish to define a notion of

“geodesics” and “curvature” in . A in is an isometric
embedding, [ ] , of an interval into that is, for any [ ],
CC)y () . Wesay that ( )isa (or “length

space”) if any two points in the same path component of  are connected by a
geodesic segment.

Let be the unit circle in . If we give  the induced metric
from ,itis a geodesic space since, for example, there is no path of length
on the circle from (1 0) to ( 1 0). To get a geodesic metricon , we must define
the distance between two points to be the length of the circular arc connecting
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them.

From now on, we assume () to be a (complete) geodesic metric space. The
notion of “curvature” for such a space is defined by comparing shapes of triangles
in  with those in a Riemannian model space. For any , denote by
the complete, simply connected Riemannian -manifold of constant curvature
Thus, is , ,or (according to whether 0, 0, or 0) with
the standard metric scaled to give curvature . These are our model spaces.

If is a geodesic triangle in , a in is a geodesic
triangle in whose side lengths are the same as those of . If 0, then
such a comparison triangle always exists and is unique up to isotopy if 0, it
exists and is unique up to isotopy if and only if the perimeter of is at most —.
We say that () satisfies the () if for every geodesic triangle

in  having a comparison triangle in , the distance in  between any
two points , on is less than or equal to the distance in between the
corresponding points , in  (Figure ).

(The term “CAT( )” stands for Comparison of Alexsandrov and Toponogov
and was introduced by Gromov in [G1].) We say () has if it
satisfies the CAT( )-inequality locally i.e., every point in  has a neighborhood
satisfying CAT( ).

(i) A Riemannian manifold  satisfies CAT( ) locally if and only if all of its
sectional curvatures (in the Riemannian sense) are . Thus, in this setting,
the two notions agree.

(ii) Let  be a tree, i.e, a graph with no circuits, and let be a geodesic metric on

. Then () satisfies the CAT( )-inequality for . To see this, note
that all triangles in  degenerate to tripods (Figure ) and are thus “thinner”
than comparison triangles in any hyperbolic space, regardless of scaling.

(iii) For a (locally finite) graph ~ which is not a tree,  satisfies CAT( ) locally
for all |, but it satisfies CAT( ) globally if and only if 0 and every circuit
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in  has length at least —.

2. on o iti ur atur

This notion of “curvature”, though seemingly very general and rather coarse,
is surprisingly powerful, especially in the case of nonpositive curvature (i.e.,
curvature  0). We will mention only brie y some of the topological and group
theoretic implications of nonpositive curvature and refer the reader to [G1],
[Gh], and [ABr] for more details.

It is easy to see that if () satisfies CAT(0), then geodesics in  are unique
and vary continuously with endpoints. (If two geodesics have the same endpoints,
they form a degenerate triangle called a with one side length 0. This
triangle must be as thin as the comparison triangle in which is a single
line segment, hence the two geodesics must be identical. A similar argument
shows that geodesics with nearby endpoints stay close throughout their length.)
Choosing a basepoint , one can thus contract  along geodesics back to
Hence, any CAT(0) space is contractible any space of curvature 0 is locally
contractible.

The following fundamental theorem about nonpositive curvature was stated
by Gromov in [G1] and proved by Alexander- ishop [AB], allman [B], and

ridson [Br], under slightly varying hypotheses.

C )
o ) ()

A topological space is said to be if its universal covering space
is contractible. Combining Theorem .1 with the discussion above gives the
following corollary.

The homotopy type of an aspherical space is completely determined by its
fundamental group. Fundamental groups of compact spaces of nonpositive cur-
vature satisfy a host of interesting group theoretic properties. For example, they
have solvable word and conjugacy problems, they satisfy quadratic isoperimetric
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inequalities, and they are homologically of type (see [A r|). Fundamental
groups of compact spaces of strictly negative curvature (i.e., curvature 0)
are “word hyperbolic” (in the sense of [G1]) and “biautomatic” (in the sense of
[ ]) and hence satisfy still stronger group theoretic properties. (This seems to
have been one of Gromov’s main motivations in studying these spaces.)

.Pic 1 ucid an o

We are thus interested in constructing metric spaces of nonpositive curvature.
uppose  is a polyhedron (i.e., the geometric reali ation of a simplicial com-
plex). Assign to each -simplex in  the metric of a Euclidean -simplex (i.e.,
the convex hull of 1 linearly independent points in ) in such a way that
the metric on any face of is the restriction of the metric on . For example,
one could assign every -simplex the metric of the standard -simplex in
There is an obvious concept of “path length” in  and for two points
we define
() inf length ( ) is a path from to

Under some fairly mild hypotheses (e.g., if is locally finite or if there are
finitely many isometry types of simplicies in ) this infimum is reali ed by a
path from to , and is a complete, geodesic metric on  (see [Br] or [P]).
In this case, we say ( ) is a . More
generally, we can start with a cell complex in which each cell is a convex
polytope and do a similar construction to get a .
A particularly interesting example is the case in which the cells of  are all
cubes (of varying dimension) and are assigned the metric of a regular Euclidean
-cube with all side lengths 1. In this case, we say () is a (regular)

ne can also assign each cell of  the metric of a simplex in
(resp. ). Then , together with the induced geodesic metric, is called a
(resp.
uppose ( ) is a piecewise Euclidean cell complex. While each cell clearly
has curvature 0, the CAT(0)-inequality may fail at a point where several cells
come together. To see this, let  be the surface of the -cube, and let be a
vertex of . In any neighborhood of we can find a small triangle surrounding
as in the figure below. Let be a vertex of and let be a point on the
opposite side. Clearly, the shortest path on the surface of the cube from to
is longer than the Euclidean distance from to . Thus, the CAT(0)-inequality
fails in every neighborhood of (Figure ).

How, then, can we recogni e when ( ) has curvature If isa -
dimensional cell complex, it is fairly easy to see that to get curvature 0, it
su ces to check that whenever a collection of -cells form a circuit around a
vertex , the sum of the angles at is at least . (This precisely avoids the
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sort, of problem arising in the example of the cube above.) In particular, if  is
a -dimensional cubical complex, any circuit of -cells around a vertex , must
contain at least four squares

These ideas can be generali ed to higher dimensions by considering the links
of vertices. Recall that the
the partially ordered set of cells of  which properly contain . Assuming (for
simplicity) that the cells of  are simple polytopes,  ( ) is a quasi-simplicial
complex with one -simplex, ( ), for each ( 1)-cell of  containing

(ya , we mean a cell complex in which each cell

, (), of the vertex in a cell complex is

is a simplex, but two simplicies may be identified along more than one face.)
Moreover, identifying the -simplex () with the set of unit tangent vectors
at pointing inward toward , gives () a natural metric of a simplex in
(Equivalently, intersect ~ with an -sphere centered at , then normali e to get
a simplex on a sphere of radius 1.) Thus, ( ) naturally has the structure
of a piecewise spherical cell complex (Figure 5).

If isa -dimensional cell complex, and is a vertex of , then
( )isa l-dimensional complex. The length of a 1-cell ( )in ()
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is the angle of at . Thus, in this case the condition that ( ) has nonpositive
curvature is equivalent to the condition that, for all , ( ) has no circuits of
length . If isa -dimensional Euclidean cubical complex, then every 1-cell
in () haslength —. In this case, the condition that ( ) has nonpositive
curvature reduces to a combinatorial one that all circuits in  ( ) involve
at least edges.

Returning now to the general case, we have the following theorem, first stated
by Gromov [G1] and subsequently proved by ridson [Br| and allman [B].

C )

(1)

This condition is used, for example,in[ 1] to determine when (certain types
of) branched covers of nonpositively curved Riemannian - and -manifolds are
still nonpositively curved in the sense of metric geometry.

In general, verifying directly that links satisfy CAT(1) is not feasible. How-
ever, in the case of cubical complexes, the metric on  ( ) is particularly
simple. Namely, each -simplex in  ( ) is isometric to

( ) 0

the unique (up to isometry) -simplex in  with all edge lengths —.

A piecewise spherical structure on a quasi-simplicial complex with all edge
lengths — is called an structure. In this situation, the condition that
satisfies CAT(1) reduces to a purely combinatorial condition.

A quasi-simplicial complex is a if it is a genuine
simplicial complex and any collection of vertices which are pairwise
joined by edges span a simplex in

[G1]
(1)

C )

A 1-dimensional complex is a ag complex if and only if every
circuit in  involves at least edges. Thus, for a -dimensional Euclidean cubical
complex , the theorem states (as already observed above) that  has curvature

0 if and only if at least faces are involved in any circuit about a vertex.

An important generali ation of this theorem was proved by Moussong in his
19 Ph. . thesis [M]. A piecewise spherical metric on a quasi-simplicial complex
is said to be if all edge lengths are  —.
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A quasi-simplicial complex with a piecewise spherical metric

is a if whenever is a set of vertices which are
pairwise joined by edges and the lengths of these edges can be reali ed by some
-simplex in , then span a unique simplex in
[M]

(1)

C )

In the remainder of the paper, we will discuss connections of these ideas with
several problems in combinatorics which have arisen in joint work of the author
and Michael avis ([ 1 ]).

u r charact ri tic and th ind

An old conjecture of H. Hopf states that if isa -dimensional, closed, Rie-
mannian manifold of nonpositive curvature then its Euler characteristic should
satisfy

(1 () 0
Let us consider this conjecture in the situation where is not a Riemannian

manifold, but a topological manifold with a metric of nonpositive curvature in
the metric geometry sense. In particular, suppose the metric on comes from

a Euclidean cubical structure. In this case, by Corollary . |, has nonpositive
curvature if and only if ( )is a ag complex for every vertex . ince
isa -manifold, is a triangulated ( 1)-sphere.

Thus, in this situation, the hypothesis of Hopf’s conjecture can be stated
as a local condition at the vertices. We would like to state the conclusion of
Hopf’s conjecture as a local condition as well. For this, we need to break ( )
into a sum of local contributions at each vertex. Using the decomposition of
into cubes to compute the Euler characteristic, each -cube contributes ( 1) to

(). ince an -cube has  vertices, it must contribute - at each vertex.
Hence, we define the “local Euler characteristic” at the vertex to be

1 1 1
1 = - -

where
(1) cubes containing

simplices in
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The vector ( ) is known as the for the link . We have
defined  so that

()

More generally, if is a cell complex of dimension , and ( ) is its
-vector, let

() 1= = -

(nH () 0

Clearly, the Combinatorial Hopf Conjecture implies the original Hopf conjec-
ture for manifolds with a Euclidean cubical structure of nonpositive curvature.
In fact, it is not di cult to show that they are equivalent in this context.

The Combinatorial Hopf Conjecture is still open however, a number of special
cases are known. The most important of these was observed by abson, using
work of tanley on the “ -index”. The , (), defined for any
“FKulerian poset” | is a certain non-commutative polynomial which encodes the

-vector of  (see [ 1] for an excellent survey). In particular, if dim 1,
and  is the derived complex of , one can easily check that

() (0 ) (1) (coe cient of )

tanley | 2], showed that if is the poset of faces on the boundary on a convex
-cell, then all the coe cients of are nonnegative hence, the conjecture
holds for the derived complex  of such a poset.
It is also shown in [ 2] that certain types of subdivisions preserve the sign
of . This gives rise to other classes of triangulations for which the conjecture
can be shown to hold.

ne can carry out a similar discussion for a manifold with the
structure of a piecewise Euclidean cell complex (not necessarily cubical) of non-
positive curvature. In this more general situation, however, the “local Euler
characteristic”, (), at a vertex depends on a certain “volume”, ( ),
of simplicies in the link, so the corresponding “Local Hopf Conjecture” is not
purely combinatorial. It states,

( b
(1) (1 () 0

If all edge lengths in are  — (i.e., is nonacute), then by Moussong’s
Theorem (Theorem . ), satisfies CAT(1) if and only if it is a metric ag
complex. It is shown in | 2], that the Local Hopf Conjecture for nonacute
is actually implied by the Combinatorial Hopf conjecture. A situation in which
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the Local Hopf Conjecture is known to hold is discussed at the end of the next
section.

h Lo r Bound h or

Let bean -dimensional simple polytope and let ( ) beits -vector,
ie., -faces of . The lower bound theorem, proved by arnette in [Bal],
gives lower bounds on the ’s in terms of . For example, one inequality
states,

)

Metric geometry can be used to give a geometric proof of this inequality.

Let denote the simplicial complex dual to the boundary complex of |
so the -simplicies of correspond to the codimension 1 faces of . In
[ |, it is shown that any hyperbolic structure on  (i.e., a reali ation of
as a convex polytope in ) gives rise to a natural piecewise spherical structure
on satisfying the CAT(1)-inequality. (This was first shown for by
Rivin and Hodgson in [ H]. They show, in fact, that for , piecewise
spherical structure on satisfying CAT(1) arises in this way.) Moreover, two
hyperbolic structures on  give rise to the same piecewise spherical structure
on if and only if they differ by an isometry of . It follows that there is an
embedding of the space () of hyperbolic structures on  (modulo isometry)
into the space () of piecewise spherical structures on . In particular,
dim ( ) dim ( ).

The dimensions of these spaces are easily computed. Using the hyperboloid
model for |

( ) 1 0
a reali ation of  as a convex polytope in is determined by unit normal
vectors to the codimension 1 faces of . There are of these normal vectors

and they lie in the -dimensional “pseudo-sphere”

( ) 1

Thus, the space of all such hyperbolic structures has dimension . The

dimension of the isometry group of is , S0 we obtain

dim () n

To compute the dimension of (), note that a spherical simplex is uniquely
determined by the length of its edges, hence
dim () edges of

codim faces of
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This gives the desired inequality. It would be interesting to know whether
other such inequalities can be obtained by similar geometric arguments.

is topologically an ( 1)-sphere. It follows from a formula of
Hopf [H], that for , any piecewise spherical metric on arising as the
dual of a hyperbolic structure on  satisfies the Local Hopf Conjecture discussed
in the previous section. Indeed, Hopf’s formula shows that

(1) wol( ) )

where vol () is the volume of the hyperbolic structure on

. Arran nt o H r an

There are many interesting combinatorial and topological questions concern-
ing arrangements of hyperplanes in a vector space (see [ ]). ne question
which has been widely studied is when the space , obtained by removing a
collection of complex hyperplanes from , is aspherical. This is known as the

( 1)-problem. (An aspherical space is also known as a ( 1)-space.) A
particularly interesting example is the case of an arrangement of hyperplanes
associated to a re ection group acting on . We discuss this case below.

Re ection groups are closely related to Coxeter groups. A is a
group  having a presentation of the form

1 () 11

where . The group , together with the generating set
is called a
Associated to a Coxeter system ( ) is another group, , called the as-
sociated , defined by

It is easy to see that the map taking the generator  of to the generator
of  induces a surjective homomorphism .

Coxeter groups can be finite or infinite. If is finite, we say that
is of . The best known examples of finite Coxeter groups are the
symmetric groups whose associated Artin groups are the braid groups

ome familiar infinite Coxeter groups are the “right angled” Coxeter
groups (those with all ) whose associated Artin groups are known
as “graph groups”.

Another well-known class of infinite Coxeter groups are the Euclidean and
hyperbolic triangle groups  discrete groups of isometries of or  generated
by re ections in the sides of a triangle. Indeed, Tits [ ] and inberg[ | showed
that Coxeter group can be reali ed as a “re ection group”, that is a discrete
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group of linear transformations of generated by re ections, and conversely,
every re ection group is, abstractly, a Coxeter group.

Now suppose is acting as a re ection group on . Let  be the set
of hyperplanes fixed by some re ection in . (Note that the re ections in
include not only the generators, but also the conjugates of the generators.) If
we remove these hyperplanes from , the resulting space is not topologically
interesting it is a disjoint union of contractible spaces. We are interested,
rather, in the complexification of this arrangement, namely the set of complex
hyperplanes

in ( ). acts on diagonally, and the hyperplane
complement

( )

is precisely the non-singular set of this action, that is, the set of points with
trivial isotropy group. Thus acts freely on  and is a covering
space. The spaces and have interesting topological and group theoretic
properties, which we will discuss below. They also play an important role in
singularity theory (which we will not discuss below).

In the early 0’s, rieskorn [B ]| and eligne [ | proved that for a
Coxeter group , the hyperplane complement is aspherical (i.e., its universal
covering space is contractible) and the fundamental group ( ) is the kernel
of the homomorphism . It follows that is likewise aspherical with

( ) . It was conjectured that the analogous statement should hold
for infinite Coxeter groups.

In the case of an infinite Coxeter group , one must modify  slightly to
state the “analogous” conjecture. Namely, one replaces by a certain open,
convex cone in which is preserved by the -action and on which acts
properly (so isotropy groups are finite subgroups of ). Then is an
open, convex set in and is defined by

( ) ( )

As before, is the non-singular set of the (diagonal) -action on , and
is a covering space. With this definition, the conjecture states

In his Ph. . thesis [L], van der Lek showed that  ( ) , as predicted
by the conjecture, but the ( 1)-problem remained open.

y Corollary . , any space which supports a metric of nonpositive curvature

is aspherical. This suggests an approach to proving the conjecture try to find a
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metric of nonpositive curvature on , or equivalently, on its universal covering
space . ( ince is a covering space, they have the same universal
covering space.)
ince the most effective technique available for constructing nonpositively
curved metrics is by means of Euclidean cubical complexes, the first step is to find
a simplicial complex which is homotopy equivalent to  and has a natural
decomposition into combinatorial cubes. ( is called the “ eligne complex”
since it is analogous to a complex constructed by eligne in his proof of the
( 1)-problem for finite .) The complex can be described algebraically
it is the derived complex of the partially ordered set of cosets , where
and is a finite type Artin subgroup of generated by a subset . (That
only the finite type subgroups of appear, is related to the fact that acts
properly on )
has certain “building-like” properties. In particular, it can be written as
a union of subcomplexes, each of which is naturally isomorphic to the “Coxeter
complex”, , of . (Here, is defined analogously to using cosets
of finite Coxeter subgroups of )
As mentioned above, decomposes naturally into cubes. Giving each cube
the metric of a regular Euclidean cube, gives a Euclidean cubical structure on
y Corollary . , this structure has curvature 0 if and only if the link of
every vertex in is a ag complex. The link of a vertex can be described
in terms of cosets of the finite type Artin group . ince the finite type Artin
groups are thoroughly understood (see [ ], [ 1], and [ 2]), the ag complex
condition can be checked algebraically. ne finds

L]

(Recall that order of in .) The simplest examples of Coxeter
groups satisfying (FC) are the “right-angled” Coxeter groups. More generally, if
a Coxeter group is represented by its “Coxeter diagram”, then condition (FC)
excludes a certain list of subdiagrams.

C )

There is an alternate proof for showing that is contractible
for (FC) groups by viewing these groups as iterated amalgamated free products,
and using induction.
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What about the cases in which ( ) fails to satisfy (FC) In this case, we
need to look for some other candidate for a nonpositively curved metric on
In his Ph. . thesis [M], Moussong produced a piecewise Euclidean metric on
the Coxeter complex and proved (using Theorem . ) that this metric is
nonpositively curved for every . ince can be described as a union of
copies of , there is a corresponding piecewise Euclidean metric on

Conjecture .5 implies Conjecture .1.

The situation for , however, is considerably more complicated than for

. (For example, a link which in would be a single sphere, would be an
non-locally-finite union of spheres in .) Conjecture .5 remains open, except
in the case that is a -dimensional complex. This case is covered by the
theorem below.

The hypotheses of this theorem are satisfied, for example, by the Euclidean
and hyperbolic triangle groups and by the Coxeter groups of “large type” (i.e.,
all  ’sare ).
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