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0. Introduction.

A conjecture of H. Hopf states that if M2 is a closed, Riemannian manifold of nonposi-
tive sectional curvature, then its Euler characteristic, x (M?"), should satisfy (—1)"x(M?") >
0. In this paper, we investigate the conjecture in the context of piecewise Euclidean man-
ifolds having “nonpositive curvature” in the sense of Gromov’s CAT(0) inequality. In this
context, the conjecture can be reduced to a local version which predicts the sign of a “local
Euler characteristic” at each vertex. In the case of a manifold with cubical cell structure,
the local version is a purely combinatorial statement which can be shown to hold under
appropriate conditions.

The original conjecture of Hopf, and a similar conjecture for nonnegative curvature
(which we shall not be concerned with here), are true in dimensions 2 and 4, by the Chern-
Gauss-Bonnet Theorem: in both cases the curvature condition forces the Gauss-Bonnet
integrand to have the correct sign. This is immediate in dimension 2. Chern [Ch] gives
a proof in dimension 4 and attributes the result to Milnor. A result of [Ge] shows that,
in dimensions > 6, the curvature condition does not force the Gauss-Bonnet integrand
to have the correct sign; hence, the same argument does not work in higher dimensions.
(However, the hypothesis that the curvature operator is negative semidefinite does force
the integrand to have the correct sign).

Here we are concerned with the analogous conjecture for piecewise Euclidean manifolds.
In order to make sense of this, two points bear further discussion: (1) the meaning of
“nonpositive curvature” for piecewise Euclidean spaces, and (2) the combinatorial analogue
of the Gauss-Bonnet Theorem for such spaces.

As for the first point, “nonpositive curvature” makes sense for a more general class of
metric spaces than Riemannian manifolds, namely, it makes sense for “geodesic spaces”
(also called “length spaces”). For geodesic spaces the notion of nonpositive curvature
is defined via Gromov’s “CAT(0) inequality” (see [G: p.106]). A piecewise Euclidean cell
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complex naturally has the structure of a geodesic space (cf. (1. )) so nonpositive curvature
makes sense in this context. Associated to a vertex of such a cell complex, there is a
piecewise spherical complex called the “link of ”. It is homeomorphic to the topological
link; its metric is determined by the solid angles at in the cells which contain . There
is an infinitesimal version of nonpositive curvature, due to Gromov, which is equivalent to
the previous version: the link of each vertex must be “large”. (By definition, a piecewise
spherical space is if there is a unique geodesic between any two points of distance less
than ).

In dimension 2, in the case of a piecewise Euclidean surface M?2, these ideas are quite
well-known. For a vertex of M2 let ( ) denote the sum, over all 2-cells containing |,
of the interior angles at . The link of is then a circle of length ( ); it is large if and
onlyif ()>2 .

As for the second point, there is a well-known analogue of the Gauss-Bonnet formula for
piecewise Euclidean cell complexes. It has the form x( ) ( ), where the summation
is over the vertices of  and where ( ) depends only on the link of . (The precise
definition of ( ) is given in ( .4. )). It is shown, rather convincingly, in [CM | that ( )
is the correct analogue of the Gauss-Bonnet integrand in this context.

In contrast with the smooth case, we conjecture that, in all dimensions, the infinitesimal
version of nonpositive curvature should force ( ) to have the correct sign.

For a vertex of a piecewise Euclidean surface, () 1—(2 ) (). Hence, in
dimension 2, our conjecture is true: ( )>2 implies () 0.

In general, it is di cult to check that a piecewise spherical space is large. However,
if is a simplicial complex and if each edge of has length 2, then Gromov has given a
simple combinatorial condition which is necessary and su cient for to be large: it must
be a “ ag complex”. (The definition is given in (2. )). uch (i.e., simplicial complexes
with edge lengths  2) arise as links in any piecewise Euclidean cell complex whose cells
are regular cubes. Furthermore, for such , the quantity ( ) is easily seen to be given by
the formula:

() 1 (—=-)

where  is the number of -simplices in . Hence, the local form of the Hopf Conjecture
for piecewise Euclidean cubical manifolds is the following, purely combinatorial conjecture,
called Conjecture in ection 4.

Con ctur D. 2n
() (1" ()=0
This conjecture is first interesting in dimension . For any triangulation of , the
ower Bound Theorem of [ |, states that >4 —10. In this dimension, Conjecture
is equivalent to the statement that if, in addition, is a agcomplex, then > —16.
Given an arbitrary simplicial complex , we construct, in ection 6, a finite, piecewise
Euclidean, cubical complex so that the link of each vertex is . If is a ag complex,

then the cubical complex is nonpositively curved. If is homeomorphic to a sphere, the
cubical complex is a manifold. Hence, Conjecture is equivalent to the Hopf Conjecture
for piecewise Euclidean manifolds cellulated by cubes (cf. roposition 6. ).
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There is a beautiful generali ation, due to G. Moussong [M], of Gromov’s combinatorial
condition for largeness of piecewise spherical simplicial complexes with edges of length 2.
Moussong gives an analogous condition in the case where the edge lengths are > 2 which
is partly combinatorial and partly metric (see (2. ), (2.10)). This leads to a conjecture for
such , analogous to Conjecture |, called Conjecture C in ection 4.

ection provides some evidence for Conjectures C and . First, we show that Conjec-
ture  holds for some wide classes of ag complexes which arise as subdivisions. Then we
show in roposition ( . ) that Conjecture implies Conjecture C (in the case where the
underlying simplicial complex is a ag complex). The proof uses a formula of [CM | for
the first derivative of ( ), where () () for some 1-parameter family  of piecewise
spherical simplicial complexes.

Finally, in ection , we discuss an equivalent form of Conjecture , of interest to
combinatorialists.

.Pic i Eucid n nd ic i ric ¢ co .
(I.1) A is a convex polytope in some Euclidean space. A
in ™ (with vertex at the origin) is any intersection of a finite number of linear half-
spaces which contains no line. The associated to a convex polyhedral cone is
its intersection with ™ . A convex polyhedral cone is a if this intersection
is a spherical simplex.

(1.1.1) If  is a Euclidean cell and is a face of , then the of in
is the convex polyhedral cone ( ) consisting of all inward pointing normal vectors to

. Its dimension is the codimension of in . The associated spherical cell is called the
of in and denoted (). Thus, () is the “solid angle” of along
imilarly, if ~ is a face in a spherical cell , then ( ) is defined to be the link of the

associated polyhedral cones.

(1.1.2) A is a space  formed by gluing together Eu-
clidean cells via isometries of their faces together with the decomposition of  into cells.
A is defined similarly using spherical cells. e assume
throughout that all cell complexes are locally finite. e also assume that there is a posi-
tive lower bound on the heights of all cells of . (The of a cell is the minimum
distance between disjoint faces of C.)

(1.1. )If  and 4 are faces of a Euclidean (resp. spherical) cell —and 2, then

( 2) is canonically identified with a face of  ( ). It follows that if is a cell
in a piecewise Euclidean (resp. spherical) complex | then the set of all  ( ), a
cell of  which contains , fit together to give a piecewise spherical cell complex

C ) C )

called the .
(1.1.4) An  -cell s if precisely  codimension-one faces of  meet at each
vertex. Equivalently, is simple if  ( ) is a simplex for each proper face of . For



example, a simplex is simple, so is a cube; an octahedron is not. If each cell of a piecewise
Euclidean cell complex is simple, then  ( ) is a simplicial cell complex for each cell

in .

(1.1. ) A note on terminology. “ implicial complex” is not synonymous with “simplicial
cell complex”. In a simplicial cell complex the intersection of two simplices is a union of
faces, while in a simplicial complex such an intersection is either empty or a single simplex.

(1.2) A complete metric space is a (or “length space”) if, given points

2in , thereisapath from to o with () ( 2). uch a distance minimi ing
path is called a

(1. ) uppose is a piecewise Euclidean or piecewise spherical cell complex. Then “arc
length” makes sense in each cell; hence, the length of a path in  is well-defined. Given
points and in ,define () inf ( ) , where the infimum is over all paths
from to of finite length. (If and are in distinct path components, put () ).

nder the assumptions of (1.1.2), Moussong ([M]) showed that is a complete, geodesic
metric on . It is locally isometric with the given Euclidean or spherical metrics on the
individual cells. A (resp. is the metric space
underlying such a piecewise Euclidean (resp. piecewise spherical) cell complex.

¢

. T in nit i r iono non o iti cur tur.

(2.1) A geodesic space is , abbreviated (), if, locally, geodesic
triangles satisfy the CAT(0)-inequality (see [G, p. 106]). The ( ) condition has some
strong consequences. For example, if a space is (), then it is locally contractible and its
universal covering space is contractible.

(2.1.1) A piecewise spherical space is a if there is a unique geodesic between any
two points of distance

The following result is due to Gromov. For a proof, see [B] or [Br]. ( ee also Theorem

.1 and the appendix of [C 1].)
T or  (Gromov).

In some cases, when the cell structure on a piecewise spherical space is simplicial, there
are combinatorial conditions which are necessary and su cient for it to be large. In order
to state these conditions, it is first necessary to develop some terminology and elementary
facts about spherical simplices.

(2. ) et be aspherical -simplex in " with vertex set , a set of linearly indepen-

dent unit vectors in ™ . The , () () in  is the
symmetric by  matrix of inner products: . e note that ( ) is positive
definite.
(2. .1) For , let be the length of the edge () of . ut 0. Then
cos( ).
(2. .2) Conversely, suppose we are given a by  symmetric matrix () satisfying:
0 and (0 ) for . If the associated cosine matrix , defined by

n

cos( ), is positive definite, then we can find a basis  for , unique up to isometry,



which spans a spherical -simplex with associated cosine matrix . Hence, ( ) is the
matrix of edge lengths of a spherical simplex if and only if the associated cosine matrix is
positive definite.

(2.4) A spherical simplex is if each of its edges has length  2; it
> 2 if each of its edges has length > 2. The associated cosine matrix of an all right

-simplex is the identity matrix. It follows that is isometric to the regular -simplex

in " spanned by the standard basis of ™ . The associated cosine matrix of a simplex
of si e > 2 1is “almost negative” in the sense that its o -diagonal entries are 0.

The following is a result of [M].

(2.4.1) L

v
[\]
—
~

(i)

tatement (i) is obvious. To prove (ii) first note that if 2 , the

( ( 2 ( )) is isometric to (2 ). Hence, by induction, we can reduce
to the case dim 0. o, suppose is spanned by n and is the vertex

et : " () be orthogonal projection. Then  ( ) can be identified with
the spherical simplex in () spanned by () () 1 . For ,

which is 0 since the cosine matrix for is almost negative. It follows that 0 so
the cosine matrix for  ( ) is almost negative.
(2. ) A piecewise spherical simplicial cell complex is (resp.

> 2) if the corresponding property holds for each of its simplices.
(2. .1) If  is all right or if it has simplices of si e > 2, then, by emma (2.4.1), the
link of any simplex in  has the same property.

(2.6) A piecewise Euclidean cell complex has if each of its cells
is simple (cf. (1.1.4)) and the face angles in each cell are all >  2; or equivalently, if the
link of every cell is simplicial with simplicies of si e > 2. It is if each cell is a

regular Euclidean cube. In this case, links are all right simplicial cell complexes.

(2. ) et  be a simplicial complex (no metric structure is assumed). A set  of
vertices in if any two distinct elements of span an edge in
A simplicial cell complex is a if it is a (genuine) simplicial complex (cf.
1.1. ) and if any set of vertices which spans a complete graph actually spans a simplex.
Thus, a ag complex is a simplicial complex with no “empty simplices”.

(2. .1) Flag complexes have nice properties. For example,

(a) the link of any simplex in a ag complex is again a ag complex, and
(b) the join of two ag complexes is a ag complex.



The following lemma is proved in [G, p. 122].
(22) ro o L

(2. .1) Hence, a piecewise Euclidean, cubical cell complex is () if and only if the link
of each vertex is a ag complex.

(2. ) uppose is a piecewise spherical simplicial complex and that is a set of vertices
of  which span a complete graph. As in (2. ), there is associated to  a cosine matrix,
(), where is the cosine of the length of the edge (). A cell complex isa

if it is a simplicial complex and if whenever is a set of vertices such that (i)
spans a complete graph, and (ii) the associated cosine matrix is positive definite, then
spans a simplex of

The following di cult generali ation of Gromov’s emma is proved in [M].

(2.10) Mou on L

> 2

(2.10.1) o, a piecewise Euclidean cell complex with nonacute, simple cells is ( ) if

and only if the link of each vertex is a metric ag complex.

. T u onn t T or or ic i Eucid n c

(.1) et bean -dimensional convex polyhedral cone and the associated spherical
( — 1)-cell. The outward pointing normals to the supporting hyperplanes of  generate

another convex polyhedral cone called the . (If are outward point-
ing normal vectors to the supporting hyperplanes, then is the set of all nonnegative
linear combinations of the ). The associated spherical cell ™ is the
to .
( .2) The of at 0, denoted by ( ), is the ( — 1)-dimensional volume of |,
normali ed so that the volume of ™ s 1, i.e.,
() bl
vol ( )
The of at 0, denoted by () is the angle of ,ie., () ().
(.) et beaEuclidean -cell. After choosing an interior point of as the origin, one
can define the “dual cell” whose vertices are the normal vectors to the codimension-one
faces of . For example, the octahedron is dual to the cube. Radial projection of

onto ™ gives a cellulation of ™ . The ( —1)-cells in this cellulation are associated to
the duals of the normal cones at the vertices of | i.e., each such ( —1)-cell is of the form

() for some vertex . It follows that ( ( )) 1, where the summation
is over all vertices of . (If , then () , so we adopt the convention

() D



( .4) ow suppose that is a finite piecewise Euclidean cell complex. Then

x( ) (-1)
(—1) C C )

where  runs over the cells of and runs over the vertices of . Reversing the order of
summation gives

(-4.1) x( ) (=1) ((ink ()

where runs over the vertices of and over the cells of (). ( ote that the 1 in
the summation arises from the case ). For any finite, piecewise spherical cell complex
define
bl

(.4.2) () 1 (1) ()

where runs over the cells of . Then ( .4.1) can be rewritten as

(.4.) x( ) ()

where () ( ()). This is the desired analogue of the Gauss-Bonnet Theorem for
piecewise Euclidean spaces.
(. )If 1is an all right simplex, then and () () (3) . Hence, if
is an all right, piecewise spherical, simplicial cell complex, then

(..1) () 1 (=)

(..2) et be asimplicial cell complex (without metric structure) and  ( ()
the number of -simplicesin . ut

() 1 (=)

If we endow with the structure of an all right spherical complex by declaring each
simplex to be all right, then ( ) ()
( .6) The following facts concerning are proved in [CM , ection ].
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( .6.1) If the underlying metric spaces of  and o are isometric, then () ( 2).
( .6.2) If is isometric to the round sphere, then ( ) 0.

( .6. ) uppose " ™ and are spherical cells; embed ™and  in orthogonal
linear subspaces of ™  2; then the is the spherical ( 1)-cell
spanned by and (it is the union of all geodesics in " from to ). This extends

to a definition of the o of two piecewise spherical cell complexes
and o (see the Appendix of [C ]). By [CM , p. 442],

( 2) () (2

( .6.4) If is homeomorphic to an even dimensional sphere, then ( ) 0. (Actually
for this to be true it is only necessary to assume that x( ) 2and x( ( )) 2for
each odd dimensional cell ).

(.6. ) et  be a simplicial cell complex and a l-parameter family of piecewise
spherical structures on . Foreachedge in ,let () be the length of the corresponding
edge in |, normali ed so that  has length 1. (Thus, () (2 ) ( ), where
is the usual edge length). ut () (). The following beautiful formula for the first
derivative of () is given in [CM | p. 424]

(.6.6) () - OCc )

The proofs of the above facts can be sketched as follows. In [C], Cheeger considers
another quantity, let us call it 7( ), defined as the di erence of the 3-Euler characteristic
of the cone of radius 1 on  and 5 the ,-Euler characteristic of . o ~( ) depends
only on the metric and not the cell structure. sing heat equation methods he derives
a formula for —( ) solely in terms of interior angles and ags of odd dimensional cells
(formula . in [CM ]) and he proves that x( ) “( (  )) In[CM , p. 424] it
is proved that —( ) ( ). ince 7( ) depends only on the metric, ( .6.1) follows. The
formulas in ( .6.2), ( .6.4) and ( .6.6) follow easily from the formula for =( ); ( .6. ) is
an easy computation.

.St t nt ot con ctur
e are now in position to state precisely the various conjectures which were mentioned
in the Introduction. First, there is the analogue of the Hopf Conjecture.
Con ctur A. M?"
(=D)"x(M?") >0

ext, suppose that 2" is a (2 — 1)-dimensional piecewise spherical cell complex
which is a , in the sense that it has the homology of 2"
and for each -cell (2™ ) has the homology of 2" 2. For example, if 2"

is homeomorphic to 2" | then it is a generali ed homology sphere. In view of Gromov’s

Theorem (2.2), Conjecture A is implied by the following.
8



Con ctur . n (=)™ (2 )>0

By Moussong’s emma (2.10) the following conjecture is a special case of Conjecture B.
Con ctur C. 2n > 2
2n (_1)n ( 2n ) > 0

If is a metric ag complex with simplices of si e > 2, then the same is true for the
link of each simplex in , by emma (2.4.1). In the sequel we will want to consider the
statement that Conjecture C holds for a particular complex and for each link in . It is
therefore convenient to state the following equivalent formulation of Conjecture C.

Con ctur C. 2n > 2
(1" (= )>0 2 (<) ( ( )=0

Finally, we want to consider the special case where 27 is all right. In order to de-
emphasi e the metric in this case, we let 2"  be a simplicial cell complex which is a
generali ed homology sphere, as above, and () the quantity defined in ( . .2).

Con ctur D. n (=)™ (™ )>0
e also have an equivalent reformulation.
Con ctur D. 2n (=)™ (2 )>0

2 (-1 ( C ™ )=>0

. E id nc
e begin by discussing some partial results for Conjecture
(.1) et be the ( 1)-fold join of  with itself. By (2. .1), isa ag complex
and by ( .6. ), ( ) 0. It is alternately described as the boundary complex of the
( 1)-dimensional octahedron (or “cross polytope”). It is the simplest ag complex which
triangulates the -sphere. If we endow it with an all right, piecewise spherical structure,
then it is isometric to the round sphere. The link of a -simplex in is isomorphic to
. It follows that Conjecture  holds for 27
( .2) Flag complexes arise naturally as derived complexes of posets. (Recall that if
is a poset, then its is the abstract simplicial complex with simplices
the finite chains in ). If is the poset of cells in a cell complex, then the geometric
reali ation of  can be identified with the barycentric subdivision of the cell complex. In
particular, if  is the poset of faces of the boundary complex of a 2 -cell, then is a
ag complex homeomorphic to 2" . Based on work of R. tanley, E. Babson showed
that Conjecture  holds for such . (For the argument, see ( . )). Hence,

(. ) uppose is a simplicial complex (no metric assumed). Recall that for any
simplex of () can be identified with the subcomplex of  consisting of all closed
simplices , disjoint from , such that the join of and is a simplex of containing

(..1) et beanedgeof . eshall now define a subdivision of |, called the

and denoted by ub ( ). Introduce a new vertex  as the midpoint of |
subdividing into two new edges, say and . et bea -simplex containing . Then
for some simplex in (). Introduce a new ( — 1)-simplex ,

9



subdividing into two new -simplices and . The simplices which
do not contain are not changed.

(..2)If isa agcomplex,thensois ub ( ). fcourse, we could have subdivided
by introducing a barycenter of some simplex of dimension 1 and then coning o ;
however, this does not preserve the property of being a ag complex.
( .. ) How are the links in ub ( ) related to links in et  be a simplex in
ub (). There are four cases to consider:

(i)  corresponds to a simplex of  which is not in the closed star of |,
(i)  corresponds to a simplex in the link of |

(iii) there is a simplex of  which contains and (or )s
(iv) there is a simplex of  which contains and or
Then
( ) ; in case ()
ub ( ( ) ; in case ( )
(- ub()) L
( ) ; in case ()
( ) ; in case ()

( . .4) For any set of simplices , put

() (=-

If isan open simplex and M a simplicial complex, thenlet (M) be the set of simplices
in M which do not lie in M. Clearly,

( ( M) (=
(- )L (ub () C)=-C C )

To construct ub ( ) from  one removes the open star of and replaces it by
the open star of  in (). The contribution of the simplices in the open star
of to ( )is ( ( () - (C ( ). The contribution of those in the open
star of i ( ( () -3 C )» —sC)Hc C ) o
The formula follows.
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( .4) ow suppose 2" isa ag complex and a generali ed homology sphere. et
be an edge of
( .4.1) Pro o ition. ()

()
D" ()=0and (-1)" ( ( )) = 0, then (=1)" ( ( ))
D" () —r ().
sing this, ( . .2) and ( . . ), we immediately deduce the following.
( .4.2) Pro o ition.

(.4. )Coro r . n

( .4.4) roposition ( .4.2) also follows from formula ( .6.6). et be  with an
all right piecewise spherical structure. et be the 1-parameter family where the edge
corresponding to has length (1 ) 2 and all other edges have length 2. By induction
on dimension, (—1)"  ( ( )) > 0. Hence, by ( .6.6), (—1)™ ( ) is a non-decreasing
function of . But  is just the all right structureon ub ( ). roposition ( .4.2) follows.

(.)A in isacircuit of edges. A -circuit is if it is not the boundary
of a 2-simplex. imilarly a 4-circuit is if it is not the boundary of the union of two
adjacent 2-simplices.

( . .1) The inverse operation of edge subdivision is “edge collapse.” uppose isan edge
of  which is not part of an empty -circuit. (This is automatic if is a ag complex).
To collapse , one first removes the open star of . The resulting boundary is isomorphic
to (). ne then collapses this to (). The result is a simplicial complex
~ which is a quotient space of . If is -homeomorphic to 2" ,thensois . If

is a ag complex, then  is also a ag complex if and only if is not part of an empty
4-circuit. Hence, one can try to simplify = by performing edges collapses on edges which
are not part of empty 4-circuits.

( . .2) At one point we thought it might be possible, given a ag complex , -
homeomorphic to , to perform edge collapses to reduce it to . This is true for

1 2, however, there is a counterexample for . (Conjecture  holds for this
counterexample).
e turn now to Conjecture C .

( .6) uppose and are two piecewise spherical structures on a simplicial cell
complex . For a simplex in | let 0 1, be the corresponding spherical simplex
in . et () 0 1, be the associated cosine matrix (cf. (2. )).

( .6.1) e shall now define a 1-parameter family  of piecewise spherical simplicial cell
complexes  which interpolates between  and . ut () () @=)( ).

ince a convex combination of positive definite matrices is positive definite, ( ) 0. It
follows that, for each [0 1], there is a corresponding spherical simplex . These fit
together to give . The family  is called the from to . If
is an edge of , thenlet ()( ( )) be the length of the corresponding edge in
Then cos( ()) cos( ) (1— )cos( ), where () 0 1.
11



( .6.2) In particular, suppose is all right and  has simplices of si e > 2. Then
for each edge , (0) 2and () [ 2 ). o, () <cos ( ), where cos( ).
Hence, () — (1— %2?2) -, whichis > 0 (since 0). imilarly,if () (2 ) ()
is the normali ed length, then () > 0.

( . )Pro o ition. n
> 2 2n
o 2n 2n
2n
et be the all right structure on | let , and let be the canonical

deformation. e assume that Conjecture  holds for | i.e., that Conjecture C holds for

e may also assume, by induction on , that Conjecture C holds for the link of each
odd dimensional simplex in . In particular, for each edge , (-1)" ( ( )) > 0.
By ( .6.6),

=n* () =" OCC )

which is > 0 (using .6.2). Hence, (—1)" () is nondecreasing. Thus, (=1)" (0) > 0
implies (—1)" (1) > 0.

(.)R r . In a forthcoming paper [C 2]. we find further evidence for Conjecture
B. uppose that 2" is a convex polytope of finite volume in hyperbolic 2 -space. Its
“completed polar dual” 2" is large. Moreover, (—1)" ( 2" ) is twice the volume of

2 (suitably normali ed). Hence, Conjecture B holds in this case.

. E ro Co tr rou

In this section we review the work of G. Moussong [M] (also, see [ 1], [G, 4.6]). In
particular, we show how to associate to each Coxeter system ( ) a piecewise spheri-
cal, simplicial complex erve ( ) and a contractible, nonpositively curved, piecewise
Euclidean cell complex  with  -action so that the link of each vertex of is erve
( ). Moreover, any finite, all right, ag complex can be reali ed as erve ( ) for
some ( ).

(6.1) uppose is a finite set and ( ) is a symmetric by  matrix, with
entries positive integers or , satisfying 1 and > 2, for . This gives
a presentation for a group () 1 . The pair ( ) is a
and is a . The of ( ) is the cardinality of . The group  is

if 2 or for all . Associated to , there is an by
() defined by — cos( ). (Here cos( ) cos(0) 1).

(6.2) The group is finite if and only if the cosine matrix is positive definite (cf. [Bo]).

uppose this is the case. Then can be represented as a group generated by orthogonal

linear re ections on ™, where is the rank of ( ). e recall how this works. ince
is positive definite, one can find a basis ( ) for ™ such that . et
be re ection across the linear hyperplane normal to . Then is identified with

the group generated by the  and this group is finite. The (

12



( )) is the simplicial cone defined by 0 . ( othe are the supporting
hyperplanes of ). Then is a fundamental domain for on ™. Its intersection with

™ is the ( ( )). Asin ( .1), define ( ( )), the
, and its intersection with " ( ( )), the
. Thus, is the spherical simplex spanned by the and its associated cosine
matrix (cf. 2. )is . et . ote that the dihedral angle of along is

and that the length of the edge in ~ from to is (1 —( ) )
(6.2.1) The -translates of give a triangulation of ™ . The underlying simplicial
complex is called the of

(6.2.2) Choose a function : (0 ). et Dbe the interior point of defined by
— (), i.e., the Euclidean distance from to is (). The convex hull of the
-orbit of isdenoted by ( = ( )) and called a . ne checks easily that
(i) the vertices of are the -translates of |
(i)  is a simple -cell and the normal cone at any vertex is  ( ), and
(iii) is the dual of the Coxeter complex. The vertices and are connected by
an edge if and only if , for some in , and the Euclidean length of such

an edge is 2 ().

(6.2. ) E
(i) uppose ,and is the dihedral group of order 2 . Then
is a2 -gon and it is regular if and only if () ().
(ii) uppose ( 2)". Then is a product of intervals [— () ()] ;s

a regular -cube if and only if is constant.
1



(iii) If  is the symmetric group on 1 letters, then the -cell is sometimes called
a “permutohedron.”

(6.2.4) A ( ( )) is the convex -cell defined by, It is
combinatorially equivalent to an -cube. Call the origin the of ;its link is
. Call the of ;itslinkis . ote that
(6. ) e return to the general situation where may be infinite. For any subset  of
, let denote the subgroup generated by . (In fact, ( ) is a Coxeter system).
Associate to ( ) an abstract simplicial complex erve ( ) as follows: the vertex set
is ; a proper subset of is a simplex if and only if is finite.

(6. .1) There is a natural piecewise spherical structure on erve ( ) defined as fol-
lows. The simplex is given the structure of the spherical simplex associated to the cosine
matrix of ( ). Thus, the simplices of erve ( ) are isometric to the fundamental
dual simplices ( ) corresponding to the finite Coxeter subgroups of . It
follows that erve ( ) has simplices of si e > 2 and, by (6.2), that it is a metric ag
complex.

(6. .2) If ( ) is right-angled, then erve ( ) is an all right ag complex. Con-

versely, given any finite, all right ag complex |, there is a right-angled Coxeter system
with erve ( ) : simply, let  be the vertex set of  and define , for ,
by

2; if () is an edge

; if () is not an edge.

(6.4) e defined a ( ). et erve( ),  the
barycentric subdivision of , and the cone on with cone point . For each simplex
in , let be its barycenter. Each point in lies in the open star of a (unique)
ut .For in — | let be the trivial subgroup.
(6.4.1) efine an equivalence relation  on by: ( ) (2 2)if and only
if 2 and o . et | ( )) be the quotient space ( )

Then is naturally a simplicial complex, and acts properly on  with orbit space
(6.4.2) ut piecewise Euclidean structures on and  as follows. Choose a function
(0 ). For each simplex in ,let  be the Coxeter block defined as in (6.2.4)
by using . ( o the length of the edge from the outside vertex of to the hyperplane
corresponding to is ().) e can identify the subcomplex Cone ( ) of  with
in such a fashion that corresponds to the inside vertex of and corresponds to
the outside vertex. This defines a piecewise Euclidean structure on  such that  ( )
is erve ( ) with its natural piecewise spherical structure. The space  inherits a
piecewise Euclidean structure from
(6.4. ) The map (1 ) from to induces an identification of  with
a subcomplex of . Then is a subcomplex of  isometric to the Coxeter cell
( )- It follows that is cellulated by the Coxeter cells  ( ), where
and is a simplex in . The vertices of these cells are the -translates of the cone point
and the link of each vertex is isometric to erve ( ). By Moussong’s emma (2.10)
such links are large. This gives the following result of [M].
1



(6.44) T or  (Moussong). ( )
C ) C )

(6.4. ) e can find finite, piecewise Euclidean cell complexes with the same property by

taking the quotient of by a torsion-free subgroup of finite index in . Thus,
also satisfies the conclusions of Theorem (6.4.4).
(6.4.6) ince () is a fundamental simplex for () . Hence,

(6.4. ) ( erve( ) (—1)

where the summation is over all subsets of such that is finite. e note that the
right hand side of (6.4. ) is the usual expression for the Euler characteristic of  (that is,
the “orbihedral Euler characteristic” of )andthatx( ) [ : ] (-1)

(Compare | 2].)

(6.4. ) et Dbe any all right ag complex and let ( ) be the right-angled Coxeter
system corresponding to  (cf. (6. .2)). et and be as above. The conclusion is that
there is a finite, piecewise Euclidean, cubical cell complex  such that the link of each
vertex is isometric to . This gives the following.

(6. ) Pro o ition.

. T o no i
( .1) Combinatorialists, interested in the poset of faces associated to a convex cell, have
made the following definitions. uppose is a finite simplicial complex of dimension —1,
that  is the number of -simplices in , and that 1. The of s the
-tuple ( ) and the ( ) is defined by the equation

(.1.1) (—1)

olynomials  ()( ())and ()(  ()) are defined by

(.1.2) ()

(.1.) ()
Formula ( .1.1) can then be rewritten as

(.1.4) (O a-) ()



( .2) et ( ) bethe quantity defined in ( . .2). Clearly, ( ) (—35). By substi-
tuting —1 into ( .1.4) we get

(-2.1) - 2 (-) 2 ()

Therefore, ( ) and (—1) have the same sign. o Conjecture is equivalent to the
following.

E ui ntFor o Con ctur D. n
(—1"  (=1)>0

( . ) In this paragraph, we discuss an observation of E. Babson (as communicated to
us by . Billera) which proves ( .2). For any “Eulerian poset” , combinatorialists have
defined the “cd-index” (), a certain polynomial in two (noncommuting) variables
(e.g. see [ 2]). It is a refinement of the -vector of the derived complex . In particular,

it follows directly from its definition that

(..1) (0 —2) (1)

tanley | 2| has proved (in slightly greater generality) that if is the boundary complex
of a convex -cell, then the coe cients of are all nonnegative. In particular, for
2 (0 —2) is (—2)™ times the coe cient of ™. It follows that Conjecture  holds
for the barycentric subdivision of the boundary complex of a 2 -cell.
( .4) The following well-known formulas hold for any which is a generali ed
homology ( — 1)-sphere.

() ()

>0 for 0
Formula ( .4.1) (which means that ) is equivalent to the ehn- ommerville
Relations. These relations are a consequence of the facts that x( )  x( ) and that
for any -simplex x( ( ) x( 2). Thus, ( .4.1) holds for any  which is

an “Euler sphere” in the above sense. The inequalities in ( .4.2) hold whenever is a
“Cohen-Macaulay complex” in the sense of [ 1]. In particular, both formulas hold for
generali ed homology spheres.

Con ctur E. ()
-1
(.)L
uppose that 2 . Factor as a product of monic polynomials, 2,

where the - roots of  are real and those of 5 are not. e list the non-real roots of as:

. ince () (= )= ) 201 (-1— )(~=1- )
—1— 2 which is > 0. Hence, we need only show (—1) has the correct sign.
By ( .4.1), if is a root then so is L If 1, then . upposing that
Conjecture  holds, we see that is even. By ( .4.2) the real roots of are negative. If

1



(=1)

0, then Conjecture  holds. o, suppose (—1) 0. ist the real roots of as:
no () ( n ) ,where —1 0. ince

(=1) (1= ) (=1=(C) )

the sign of (—1) is (—1)" which is equal to (—1)" (since 1is even).
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