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INTRODUCTION

It is not so widely known that there is a beautiful and simple description of a
certain finite CW-complex Z which is a K (r, 1) for the braid group on n+1 strands.
The complex Z is obtained by identifying certain faces of an n-dimensional convex
polytope called a “permutohedron”. The resulting CW complex has exactly one k-
cell for each k-element subset of {1,...,n}. We are not sure who first discovered this
complex, but we first heard it described by C. Squirer in the mid 1980’s and later
by K. Tatsuoka [T]. It has also been known to J. Milgram for some time (a closely
related construction appears already in [Mi]). Other references include [FSV], [P],
and [S1]. The purpose of this paper is to give the details of the construction of this
complex and its generalizations to other Artin groups.

It is a well-known fact that an Eilenberg-MacLane space for the pure braid group
on n + 1 strands is the set of points in C**! with all coordinates distinct. This
space is the complement of an arrangement of hyperplanes in C**! associated to
the action of the symmetric group on n + 1 letters.

In [S], Salvetti showed how any hyperplane complement, obtained by complexi-
fying a real arrangement, was homotopy equivalent to a certain cell complex. In the
case at hand, this complex is a union of n-dimensional permutahedra. The sym-
metric group acts naturally and freely on it. Taking the quotient by the symmetric
group, we obtain the complex Z.

There are two ingredients in the above program. The first is the fact that the
hyperplane complement in C**! is a K (m,1). The second is Salvetti’s identification
of the hyperplane complement with a certain cell complex.

Suppose that W is a Coxeter group with fundamental generating set S. In the
same way as the braid groups on n+ 1 strands is associated to the symmetric group
on n + 1 letters, one can associate to (W, S) an “Artin group” (or “generalized
braid group”) Aw . We would like to carry out a similar program to obtain a nice
K (m,1)-complex for Ay .

As in [V] one can always find a representation of W as a linear reflection group
on a real vector space V so that W acts properly on a certain nonempty, W-stable,

(*) Both authors were partially supported by NSF Grant DMS 9208071

Typeset by AMS-TEX



2 RUTH CHARNEY AND MICHAEL W. DAVIS

convex, open set I (the interior of the “Tits cone”). When W is finite, I = V.
Inside V' ® C one has the domain V + #I. Consider the hyperplane complement

M = [(V +il) — U reflection hyperplanes|/W .

As for the first ingredient in the program, it is known that w1 (M) = Aw (see
[CD1; Corollary 3.2.4] or [L]). In the case where W is finite, Deligne proved in [D]
that M is a K(Aw,1). In [CD1] the authors proved that the same result holds for
many infinite Coxeter groups. (A precise statement can be found in §1.4, below.)
Thus, this paper is a continuation of [CD1].

As explained in §1 and §2, the second ingredient (Salvetti’s complex) works for
all W. Specifically, we show in Theorem 1.4.1 and Corollary 2.2.3, below, that
M is homotopy equivalent to a certain finite C'W-complex Zw. The complex
Zw has one cell of dimension k for each k-element subset T' of S such that the
subgroup generated by T is finite. From this it is easy to compute the cohomological
dimension of Ay (Corollary 1.4.2) and its Euler characteristic (Corollary 2.2.5) at
least in the cases where M is known to be a K(m,1)-space.

In §3, we consider the case where W is “right-angled”, that is, the product of
any two generators has order either 2 or oo. The first ingredient holds in this case.
In Theorem 3.1.1, we show that Zy with its natural piecewise Euclidean metric
is nonpositively curved. Thus, in the right-angled case, Aw is a “semihyperbolic
group” in the sense of [AB]. (This was previously proved by Hermiller and Meier in
[HM] using combinatorial methods.) In this case, it is an easy matter to calculate
the cohomology ring of Ay and we do so in Theorem 3.2.4.

After completing this paper we learned of Salvetti’s recent paper [S2], essentially
on the same topic as this paper, at least in the case where W is finite.

1. BAsic DEFINITIONS AND CONSTRUCTIONS

1.1. Coxeter groups and Artin groups.

A Cozxeter matriz on a finite set S is an S by S symmetric matrix (mss ) such that
each entry is a positive integer or co and such that msy = 1 if s = s’ and mge > 2
if s # s'. Associated to (mss ) there is a group W defined by the presentation:

W = (S| (ss")™' =1).

The natural map S — W is an injection ([B,Ch. V, §4.3, Prop. 4]) and henceforth,
we identify S with its image in W. The pair (W, S) is a Cozeter system and W
is a Cozeter group. If T is any subset of S then the subgroup Wr, generated by
T, is called a special subgroup. It is known ([B; ch. IV, §1.8, Théoréme 2(i)]) that
(Wr,T) is the Coxeter system associated to the restriction of the Coxeter matrix
to T'.

For each s € S introduce a symbol z; and let X = {x5}scs. Associated to a
Coxeter matrix (mss) there is also an Artin group, denoted Aw, and defined by
the presentation

AW = <X | prod (.’ITS, Ts, mss’) = prod (.’L‘SI,SITS; mss’)>
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where prod (z,y;m) denotes the word zyz ... of length m. We say that Aw is of
finite type if W is a finite group.

If W is the symmetric group on n letters, then Ay is the braid groups on n
strands. Thus, Artin groups are sometimes called “generalized braid groups”.

1.2. Posets and simplicial complexes associated to a Coxeter system.
Let (W, S) be a Coxeter system. Associated to (W, S) there are the following
three posets:
Sf ={T C S| Wr is finite}
WS! = {wWr |weW,T eS8},
W x ST,

The sets S and WSS are partially ordered by inclusion. The partial order on
WS/t is given explicitly as follows. If wWyr and w'Wry+ are elements of WSY, then
wWr < w'Wrp if and only if the following two conditions hold:

(1) T<T,

(2) wlw' € Wy
The partial ordering on W x S is defined as follows. If (w,T) and (w',T’) are
elements of W x Sf, then (w,T) < (w’,T") if and only if conditions (1), (2) and
the following hold:

(3) forallteT, f(ww'") < L(tw™ w').
(Here £ denotes word length with respect to the generating set S.) The geometric
meaning of (3) will be given in §1. The natural map W x 8 — WS/ defined by
(w,T) — wWr is obviously order-preserving.

The posets S¥ and WS7 appear in [CD1]. The poset W x S7 is one of the main
objects of study in this paper.

For the moment, suppose that P is an arbitrary poset. Given p € P, define a
sub-poset, P>, = {x € P | z > p}. The sub-posets P<p, P>p and P, are defined
similarly. The poset P°P, called the dual of P, is equal to P as a set but with
the order relations reversed. The derived complex of P, denoted by P’, is the set
of finite chains in P, partially ordered by inclusion. It is an abstract simplicial
complex.

The geometric realizations of (S7)/, (WS¥)!, and (W x ST)’ are denoted, respec-
tively, by

Kw =|(87)]
Sw = |(WST)|
Sw = |(W x 8T)|

When there is no ambiguity, we shall omit the subscript “W?” from our notation.
Following [CD1] we call ¥ the modified Cozeter complex of W. Here ¥ will be called
the Salvetti complex of W. We note that W acts naturally and simplicially on X
and on ¥.

There is a projection map m: WS — S/ defined by wWy — T and an embedding
i:ST — WSS defined by T — Wy. These induce simplicial maps ¥ — K and
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K — ¥ which we again denote by 7 and i. We can identify K with its image i(K).
The map 7 is then a retraction; moreover, it induces a simplicial isomorphism

S/W K.

The group W acts freely on 3. The orbit space will be denoted by Zy, (or simply
by Z), i.e.,
S/W = Zy .

It is our primary object of study.

1.3. Sectors.

Let R denote the set of conjugates of S in W. An element of R is called a
reflection. Given r € R, its fixed points set on ¥ is denoted by " and called a wall
of 3. The space ¥ — X" has two connected components, which are interchanged
by r. Each such component is called a half-space. The half-space containing the
interior of K (where K is regarded as a subcomplex of ) is called positive and
denoted H .

Let T be a subset of S. Put

Rr=RNWrp.

The components of

Z—UET

reRT

are permuted freely and transitively by Wpr. FEach such component is called a
Wr-sector of ¥. Such a sector is an intersection of half-spaces. The Wrp-sector
containing the interior of K is called positive. It is the intersection of the positive
half-spaces H: , t € T.

If A is a Wrp-sector then we shall also want to call its translate wA by an element
w of W a “sector”. We note that wA is a component of

>- U ¥
rewRrw—1

We shall call it a wWypw ™ -sector.

1.4. The spaces Qw and Yy .

Put
Yw =2 x ¥ — UZsz:'"
reR
and
Qw =Yw/W.

As usual, we shall often omit the subscript W from our notation.
The following facts are proved in [CD1].



FINITE K(r,1)’S FOR ARTIN GROUPS 5

(i) Y is W-equivariantly homotopy equivalent to the complex hyperplane com-
plement associated to any representation of W as a real linear reflection
group ([CD1, Corollary 2.2.5]).

(i) m(Q)= Aw ([CD1, Corollary 3.2.4]).

(ili) m(Y) = PAw, where PAwy denotes the kernel of the natural map Ay —
W. (PAw is the “pure Artin group”.)
The main conjecture of [CD1], then becomes the following.

Main Conjecture. Qw is an Eilenberg-MacLane space K(Aw,1).

The poset Si & is an abstract simplicial complex. Let K, denote its geometric
realization. (Thus, K is the cone on the barycentric subdivision of Kj.)

A simplicial complex is said to be a flag complex if any set of vertices which
are pairwise joined by edges span a simplex. In [CD1], it is proved that the Main
Conjecture holds under either of the following two hypotheses:

(A) K, is a flag complex, or
(B) dimK, < 1.
For example, (A) holds if W is finite.
The main result of this section is the following:

Theorem 1.4.1. Qw is homotopy equivalent to Zyy .

Before giving a proof in the next subsection, let us deduce the corollary below.
Put ny = max{Card(T) | T € Sf}. In other words, ny is the common
dimension of the simplicial complexes, K, ¥, ¥, and Z.

Corollary 1.4.2. Suppose the Main Conjecture holds for (W,S). Set n = ny.
Then the following statements are true.

(i) Aw has a finite, n-dimensional K (7, 1)-space, namely Zyy .

(ii) Aw 1is of type FP.
(iit) The cohomological dimension of Ay is n.

Proof. If the Main Conjecture holds, (i) follows immediately from Theorem 1.4.1
and (ii) follows immediately from (i).

Also by (i) the cohomological dimension of Ay is < n. Suppose T € S has n
elements. By [Br], H"(PAw,;Z) # 0; hence, the cohomological dimension of Ay
is > n so (iii) holds. O

1.5. An open cover of Y.

The vertices of K are naturally indexed by the elements of Sf. For each T € Sf
let v denote the corresponding vertex of K. Similarly, the vertices of 3 are natu-
rally indexed by WS?. For each wWy € WST, let wvr denote the corresponding
vertex of 3. Let Star (wvr) denote the open star of wvr in ¥. Consider the open
cover of an arbitrary simplicial complex X by open stars of vertices. Of course, the
nerve of this open cover is just X. Applying this fact in the case X = X gives the
following lemma.
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Lemma 1.5.1. Suppose w;Wr,, 0 <1 <k, are distinct elements in WSt. Then
Star (wovr,) N -+ N Star (wgvr, ) # 0

if and only if {woWr,, ..., wxWr,} is a chain in WS/.

For each (w,T) € W x 8, let Sec (w,T) denotes the open wWrw™!-sector of
¥ which contains the interior of wK. Define a subset U(w,T) of ¥ x ¥ by

U(w,T) = Sec (w,T) x Star (wor) .

Clearly, X" N Star (wvr) # 0 if and only if r € wRpw ™. Also, for all r € wRrw ™!,
we have Sec (w,T)N X" = (. Hence, U(w,T) N (X" x £") = () for all » in R. That
is to say, U(w,T) is an open subset of Y. Moreover, U = {U(w,T)}w r)ew x s
covers Y.

Lemma 1.5.2.
(i) IfU(w,T)=U'T), then (w,T) = (w',T").
(ii) Suppose (w;, T;), 0 < i < k, are distinct elements in W x ST. Then
U(’IU(),T()) ARERNN U(’U)k;,Tk) 7é Q) if and Only lf {(wOaTO)a s (wkaTk)} s a
chain in W x S¥.

Proof. (i) Suppose U(w,T) = U(w',T'"). Then Star (wvr) = Star (w'vr:) and
hence, wWr = w'Wqi. It follows that T = T’ and that w—'w’ € Wy. The condition
that Sec (w,T) = Sec (w’,T) is equivalent to Sec(1,T) = Sec (w™'w’,T). Thus,
w™lw’ lies in W and the interior of w™'w’K lies in the positive Wp-sector. Since
Wr acts freely on the set of Wr-sectors, this forces, w™lw’ =1, i.e., w’ = w.
(ii) Suppose (w,T) and (w’,T’) are such that wWr < w'Wr:. We claim that

the following statements are then equivalent:

(a) (w,T) < (w',T),

(b) forallte T, f(wtw') < L(tw™ w'),

(c) Sec(w,T) D Sec(w',T"),

(d) Sec(w,T)N Sec(w',T") # 0.
Condition (b) is just condition (3) of §1.2. Thus, (a) and (b) are equivalent. Given
r € R and u € W, the condition that £(u) < ¢(ru) means that the interior of uK
lies in the positive half-space for r. Thus, (b) means that the interior of w™lw'K
lies in the positive Wrp-sector. By hypothesis, T' < T’ so every Wri-sector is
contained some Wr-sector. Since w™lw’ € Wr+, we see that (b) is equivalent to the
condition that Sec (1,7) D Sec (w™lw’,T”) which is equivalent to (c). Obviously
(c)=>(d). On the other hand, since we are assuming T' < T’ and w~'w’ € Wy,
we see that the intersection Sec(1,T) N Sec (w~lw’,T’) can be nonempty only if
Sec (w=tw',T'") C Sec(1,T). Thus, (d)=(c). Statement (ii) of the lemma now
follows from the previous lemma together with the equivalence of (a) and (d).

Proof of Theorem 1.4.1. Consider the open cover U = {U(w,T)}, of Y, indexed
by the elements of W x Sf. Let o = {(wo,Tp), ..., (wx, Tx)} be a set of distinct
elements of WxS7, and put U, = U(wo, To)N. ..U (ws, Tk). By the previous lemma,
U, is nonempty if and only if o is a simplex in the derived complex (W x Sf)’.
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Moreover, if this is the case, then after renumbering we may assume that (wg, Tp) <
-+ - < (wg, Tg). It follows from the proof of the previous lemma (the equivalence of
(c) and (d)) that

U, = Sec (wg,Ty) x Star (p(o))

where p: & — X is the natural projection. It is shown in Lemma 2.2.6 of [CD1] that
for T € Sf, each Wr-sector of ¥ is homotopy equivalent to Kyy.,.. In particular, U,
is contractible. Hence, the nerve of U is 5 and each nonempty intersection is con-
tractible. It follows that the spaces Y and Y are homotopy equivalent. The group
W acts freely on both spaces. We leave it as an exercise for the reader to construct
a W-equivariant embedding Y — Y such that Y equivariantly deformation retracts

onto X. Taking quotients by W we get the desired result: Z is homotopy equivalent
to Q. O

2. A CELL STRUCTURE ON Z

2.1. Coxeter cells.

In this subsection only, the Coxeter group W will be required to be finite. Thus,
ST will be the poset of all subsets of S. We shall describe a certain convex polytope
Py, called a “Coxeter cell”, such that the poset of faces of Py is isomorphic to
WSS, Some of this material is also described in [CD2; §6].

Associated to (W, S) there is an (essentially unique) representation of W on R™,
n = Card (5), as an orthogonal linear reflection group ([B; Ch. V, §4]). Each
element of S acts on R™ as an orthogonal reflection across a hyperplane. A “funda-
mental chamber” C'is a simplicial cone bounded by the hyperplanes corresponding
to the elements of S. To each function z: S — (0, o) there is a unique point, which
we will also denote by z, in the interior of C such that the distance from x to the
hyperplane fixed by s is z(s). Explicitly, if us is the outward-pointing unit normal
vector to the hyperplane fixed by s, then z is the point defined by: z - us = —x(s),
ses.

Definition 2.1.1. The Cozxeter cell Py associated to (W,S) and z is the convex
hull of the W-orbit of z.

Examples 2.1.2.. (i) If W = Z/2, then Py is an interval [—z(s), z(s)].

(ii) If W is the dihedral group of order 2m, then Py is a 2m-gon.

(iii) If (W,S) is a direct product of two Coxeter systems, (W,S) = (Wi x
W, S111S2), then Py is isometric to Py, x Py,.

(iv) In particular, if W = (Z/2)™ and «x is the constant function, then Py is an
n-cube.

Lemma 2.1.3. Suppose W is a finite Coxeter group. The poset of faces of the
Cozeter cell Py is isomorphic to WS¥. In particular, for T C S, the convex hull
of the Wr-orbit of x is a face of Py and this face is isomorphic to Py, .

Proof. Let es; be a vector on the extremal ray of C' which is opposite to the face
fixed by s. Counsider the linear form ¢ or R defined by v — v -es. Put ¢ =z - e;.
We claim that c is the maximum value of ¢ on Py,. Indeed, since C is a Dirichlet
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fundamental domain for the action of W on R™ any point of C is at least as close
to x as it is to any other point in the orbit of z. In particular, lwx —e4|? > |7 —e,|?
for all w € W. But this implies wz - e; < x - e, for all w € W and hence, that
the maximum value of ¢ is attained at z. Let T = S — {s}. The affine hyperplane
©¢(v) = ¢ contains the orbit of z under the subgroup Wr and is spanned by this
orbit. It follows that ¢(v) = ¢ is a supporting hyperplane of Py and that the
convex hull of Wrz is a codimension one face of Py .. Letting s vary over S we
obtain all supporting hyperplanes containing the vertex z. Replacing = by wx and
es by wes we obtain in this way a description of all the supporting hyperplanes of
Py . The lemma follows easily. [

Remarks 2.1.4. (i) Associated to any convex polytope there is a dual polytope.
The boundary complex of the dual polytope to Py is called the Coxeter complex
of W. The Coxeter complex is an (n — 1)-dimensional simplicial complex. It is
combinatorically isomorphic to the triangulation of S"~! whose spherical (n — 1)-
simplices are the intersections S~ ! NwC, w € W.

(ii) Since Xy is the geometric realization of (WS7)!, we see that Yy can be
identified with the barycentric subdivision of Py .

2.2. Cellulations of ¥ and X.
We return to the general situation where W can be infinite.
For each wWr € WSY we have

(WS <wwr = WrSL, .

Hence, the geometric realization of the derived complex of (WS')<,w, is a sub-
complex of ¥y isomorphic to Xy,.. By Lemma 2.1.3 and Remark 2.1.4(ii) we can
identify this subcomplex with the Coxeter cell Py,,.. Thus, ¥y is naturally cellu-
lated by Coxeter cells. This gives Xy the structure of a convex cell complex: the
associated poset of cells is WS/.

Similarly, for each (w,T) € W x S, we have

(W x Sf)g(w,T) = (Wr x SéT)S(LT)

where the second isomorphism is basically the observation that the projection W x
ST — WS/ restricts to an isomorphism

(W x 8 <wr) = WS <uw, -
Hence, f)W also has a cellulation by Coxeter cells which projects to the cellulation
on Y described in the previous paragraph. We state this as the following lemma.

Lemma 2.2.1. f)W 1s cellulated by Cozxeter cells: there is one cell for each element
of W x SF.

Remark 2.2.2. This cellulation of & does not give it the structure of a convex cell
complex in the strictest sense: the intersection of two cells need not be a common
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face of both, rather it is a union of such faces. For example, if W = Z/2, then Y is
a circle, cellulated into two intervals.

Since the W-action on EW is obviously cellular, we get the following corollary,
which can be considered the main result of this paper.

Corollary 2.2.3. Zw has the structure of a CW -complex: there is one cell of
dimension Card(T) for each T € S7.

Corollary 2.2.4. The Euler characteristic, x(Zw) is given by the formula:

x(Zw) = 3 (~1) S

TeSf
=1-— x(Ko).

(Here Ky is as in §1.4: it is the geometric realization of the simplicial complex
f

8>0 .)

Proof. The first equation is immediate from the previous corollary. To see the

second, note that the dimension of the simplex of Ky corresponding to T' € Si@ is
Card (T') — 1. Hence

g = Y (cayen, :
Tesi,

Corollary 2.2.5. If the Main Conjecture holds for (W,S), then the Euler charac-
teristic of the Artin group Aw is given by the same formula:

x(Aw) =1 — x(Ko).

Lemma 2.2.6. Suppose that (W, S) is the direct product of two Cozxeter systems:
(W, S) = (W1 X W2, Sl]_[SQ) Then
(Z) AW:AW1 XAWZ;
(M) EW:EWl XEW2,
(iii) Sw = Sw, x Sw,,
(iU) ZW = ZW1 X ZWQ.

Proof. Clear.

Corollary 2.2.7. Suppose W = (Z/2)". Then
(i) Aw =X Z",
(ii) Zw (= Pw) is an n-cube,
(iii) Sw is ann torus (cellulated by 2™ n-cubes), and
(iv) Zw is an n-torus (formed by identifying opposite faces of a single n-cube in
the standard fashion).
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2.3. Links. _

We have just explained how the space ¥ is cellulated by Coxeter cells. The
barycentric subdivision of this cell structure gives S its natural simplicial structure
discussed in §1.

Let (w,T) € W x 8. Then (w,T) corresponds to a vertex v in the simplicial
structure on ¥. This vertex is the barycenter of a unique Coxeter cell & (of dimen-
sion Card (T)). Any top-dimensional simplex in the barycentric subdivision of o
has v as its maximal vertex. The link of such a simplex in the simplicial structure
on ¥ is the geometric realization of the derived complex of (W x 8¥)5 (. T)- This

can also be thought of as the barycentric subdivision of the link of ¢ in ¥ which
we denote Lk(c,3). The underlying poset of cells in Lk(o, 3) is (W X Sf)>(w T)-

Each Coxeter cell is a “simple” polytope. This means that for each pair (o, 7)
where 7 is a Coxeter cell and o is a face of 7, that Lk(o,7) is a simplex. It
follows that Lk(o, ) is a “simplicial cell complex”, in the sense that all its cells
are simplices. (We use this term even though it is not a convex cell complex in the
strict sense of Remark 2.2.2. We reserve the term “simplicial complex” when the
strict property of Remark 2.2.2 is satisfied.)

Example 2.3.1. Let v be the O-cell in Sy corresponding to the element (1,0) in
W x 8. We compute Lk(v) (= Lk(v,¥)) in some simple cases.

(i) If W = Z/2, then Sy is a circle and Lk(v) = S°.

(ii) If W = (Z/2)", then Sy is a Cartesian product of n circles and Lk(v) is
the n-fold join S * - - % SY. In other words, Lk(v) is the boundary complex of an
n-dimensional octahedron.

(iii) Suppose that W is a dihedral group of order 2m and that S = {s1, so}. Thus,

Sw is a 2-complex cellulated by 2m 2m-gons. The complex Lk(v) is 1-dimensional.
Its O-cells correspond to the elements of

(Wisiy X {s1}) U (Wisyy X {s2}).

Hence, there are four 0-cells. There are 2m edges corresponding to the elements of
W. In fact, Lk(v) is as pictured below.

Remark 2.3.2. Suppose that W is the dihedral group of order 2m and that m > 2.
Then the link pictured above has cycles consisting of two edges. Thus, there is no
way to assign lengths in (0, ) to these edges so that this link is large (that is, so
it does not contain cycles of length < 27). It follows from this that any piecewise
Euclidean structure on iw which is compatible with the given cell structure and
with the W-action cannot satisfy CAT (0) (see [G] for the definition of the “ CAT”

inequalities). On the other hand, if m = 2, then ¥ is a flat 2-torus.

3. THE RIGHT-ANGLED CASE

A Coxeter system (W, S) is right-angled if given any two distinct elements s and
s' of S, the order of ss’ is either 2 or co (i.e., if each off-diagonal entry of the Coxeter
matrix is either 2 or 0o).
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(L{s} (1.{s})

(s,.{s 1) (s.{8 D)

Artin groups associated to right-angled Coxeter groups are known as graph
groups; they are “graph products” of groups where each vertex groups is infinite
cyclic. (See [C], [HM].)

We will say that a simplicial cell complex is a flag complez if it is a genuine
simplicial complex and if given any set of vertices which are pairwise joined by
edges, then this set actually spans a simplex. If W is right-angled, then it follows
immediately from the definitions that the geometric realization Ky of 8;2) is a flag
complex. Hence, as explained in §1.4, the Main Conjecture holds in this case.

3.1. Nonpositive curvature.

If W is finite and right-angled, then W 2 (Z/2)™ for some n and the Coxeter
cell Py can be taken to be isometric to a regular Euclidean n-cube.

It then follows from §2.2 that if W is an arbitrary right-angled Coxeter group,
then both the Salvetti complex Yy and its quotient Zy naturally have the structure
of piecewise Euclidean complexes in which each cell is a regular Euclidean cube.

Such a piecewise Euclidean complex is nonpositively curved if, locally, all geodesic
triangles satisfy Gromov’s CAT (0)-inequalities (cf. [G, p. 119]). Moreover, if each
cell in the complex is a regular cube, then nonpositive curvature is equivalent to
the condition that the link of each vertex is a flag complex (cf. [G, p. 122] and
[M]).

The main result of this subsection is the following.

Theorem 3.1.1. Suppose W 1is right-angled. Then Zw with its natural piecewise
FEuclidean, cubical structure is nonpositively curved.

Remark 3.1.2. Any nonpositively curved, piecewise Euclidean, finite complex is an
Eilenberg-MacLane space (|G, p. 119]). Hence, in the case where W is right-angled,
the above theorem gives an alternate proof of the main result of [CD1]. The fact
that Zw is aspherical is claimed as Theorem 10 in [KR]; the proof given there
is incorrect as it is based on a false lemma ([KR, Lemma 9]). However, there is a
simple and direct argument for this along the lines indicated in the remark following
Lemma 4.3.7 of [CD1].



12 RUTH CHARNEY AND MICHAEL W. DAVIS

According to the remarks preceding the theorem, the statement that Zy is
nonpositively curved is equivalent to the statement that the link of its 0-cell is a
flag complex. Equivalently, we can consider a 0-cell in iw. Thus, the theorem is
an immediate consequence of the following.

Lemma 3.1.3. Suppose W is right-angled and that v is the 0-cell of f)w corre-
sponding to (1,0) € W x Sf. Then Lk(v,Xw) is a flag complex.

Proof. We first show that Lk(v,f)w) is a simplicial complex. For this, we must
show that (W x &%) (1, is isomorphic to the poset of simplices in a simplicial
complex. Given (w,T) € (W x 8)5 1,0y, let (W x 8)((1,9),(w, )] denote the “half-
open interval” between (1,0) and (w,T), i.e., it is

{(W',T)eW x 8| (1,0) < (', T') < (w,T)} .

We must show that (W x 87)(1,¢),(w,7)] is isomorphic to the poset of all nonempty
subsets of T. Since (w,T) > (1,0), w € Wr. Let t1,...,t, be the elements of T
Since W = (Z/2)", any w € W can be put in the form

(%) w=1t5"...t:"

where each ¢; is either 0 or 1. Then (w’,T") < (w,T) if and only if 7/ < T and
the expression for w’ is obtained from () by deleting those ¢; which lie in T'— T".
In other words, given (w,T) and T' with (1,0) < (w,T), and T" < T, there is a
unique element w’ such that (1,0) < (w’,T") < (w,T). Thus, (W x 8)5 (1, is an
abstract simplicial complex as claimed.

The vertices of Lk(v, Xy ) correspond to those elements (w,T) in (W x 8%)5 (1,9
such that T is a singleton. Hence, a vertex corresponds to an element (w, {t}) where
w =torw = 1. Suppose {(wo, {to}),--., (wk, {tx})} corresponds to a set of distinct
vertices which are pairwise joined by edges. Put T = {to,...,tx}. The condition
that (w;, {t;}) is joined by an edge to (wj, {t;}) means that t;t; has order 2 and
hence, that Wr = (Z/2)k¥t1. Thus, T € Sf. Let w = wywsy...wy, € Wr. By
the discussion above, (w,T) is a k-simplex of (W x Sf )>(1,0) Whose vertices are

(wo, {to}), - - -, (wk, {tx}). Thus, Lk(v,Sw) is a flag complex. [
3.2. Cohomology.

Proposition 3.2.1. Suppose W is right-angled. The CW structure on Zy is
“perfect” in the sense of Morse theory. That is to say, in the cellular chain complex,
C«(Zw), all boundary maps are 0.

Proof. As pointed out in [KR, p. 180] the space Zy can be identified with a
subcomplex of the torus (S')° with its standard cubical cell structure: Zy =
{(z,)ses € (SY)®° | if s and ¢t do not commute, then either z;, = 1 or z; = 1}. In
other words, the i-cell corresponding to ', T C S and Card (T') = i, belongs to
Zw if and only if T' € ST. Tt follows that the cellular chain complex for Zy injects
into that of the torus. In the cellular chain complex of a torus, all boundary maps
are 0; hence, the same is true in Zy. O
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Corollary 3.2.2. Suppose W is right-angled. Then Hy(Aw) (= Hi(Zw)) is free
abelian. Its rank is the number of elements T in ST such that Card(T) = k.

Remark 3.2.3. The homology of Zy was calculated by Kim and Roush in [KR,
Cor. 11].

Still supposing W is right-angled, we turn now to the calculation of the ring
structure of H*(Aw). The k-cells of Zy are in one-to-one correspondence with
those subsets T of S such that T € S/ and Card (T') = k. Order the elements of S,
S1,.-.,5n. Let e; denote the 1-cell corresponding to {s;}. Choose an orientation for
e;. T = {si,,...,8i,}, withi; < --- < iy, is an element of S7, then the oriented k-
cell er corresponding to 7' is the Cartesian product: er = e;, x---xe;, . The group
of cellular 1-chains C7(Zw ) is the free abelian group on {ej,...,ey}. Let zq,..., 2,
be the dual basis for C1(Zy ), the 1-cochains. By Proposition 3.2.1 all boundary
maps and coboundary maps are zero; hence we can safely blur the distinctions
between cochains, cocycles and cohomology classes. If T' = {s;,, ..., s;, }, then put

zr = zj U---Uz, .

Then zr(er) = 1 and zp(eq:) = 0 if T! # T. Thus, {er} and {27}, T € S7,
Card (T) = k, are dual bases for Cy(Zw ) and C¥(Zy ). From the above remarks
we can easily deduce the following theorem.

Theorem 3.2.4. Suppose (W, S) is right-angled. Letn = Card(S) and let Aly1,. .., Yn]
be the exterior algebra (over Z) on indeterminates y, . . ., Yn. Let I be the ideal gen-
erated by all products y;y; such that s;s; has infinite order in W. Then the map
Yyi — z; defines an isomorphism of graded rings ¢: A[y1,...,yn|/I — H*(Zw).
Thus,

H*(Aw) 2 Ay, .., gl /1.

REFERENCES

[AB] J. Alonzo and M. Bridson, Semihyperbolic groups, Proc. London Math. Soc. (3) 70 (1995),
56-114.

[B] N. Bourbaki, Groupes et Algebres de Lie, Masson, Paris, 1981.

[Br] E. Brieskorn, Sur les groupes des tresses, Séminaire Bourkai 401 (1971).

[CD1] R. Charney and M. Davis, The K(m,1)-problem for hyperplane complements associated
to infinite reflection groups, J. Amer. Math. Soc. (to appear).

[CD2] R. Charney and M. Davis, Euler characteristic of a nonpositively curved, piecewise Eu-
clidean manifold, Pac. J. Math. (to appear).

[C] I. M. Chiswell, The Euler characteristic of graph products and of Cozxeter groups, edited
by W. J. Harvey and C. Machachlan, London Math. Soc. Lecture Note Series 173 (1992),
36-46.

[D] P. Deligne, Les immeubles des groupes de tresses généralisés, Invent. Math 17 (1972),
273-302.

[FSV] Z. Fiedorowicz, R. Schwénzl and R. Vogt, Iterated moniodal categories, preprint.

[G] M. Gromov, Hyperbolic groups, edited by S. M. Gersten, M.S.R.I. Publ., Essays in Group

Theory, vol. 8, Springer-Verlag, New York, 1987, pp. 75-264.
[HM] S. Hermiller and J. Meier, Algorithms and geometry for graph products of groups, Journal
of Algebra (to appear).



14 RUTH CHARNEY AND MICHAEL W. DAVIS

[KR] K. H. Kim and F. W. Roush, Homology of certain algebras defined by graphs, Journal of
Pure and Applied Algebra 17 (1980), 179-186.

[L] H. van der Lek, The homotopy type of complex hyperplane complements, Ph.D. Thesis,
Univeristy of Nijmegan (1983).

[Mi] R. J. Milgram, Iterated loop spaces, Ann. of Math. 84 (1966), 386-403.

[M] G. Moussong, Hyperbolic Cozeter groups, Ph.D. thesis, The Ohio State University (1988).

[P] L. Paris, Universal cover of Salvetti’s complex and topology of simplicial arrangements of
hyperplanes, Trans. Amer. Math. Soc. 340 (1993), 149-178.

[S1] M. Salvetti, Topology of the complement of real hyperplanes in C™, Invent. Math. 88
(1987), 603-618.

[S2] M. Salvetti, The homotopy type of Artin groups, Math. Res. Lett. 1 (1994), 565-577.

T K. Tatsuoka, A finite K(mw,1) for Artin groups of finite type, preprint.

[V] E. B. Vinberg, Discrete linear groups generated by reflection, Math. USSR Izvestija 5
(1971), no. 5, 1083-1119.



