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Introduction

The theory of automatic groups was introduced by Epstein, Cannon, Holt, Levy,
Paterson, and Thurston in [E], and further developed by Gersten and Short in
[GS1], [GS2], and [GS3]. It concerns the study of infinite groups by means of finite
state automata. Automatic groups are, in essence, groups which permit analysis by
these finite state machines. Such groups have many nice properties. For example,
they are finitely presented, have solvable word problems, and satisfy quadratic
isoperimetric inequalities. A slightly stronger notion, biautomatic, gives still more
nice properties, in particular, solvable conjugacy problem.

In this paper we study Artin groups of finite type. An Artin group is a group
with presentation of the form

A = (s1,...5] prod (s;,s55mi;) = prod (s;,si5mij),1 % J)
where m;; is an integer > 2 or m;; = oo, and where

prod (s,t;m) = ststs....

m terms
(If m;; = oo, then there is no relation between s; and s;). If we add the additional

relations s? = 1,4 =1, ..., n, then the relations prod(s;, s;; m;;) = prod(s;, si;m;;)
can be rewritten in the form (s;s;)™# = 1. Thus we obtain a Coxeter group

W = (81,-..8n|87 = (8i8;)™ = 1)

as a natural quotient of A. We say A is of finite type if the associated Coxeter
group, W, is finite. A well-known example of a finite type Artin group is the braid
group B,, on n strands,

By, = (51,... ,8n—1/8i5i+15i = Si+15iSi4+1,5i8j = $j8i, |1 — j| > 1)

whose associated Coxeter group is the symmetric group 3,, on n letters.

In [E], Thurston showed that the braid groups are biautomatic. Vaguely, an au-
tomatic structure for a group G with respect to a finite generating set S consists of
a set L of normal forms for elements of G as words in S (L is called a “language” for
G) together with finite state automata designed to recognized and compare words
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in L. A biautomatic structure is a pair of automatic structures for a language L
and its inverse, L~!, the language obtained by formally inverting the words in L.
(See Section 1 for precise definitions). Thurston s proof of biautomaticity for the
braid groups was based on a normal form for a braid as a product of “nonrepeat-
ing” braids, that is, braids in which any two strands cross at most once. In fact, an
analogous normal form for all finite type Artin groups, based on “minimal” words,
had previously been described by eligne in [ ] (long before the introduction of au-
tomatic groups), but was apparently unknown to Thurston. Combining Thurston s
ideas with eligne s normal form, the author showed in [C] that all finite type Artin
groups are biautomatic.

In this paper we improve on our previous results by considering a slightly di erent
language L for a finite type Artin group which has several advantages over the one
used in [C]. This language re ects more closely the structure of the group itself in
that it is one-to-one (i.e. normal forms are unique), it is geodesic (i.e. normal forms
are words of minimal length), and it is symmetric (i.e. L = L~!). Such a language
was previously introduced in [E] for the braid groups.

T eore A
L

f particular importance is the fact that the language is geodesic. (It should be
noted, however, that this property is obtained at the expense of using a slightly
larger generating set, namely the set of all “minimal” words. This set is in one-to-
one correspondence with the non-trivial elements of the associated Coxeter group.)
This property allows us to compute the growth series of these Artin groups. ecall
that the growth series of a group G with respect to a generating set S is the power
series

(t) = nt"
n 1
where ,, is the number of elements of G of length n (with respect to S). If G has
a geodesic automatic structure, then (¢) is the power series of a rational function
and that rational function can be computed explicitly from the automatic structure.
In the last section of this paper, we apply these ideas to Artin groups of finite type.
The author would like to thank . Shapiro for helpful conversations, and thank
the Institute for Advanced Study for its hospitality during the writing of this paper.

Definition
We begin with definitions of automatic groups and related concepts. For more
details the reader is referred to [E.
Definition A (deterministic) finite t te uto ton (or FSA) is a quintuple

=(,S, , , ) where is a finite set, called the t te et, S is a finite set,
called the p et, S is a function, called the tr n ition unction,
is a subset of called the ccept t te and is called the t rt t te.

The information contained in ( ,S, ) can be encoded into a directed, labelled

graph  with vertices  and with an arrow labelled s from to ( ,s) for each

,s S. We can, and usually will, specify by =(, , ). We often wish

to emphasize the alphabet S, in which case we call a finite t te uto ton
oersS.



Let S be a finite set and let (S)* denote the free monoid (with identity) on
S. In other words, elements of (S)T are finite sequences, or tring , of elements
of S. The empty string is the identity element. A ngu ge o er S is a subset of

(S)*.

Definition Let = ( , , ) bean FSA over S. efine

L = (S)T  labels a directed path in from  to an accept state

Then L is called the ngu ge recogni ed y . A subset L (S)T is a
regu r ngu ge if there exists an FSA  with L=1 .

ow let G be a group and suppose S generates G as a monoid; that is, the
natural map (S)™ @G is a surjection. We will say a subset L (S)T is a
regu r ngu ge or G if Lisregularand L G is surjective.

The definition of automatic group in [E] involves the existence of a regular lan-
guage L for G, together with FSA s which recognize when two words in L represent
elements in G’ which are equal or di er by a single generator. However, in Theorem
2.3. of [E], a more geometric characterization of automatic is given, which better
suits our purpose. We will take this characterization as definition. For this, we
need the Cayley graph of G.

Let S be a finite generating set for a group G. TheC yeygr p , = (G,9),
for G with respect to S is a directed, labelled graph. It has vertex set G and an
edge labelled s from to s foreachs S, G. (If s and s~ ! are both in S, we

identify the edge s with the reverse of the edge s). We define a metric
on ,called the ord etric, by identifying each edge with the unit interval, and
declaring the distance between two points to be the length of the shortest

path between them. Any path from to of minimal length and parameterized
by arc length is called a geode ic segment from to

Let (S) denote the free group on S and (S) @G the natural projection.
For any (S) there is a unique edge path in  from the identity vertex to

() whose edges are labelled by . Let = (, ( )) where is the word metric
on . enote by [, ] this edge path, parameterized by arc length. It is
often convenient to extend over a larger interval, [y ] , for some >
We do this by setting (¢t) = ( ) forall¢ > . (In particular, when comparing two
such paths in , we may assume without loss of generality that they are defined on
the same interval).

Definition Suppose ( , ) is a metric space, , [, ] are two paths in
and is a positive real number. We say that and are e o tr e er if

( (), (1)) for all ¢ with t
Definition A group Gis uto ticif there is a set S of monoid generators for G,
a regular language L (S)T for G, and a constant > satisfying the following
property. If 1, o L are such that the paths ; and 5 end distance at most
one apart in (G, S), then 1, o are -fellow travellers.

If, in addition, the same fellow traveller property holds for the language L~!
obtained by formally inverting the elements of L, then G is said tobe i uto tic.
A particularly strong, and convenient form of biautomaticity is the case in which
the language L is y etric, namely L = L. In this case we say G is u y



uto tic. If for every L, the path  is a geodesic segment in , then L is a
geode ic ngu ge and G is said to be geode ic y wuto tic. If L consists
of  of the geodesics in , then G is trongy geode ic y uto tic. ( ote
that in this case, L is necessarily symmetric). For example, the “word hyperbolic”
groups of Gromov [Gr] are strongly geodesically automatic.

Nor For or A
We first recall some facts and definitions from [C]. ( ost of these ideas are due
to Garside [Ga] and eligne [ ], but the terminology and notation used here is that
of [C]).
Let A be an Artin group of finite type with presentation

A=(S|)
= (S1,...,5n| prod (si, sj;mi;) = prod(sj, si;;mij), % # J)

and let
W= <51, e ;sn‘(SiSj)mij = 312 = 1>

be the associated Coxeter group. Set

(S) = free group on S
(S)T = free monoid on S

AT = (S)* equivalence relation generated by

From eligne [ ], we know that AT injects into A. In particular, left and right
cancellation laws hold in AT. ote also that the equivalence relation generated by

preserves lengths of words in  (S)™, hence elements of AT have a well-defined
word length.

Since s; = s; in W, the natural map (S)* W is surjective and clearly
factors through AT. A non-empty word (S)T is called ini if it is a
minimal length representative for its image in W; or equivalently, if it represents a
geodesic in the Cayley graph of (W,S). An element of A" is ini if it is
an equivalence class of minimal words in  (S)™.

efine a partial ordering on A™ by

1

if = for some AT,
Then for any AT, the set

Aﬂ is minimal and

has a unique maximal element [C, Lemma 2.2] which we denote by in .
We can decompose any AT as a product of minimals as follows. Set ; =
maxmin( ). Then by definition 18 = 1 o for some ; AT. Let

9 = maxmin( 1). Then ;= 5 ; forsome 5 At so = 5 5 ;. Continue

this process. Since the word length of ;,; is strictly less than that of ;, this
process must end and we obtain a decomposition

= cee 2 1.



Let  be the set of minimal elements of AT. Clearly  generates AT as a monoid

(in fact, S ). The decomposition of AT into minimals described above

gives a preferred expression for as a word in  ( )T. We call this the nor

or for (in [C] it is called the canonical minimal decomposition, or cmd for ).
The following is a restatement of Corollary 2. of [C].

Propo ition cee 1 ( )f At
e 1 i = maxmin( ;41 ;)
’L:1,’l—1 eee 1 +1 3
1
The natural surjection AT W gives a bijective correspondence between min-
imals in AT and nonidentity elements of W. Let AT be the minimal corre-
sponding to the unique longest element of W. y Lemma 2.3 of [C], we have the
following properties of
(i) AT is minimal if and only if
i) 2 = 2forall AT,
(iii) The involution = —! on A preserves AT and takes minimals to
minimals.
(iv) Given a minimal # , a minimal such that = = =
In particular, ( ) = . ( y convention, we also set  =1).

It follows from these properties that any element in A can be written in the form
= ~™ where AT. Then writing in normal form, we have

—m

If we require that | # (i-e., do the obvious cancellations), then this decom-
position is uniquely determined. In [C] we proved that the language consisting of
these decompositions gives a biautomatic structure for A. However, this language
is neither symmetric, nor geodesic. To construct a language with these properties
we will need several technical lemmas.

e , AT ()
Proo Assume .y definition, this means that = for some AT,
Hence = = , SO .

Conversely, suppose = is minimal. Then = = =
Cancelling  gives = , SO
Definition Let AT. We say is ort ogon to , denoted , if the
only element AT satisfying and is the identity element of A™T.

e , AT = maxmin( ), = maxmin( )



Proo (i). (ii). Clearly (i) implies (ii). For the converse, suppose =

and = ;. Let = maxmin( ). Then , S0 = maxmin( ) , and
similarly I ,then =1 and hence =1.
(iii)  (ii). Assume = maxmin( ). Suppose and . Then
and by Lemma 2.2, the latter is minimal. Thus = maxmin( ) , and
we conclude that = 1.
(ii)  (iii). Suppose maxmin( )= # . Then = for some nontrivial
. Since is minimal, by Lemma 2.2. n the other hand = =
for some AT. Cancelling  we see that , 80  is not orthogonal to

(i)  (iv). The relation is symmetric, so this follows immediately from the
equivalence of (ii) and (iii).

Re r Setting = in the above lemma, we have = . So the lemma
states that the following are equivalent (i) , (ii) is in normal form, (iii)
is in normal form. We also note that the involution preserves the
ordering , and hence preserves normal forms. Thus the conditions above are also
equivalent to (iv)  is in normal form, and (v) is in normal form.
ow let be an element of AT with normal form ... ; ()t and consider
-t A. We claim that —!  lies in the image of AT in A. In fact,
ottt odd

-1 -1 -1 1 2

— 1 o .. - _1 _1 _1
1 2 e even

1 9--- odd

1 9. even.

ecall that if ;= ,then , = , =1, so some of the terms in this product may
be trivial. In the normal form for , all s must appear at the end, so all trivial
;, appear at the beginning of this product. Say ;= fori=1,...,m—1, and

i# fori=m,..., . Let( 1,... ) denote the wordin ( )T given by
i 1 odd

( oo 1) = - where ; = ,
i i even

e e 1 AT ( ... 1)

Proo y Proposition 2.1, we need only show that if ;,; ; is in normal form,
then , ;41 is in normal form. This follows immediately from emark 2. .
T eore A , AT

— —1

Proo We have already observed that any can be written in the form =
where AT. Let  be any maximal element of the set

AT and "

(This set is finite since the length of as a word in  (S)™ is bounded by that of
). Write = and ™= . Then and = "= ! This proves
existence.



For uniqueness, first consider the special case of AT. If = ~! then =

SO . This contradicts unless = 1and = . Similarly the theorem
holds for strictly negative . For the general case A, suppose = “l= "1
with , ,and , , , mnontrivial. Write , , , in normal form

= n--- 1 = m--- 1

= n ot 1 = m -+ 1-

ote that the orthogonality condition implies that there are no  factors in these
products. Say m >m . Then ™ A" and we have

= = n--- 1(m 1)

y Lemmas 2.3 and 2. , the right hand sides of both of these equations are in
normal form. y uniqueness of normal forms, they must agree as wordsin  ( )™.
The last term of ( ,,... 1) is ,, which cannot be  (since this would imply

m = 1) so we must have m = m . It then follows that n = n, , = ,, and

T — g

The following is an immediate corollary of the theorem. (It also follows directly
from Proposition 1.1 of [ ]). In fact, this corollary is equivalent to the theorem.

Coro ry , AT |

e ., AT
(1) =1
(2) 1 =1, =1 11
Proo (1) Clearly it su ces to consider the case = . Suppose = ; and
= ; forsome #1.Let ... 1, ;... 1,and ... 1 be the normal forms
for , ,and respectively. Then 1 and 1 1. It follows that 1 1, SO

by Lemma 2.3, ; ; is in normal form. n the other hand, we have

jee'e 11 1= = = 1 = 1 me++ 1
Cancelling ; gives
e+ 11 = 1 m-=--- 2
The lefthand side of this equation is in normal form so, in particular 2, which
implies that o ; is minimal (Lemma 2.2). This contradicts the assumption that
m --- 2 118 in normal form, unless m =1 and = ;
(2) y Corollary 2. , | , has a unique maximal element . 'y
part (1) above, 1.
We are now ready to define normal forms in () for all elements of A. For
A, write = ~! with |, AT and . Let ... rand ;...
be the normal forms for and respectively. Then the nor or for s

vt 7 ()



A few basic observations about these normal forms are worth noting. First,
normal forms are uniquely determined. This follows from Theorem 2. and the
uniqueness of normal forms for A™. Second, normal forms are closed under inverses.

That is, if ... ; ;'... j_listhenormalformfor A, then ;... 7' 71
is the normal form for ~!. Third, a word ; o ... () is a normal form
if and only if ifH is a normal form for 2 = 1,..., — 1. This follows from
Proposition 2.1 and Lemma 2.3.

Let L () be the set of words in normal form viewed as a language for

A. 'y the remarks above, L is symmetric (i.e., L = L~1) and one-to-one (i.e., the
natural map L A is bijective). In the next section we show that L is a geodesic
language (i.e., normal forms are geodesic in the Cayley graph (A, )) and gives
rise to an automatic structure on A.

Re r According to the definitions in Section 1, L should be regarded as a
subset of the monoid ( ~1)*. However, since all normal forms are, in fact,
reduced words, the natural map ( —h+ () is injective on L, so there
is no harm in viewing L as a subset of ( ).

T e uto tic tructure

To prove Theorem .1, it remains to show that L is geodesic, regular, and satisfies
a fellow traveller property.

To prove that L is a regular language, we construct an FSA, = ( , , ), which
recognizes L. As alphabet for  we take ~!. The graph has vertex set
-1 ,  where is the start state and is a “failure state” (no edges
emanate from  to any other state). To avoid confusion, we denote the vertex
corresponding to a minimal by ( ). All states other than are accept states.
The edges of are as follows

1) For every ~1 there is an edge from to ( ) labelled

2) For {, o ~! with ;| , in normal form, there is an edge from
({)to ( ,)labelled .

3) For |, , ! with ; , not in normal form, there is an edge

from ( ;) to labelled .

It follows immediately from the remarks at the end of the last section, that
recognizes L.

The fellow traveller property for L is an easy consequence of Propositions 3.1
and 3.2 of [C] which we summarize in the lemma below.

e AT el 1

(i) We can decompose ; as a product ; = ; ; such that the normal form for
is j... 1withj= or land ;= ; ;—1 (where J3=1and = ).



M i H o M1 o

Ok Ok
n, B!
(ii) Let ;... 1 be the normal form for . Then j = or 1 and there exist
i 1 such that G- i 4= e 4
Y Mk M2 M1

T eore A, = 1
4, )
Proo Clearly it su ces to prove the theorem for = —1. (for = 1, consider
= and ~! = ). For convenience, denote by n( ) the normal form for

viewed either as a word in ( )orasapathin (A, ). Write = ~!with

. Thenn( )=n( )n( ) L. Let = ,s0 ~1= ~L It follows from Lemma
3.1(ii) that n( )~! and n( )~! are 2-fellow travellers, and hence likewise n( ) and
n( )n( )~'. y Lemma 2. , there exists 1 suchthat = 1, = 1,
and 1, and hence n( ') = n( 1)n( 1)~'. It follows from Lemma 3.1(i)

that n( )n( )~! and n( {)n( 1)~! are 2-fellow travellers as indicated in the figure
below.

n(a) —= =—n(dy

n(@ —= <— n(d)

We conclude that n( ) =n( )n( )" and n( ') =n( 1)n( 1) are -fellow
travellers.

To complete the proof of Theorem .1, it remains only to show that L is a
geodesic language for A (with respect to the generating set .

9



For A, let n( ) denote the length of the normal form of . That is, if has

normal form ... ; ['... j_l, then n( ) = j. To prove that L is a geodesic
language, we must show that if can be written as a product of m elements of
! then n( ) m. We first consider the special case of AT,
e AT = 1... , g
n( )
Proo We proceed by induction on . If =1, then = ; is minimal hence it
is already in normal form.

Suppose > 1. Let = ;... _; AT. 'y induction, n( ) — 1, and by
Lemma 3.1(i), the normal form for = has length at most one greater than
that of . Thatis,n( ) =n( ) 1

e At

I

max n( ),n() n( ) n() n()

Proo Theright hand inequality follows from Lemma 3.3. The left hand inequality
follows from Lemma 3.1 right or left multiplication by a minimal can never decrease
the length of the normal form.

For the general case, A, we need the following easy lemma.
e , A b= ()
Proo ! = "' =  hence ! = 1= ()7L
T eore A = ] g ees
() n( ) L
Proo y Lemma 3. , we can move all of the positive minimals to the left and

all of the negative minimals to the right without increasing the total number of
minimals in the expression for . (The total could decrease since if some ; =

then , =1 so we omit it from the expression). This gives us a new expression for
_ —1 -1
= 4.+ 11
Wlthj . Let = jeee 1, = eee 1.
y Corollary 2. | there is a unique maximal element  of | and .
Say = ;1 and = ; . Then ; 1, S0 the normal form for is a product of

the normal forms for ; and 1_1. y Lemmas 3.3 and 3. , we have

n()=n(1) n(1) =) =n() J

This completes the proof of Theorem .1

Gro t Serie
Let G be a group with a fixed finite generating set S. Then the gro t erie
of G (with respect to S) is the power series

(t) = nt"



where ,, is the number of elements of G of length n (with respect to S).

Suppose G has an automatic structure over S whose language L is one-to-one
and geodesic. Then the growth series for G is a rational function and it can be
explicitly computed from any (deterministic) FSA = ( , , ) which recognizes
L. To see this, note that for such a language, ,, is equal to the number of directed
paths in  of length n which begin at  and end at an accept state . We
can compute these numbers as follows. Let = , 1,---, m be the non-failure
states of . Set ;; = number of directed edges in from ; to ;, and let be the
(m 1) (m 1)-matrix = ( 4;), indexed from to m. Let ;;(n) denote the
ijth entry of ™. Then it is easy to check that ;;(n) = number of directed paths
of length n from ; to ;. It follows that

n

n— €
where is the column vector
1 if
B L if
m
and e is the row vector (1, ,..., ). Thus we have
(t) = nt"
n
— (e n )tn
n
—e( ")
n
=e( —t )7!
sing the adjoint formula for the inverse matrix, we can now compute (t) ex-
plicitly as a rational function.
Re r It is often the case that there are no edges that end at the start

state. This means that the entire first column of is zero, so is of the form

; = number of edges from  to ;.

In this case, for n > , e ™ has first entry zero and remaining entries " where
=(1y---, m)- Let ™ be the column vector obtained by omitting the first



entry of . Then

t)= X e ™"

=1 t X n
=1 t (-t )!
=1 (t_l . )—1

This formulation is more convenient for our examples.

ow let us return to the case of an Artin group A of finite type. In practice, to
compute (t), one would like an e cient FSA, that is, one with the least possible
number of states. The FSA described in Section 3 to recognize the language L of
normal forms, while easy to describe, is not e cient. In this section we describe an
e cient FSA recognizing L and compute some sample growth functions.

ecall that S = sq1,...,s, denotes the set of generators for A in the standard
presentation
A= (s1,...,5p] prod(s;, s;;m;;) = prod(s;,s;; m;j)).
For , set

= s for some At

S
()= s S = sforsome At .

We call ( ) and ( ) the start and end sets of . The determination of ( ) and

( ) is really a problem in the Coxeter group W associated to A. ecall that the
natural surjection A W gives a one-to-one correspondence between and the
non-identity elements of W. We denote an element of  and its image in W by
the same notation.

We recall some facts about Coxeter complexes. The reader is referred to | ]
for details. The Coxeter group W acts on ™ as a group of isometries generated
by re ections. The hyperplanes fixed by the re ections in W give a simplicial
decomposition of the sphere S™! ™ which is preserved by the action of W.
This simplicial complex, (W), is called the Co eter co pe of W. The top
dimensional simplices of (W) are called ¢ er and the re ection hyperplanes
are called . If we fix a chamber (W), there is a natural identification
of S with the walls of (that is, the walls containing a codimension one face of

). nder this identification, we have

( )= wallsof  separating and

( )= wallsof  separating and



e , () () 5

Proo y the discussion above we can identify

()= walls of separating and

( )= wallsof separating and( )7!

ow and are antipodal chambers, that is, they lie on opposite sides of
every wall of (W) (See [ ]). Translating by ( )~!, we see that ( )~! and
( )t = are also antipodal chambers. The lemma, follows.

e bl

() )
() ()=

Proo Part (ii) is obvious. For part (i), note that by emark 2. ;  is in normal
form if and only if .y part (ii) and Lemma .2 this holds if and only if
() () = (). (Here ( ) denotes the complement of ( ) in S).

It follows from Lemma .3 that it is precisely the subsets ( ) (resp. ( )) of S
that determine which minimals may follow (resp. ~!) in canonical form. Thus,
these subsets must constitute the states of an e cient FSA. efine (A)=(, , )
as follows. As vertices (or states) of take a start state , a failure state and two
states T and ~ for each nonempty subset S. (It is convenient to view as
the empty subset of S). All states except are accept states. For edges of we
take

1) a directed edge labeled from ;" to . whenever () (including
1= = ) and 2 = ( ),

2) a directed edge labeled ~! from | to , whenever ( ) 1and o =
()

3) a directed edge labeled ~!from ;" to , whenever ; ( ) (including
1= = ) and 2 = ( ),

) a directed edge labeled  from to  whenever no other edge with that

label emanates from

ote that in general this FSA is considerably smaller than the one constructed
in Section 3 in which the states were -1 , . In particular, for the braid
group B, on n strands, our e cient FSA has 2" states whereas the FSA in Section
3 had 2(n ) states.

E Pe Consider the braid group
B = (s,t|sts = tst).

There are five minimal elements in B which are listed below along with their start
and end sets
() ()

S

t
st s
ts t

W S+ W,

s, t s,



The associated FSA, (B ), is displayed below. To avoid cluttering the diagram,
we have omitted the start and failure states, and , and labelled the remaining

states as follows.

1= St = st~
2:3+ = s
=t t =t~




The matrix and vector used in emark .1 to compute the growth function

may be read directly o the diagram above (or directly o the chart of start and

end sets).
=[1 2 2 1 2 2]
1
1 1 1 1 1
1 11 1 1
o 1 2 2
1 1
1 1
The states 1,..., are all accept states so  has all entries 1. A direct compu-

tation now gives

B (-1 (-1 2t)2
=1 1t 3¢ t 21t t 11t 2 ot
2t 1222t 2 1t
E pe The growth function for any two generator Artin group

Ay = (s,t| prod(s,t;m) = prod(t, s;m))

can be similarly determined. The FSA for A,, has the same states as that of
B (= A ). The minimal elements of A, are precisely the elements of the form
prod(s,t; ) or prod(t,s; ) for m. The start and end sets of these elements are

summarized in the chart below.



(s,t; ) s s
m, odd
(s,t; ) s t
m, even
t,s; ) t t
m, odd
(t,s; ) t s
m, even

(s,t;m) s,t st

= (tsm))
Let = 2 and = 2! (where | ] denotes greatest integer less than or
equal to) and set = =m — 1. Then
= number of odd integers with 1 m,
= number of even integers with 1 m.

rdering the states as in the previous example, we get

=[1 1 ]
1
1

1

- 1

This gives a growth function

2(-1-2 2t %)




E pe The braid group
B ={(,s,t| s =s s,sts=tst, t=1)

contains 23 minimal elements (one for each nonidentity element of ¥ ). We can
determine start and end sets for each of these. ur work here is cut nearly in half
by Lemma .1 which tells us that ( )= () and ( )= ( ) = ().
Since either or  has length (in terms of the generators ,s,t) at most half that
of and the length of is , it su ces to compute ( ) and ( ) for minimal
elements of length at most 3. We list below 13 minimals ; the “duals”, , of the
first 1 constitute the remaining minimals. The bar involution (= conjugation by

)isgiven by =t t= ,s=s.

() () () ()
, 8 s, t
s s , T , T
t t t s,t , S
S S ,t s, t
s s , S , T
t , T , T s s
st t s,t , T
ts t S ,t ,
st t s, t s, t
ts t , 8 , S
(ts) = ts ot s
(st ) =st ,t
,8,t , 8,1t

rder the states as follows

1= 787t+ = ,S,t_
_ + _ -
2 — y S - y S

= 3,t+ 1 = s,t
= ,t 7 1=t
-+ - -

= 12 =

=t *t 1 =t
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