THE TITS CONJECTURE FOR
LOCALLY REDUCIBLE ARTIN GROUPS

RuTH CHARNEY™)

ABSTRACT. Given an Artin system (A, S), a conjecture of Tits states that the sub-
group A(?) of A generated by the squares of the generators in S is subject only
to the obvious commutator relations between generators. In particular, A(2) is a
right-angled Artin group. We prove this conjecture for a class of infinite type Artin
groups, called locally reducible Artin groups, for which the associated Deligne com-
plex has a CAT(0) geometry. We also prove that for any special subgroup Az of A,
AP N Ar = (Ar)@.

INTRODUCTION

It is a basic principle of geometric group theory that when a group acts on a
topological space, the geometry of the space is reflected in the algebraic structure
of the group. Recently, this idea has been used with great success in the case of
groups acting on metric spaces with nice curvature properties. Some examples of
this involve the rich and interesting groups known as Artin groups. In this paper,
we use curvature properties to prove a conjecture of Tits for Artin groups with
particularly nice local structure.

Artin groups are closely related to Coxeter groups. Let S be a finite set and let
m:S xS —{1,23,...,00} be a symmetric function such that m(s,s) = 1 and
m(s,t) > 2 for all s #¢. Then m is called a Cozeter matriz and the group

W= (S | (st)™*t) = 1)

is a Coxeter group. (We omit relations with m(s,t) = oo). The pair (W, S) is called
a Cozeter system. We can also encode this information into a labeled graph. The
Cozeter graph for (W, S) has vertex set S and an edge labelled m(s,t) connecting
vertices s and t whenever m(s,t) > 3. Associated to a Coxeter matrix (or Coxeter
graph) is an Artin system (A, S) where A is the group given by the presentation

A= (S| prod(s,t;m) = prod(t,s;m) )
where prod(s,t;m) = stst...
——

m(s,t)—t

. 0 , 0
Artin groups, CAT(0) spaces.
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(Again, we omit relations with m(s,t) = 0o). There is a natural surjection A — W
obtained by adding the relations s = 1 to the presentation for A. The Artin group
A is said to be of nite type (resp. in nite type) if the Coxeter group W is finite
(resp. infinite). The rank of A (or W) is the cardinality of S. The subgroups A
generated by subsets of S are called a spe ia su groups of A. The pair (A , )
is, itself, an Artin system for any S (see and L ).

Artin groups arise in a wide range of mathematical settings. The most well
known Artin groups are the classical braid groups whose associated Coxeter
groups are the symmetric groups . Another well known class of Artin groups are
the right ang e Artin groups (also known as graph groups) for which all m(s, t)
{2,00}. These groups play a central role in the stunning work of estvina and

rady on finiteness properties of groups.

inite type Artin groups have been studied extensively beginning in the late

s and early s with Tits T, arside a, rieskorn Saito S, and eligne

. Their results, including a normal form for elements of A and a contractible
simplicial complex (known as the eligne complex) on which the group acts, have
served as the basis for much of our understanding of these groups. The normal
form is used, for example, in C1 and C2 to give explicit automatic structures
and growth functions for A. It is also used in a recent paper of estvina e
to construct another simplicial complex which satisfies a weak curvature property,
leading to a variety of new results about the algebraic structure of finite type Artin
groups.

Infinite type Artin groups are not as well understood. Some infinite type Artin
groups, such as the triangle free groups (those for which any three generators
{s ,s,s} S include a pair with m(s ,s ) = oco) and the extra large groups
(those with all m(s,t) > ) lend themselves to the techni ues of small cancellation
theory. This approach was used by Appel Schupp AS, ride ,and eifer e.

ther infinite type Artin groups act on spaces of nonpositive curvature and lend
themselves to geometric arguments. In , for example, rady and cCammond
construct non positively curved 2 complexes with fundamental group A for a variety
of infinite type Artin groups.

In C 1,theauthor and . avis construct an analogue of the eligne complex
for infinite type Artin groups. They prove that, under certain conditions (namely,
if (A4,95) is 2 dimensional or of C type ), this complex is CAT( ), i.e., it is
simply connected and nonpositively curved. The Artin group A acts cocompactly,
but not properly, on this complex the isotropy groups of the action are finite
type special subgroups of A. sing the CAT( ) geometry, it is possible to reduce
properties of the infinite type group A to properties of these finite type subgroups.
This techni ue is used in C3 to show that the monoid of positive words A injects
into A (under the same conditions as above) and in AC , it is used to construct
normal forms for Artin groups of C type.

In this paper, we use a similar techni ue to address a problem which has come
to be known as the Tits Conjecture (see T ). Suppose (A, S) is an Artin system
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with Coxeter matrix m. efine a new Coxeter matrix m by
1 ifs=t
m(s,t)= 2 ifm(s,t) =2

oo otherwise.

Then the associated Artin system (A, S) is a right angled Artin system and there
is a homomorphism A — A defined by s = s , s S. The Tits Conjecture states
that this homomorphism is injective, or e uivalently, that the subgroup A() of A
generated by {s | s S} is isomorphic to A.

The conjecture has been verified in a number of special cases but, surprisingly, it
is not even known to hold for all finite type Artin groups. It was verified for Artin
groups of extra large type by Appel and Schupp in AS and for triangle free groups
by ridein . The case of the classical braid groups was done by roms, Lewin
and Servatius for in LS1 and LS2, and for arbitrary by Collins in

Co . This was generali ed by umphries in to include many other Artin groups
of small type (all m(s,t) 3).

In this paper we introduce the notion of locally reducible Artin groups, namely
Artin groups for which all of the finite type special subgroups are direct products of
rank 1 and rank 2 subgroups. This includes the right angled groups, the triangle
free groups, the Artin groups of large type (all m(s,t) > 3), and many others.

rom results of C 1, it follows that the eligne complex for a locally reducible
Artin group A is CAT( ). sing the local to global properties of CAT( ) spaces,
we prove the Tits Conjecture for these groups. or any special subgroup A of A,
we also prove that A() A4 = (4 ().

IECE I E UC IDEAN CoO E E

In this section we give a brief review of CAT( ) spaces. or more details, see

A pie e ise u 1 ean omp exis a cell complex made up of convex polyhedral
uclidean cells glued together by isometries along faces. We do not re uire that the
cell complex be locally finite, but we do assume that  has nite shapes, that is,
that there are only finitely many isometry types of cellsin . A pie e ise geo esi
in isapath : |, — for which , can be divided into subintervals
=t t t = such that the restriction of to % ,% is an isometric
embedding into some cell of . Let ( ) denote the length of . We define the
intrinst metri on  as follows.

d( , )=inf{ ( )| is a piecewise geodesic from to }

nder the finite shapes assumption, the intrinsic metric is a complete, geodesic
metric; that is, there is a length minimi ing path between any two points in the
same path component of  (See 1 ). Such a path is called a geo esi .

etween the completion and the publication of this paper, . Crisp and . aris announced
a proof of the Tits Conjecture for all Artin groups. Their methods are independent of this paper.
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A pie e ise spheri a omp ex and its intrinsic metric are defined similarly, using
convex polyhedral cells in a sphere instead of uclidean cells. If is a point in
a piecewise uclidean complex | then the set of unit tangent vectors to  at
is naturally a piecewise spherical complex called the in of in , or (, ).
These links determine the local structure of : A neighborhood of in is
isometric to the uclidean cone on (, ). A piecewise geodesic in s
called a o0 a geo esi if for each point on , the incoming and outgoing unit
tangent vectors to at are at distance at least in (, ). It is easy to see
that a local geodesic is locally a length minimi ing path (hence the terminology).

Let be a piecewise uclidean (resp. piecewise spherical) complex and set

=  (resp. ). Let be a geodesic triangle in . A omparison triang e for

is a triangle in  with the same side lengths as . Wesay isa CA
(resp. CA ) if for any geodesic triangle in  and any two points , on
the distance from to in  is less than or e ual to the distance in ~ between
the corresponding points , on the comparison triangle . (In the piecewise
spherical case, we only re uire that this hold for triangles of perimeter at most
2 , since no comparison triangle exists for  of perimeter greater than 2 .) We say

is oa yCA (resp. 0 a y CA ) if every point in  has a neighborhood
which is CAT( ) (resp. CAT(1)). We will need the following fundamental facts
about CAT( ) spaces. These facts were first noted by romov (). roofs can be
found in

T et ea onnete piee ise u 1 ean omp exr

(1) is oa y CA i an onyi in(, )isCA or e ery ertex
mn
(2) is CA i an ony i is oa y CA an simpy onne te

T et ea onnete CA pie e ise u i ean ompexr hen

(1) any t o points in  are onne te Yy a uni ue geo esi an
(2) any o a geo esi in  is a geo esi

We will also need a number of facts about joins of piecewise spherical complexes.

These arise naturally as links in the product of two piecewise uclidean complexes.

or , spherical simplices of dimensions , , we define the orthogona oin,

, as follows. mbed and orthogonally in |, = 1 (so

that every point in has distance 2 from every point in ). Then is

the simplex in spanned by and . It is also convenient to

define = =

Suppose and are piecewise spherical complexes. The orthogona oin,

, is the piecewise spherical complex whose simplices are the orthogonal joins

of (possibly empty) simplices and . (Thus, combinatorially,

is the usual simplicial join of the two complexes.) If ~ and  are piecewise

uclidean complexes, then the link of a point ( , )in X  is easily seen to be

the orthogonal join of ( , )and ( , ). rthogonal joins are discussed
in the appendix of C 2 where the following theorem is proved.
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T he orthogona oin o t o pie e ise spheri a omp exes
is CA i an onvyi an are CA
D Let : —  be a map of piecewise spherical complexes. We say

is  istan e preser ingifd ( , )> impliesd ( (), ())>

emar If is not connected, it is useful to set d ( , ) = oo for points , in
di erent path components. In particular, if isa dimensional cell complex, then
— is distance preserving if and only if it is injective.

The significance of this condition is explained by the following lemma.

L uppose : — isamapo pie e ise u i ean ompexes hi h

ta es pie e 1ise geo esi s to pie e ise geo esi s  hen the o o ing are e ui a ent

(1) hein u e maps (, )— ( (), ) are istan e preser ing
or a

(2) is o a yanisometri em e ing
m a ition 1s CA then these on itions are a so e ui a ent to

(3) isgo a yanisometri em e ing

roo The first condition is e uivalent, by definition, to the statement that maps
local geodesics in  to local geodesics in . Since local geodesics are actually
geodesic (length minimi ing) in a neighborhood of any point, this is e uivalent to
condition (2). If ~ is CAT( ), then by Theorem 1.2, local geodesics are also global
geodesics, hence (2) is e uivalent to (3).

L : — an : — are istan e preser ing then so
18 : —

roo Lemmas A2 and A of the appendix of C 2 give precise conditions for
when two points in an orthogonal join have distance . The statement above
follows immediately from these conditions.

L et  eapie e ise spheri a simpi ita ompex itha e ge engths
> 2 1Sa u Su Omp ex o then the in usion map — 1S istan e
preser ing
roo Let ., be two points in and let be a geodesic in  from to . If

lies entirely in |, then the distance from to in is the same as the distance
in . If does not lie entirely in , then it contains a segment whose interior
lies in the open star of a vertx and whose endpoints lie on the boundary
of star( ). It follows from Lemma . of (see also Lemma . of C 1) that

, and hence , has length >

HE E I NE Co E

In this section we describe the eligne complex for an Artin group A and a
natural piecewise uclidean structure on
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Let (A,S) be an Artin system associated to the Coxeter system (W,S). We
introduce the following notation.

={ | S, A is finite type}

A ={A ] A4 }

These sets are partially ordered by inclusion. The eligne complex, , is the flag
complex associated to A . That is, the vertices of are the elements of A
and the simplices of are the totally ordered subsets of A

A acts by left multiplication on A  and hence also on . A fundamental
domain for this action is the subspace spanned by the vetices {A | }.

enote this fundamental domain by . This gives an alternate description of

amely, let denote the subcomplex of  spanned by the vertices A with
A A . Then

=Ax

where ( , ) ( , )if =,  lies in the relative interior of , and
A = A . ( y the relative interior of we mean the open star of the

vertex A in , or e uivalently, the points in which do not lie in for

any ) embeds in as the image of 1 x . y analogy with standard

terminology for Coxeter complexes, we call the translates of ham ers of and
itself the wn amenta ham er of

In C 1, a natural piecewise uclidean structure on is defined, based on

a similar structure for Coxeter complexes introduced by oussong in . This

geometry is preserved by the action of A, thus it su ces to describe the piecewise

uclidean structure on . To define this structure, it is convenient to view  as

a cubical, instead of simplicial, complex. or , the vertices A A span

a combinatorial cube in  of dimension | | which we denote by (). isthe
union of these cubes. We assign a uclidean metric to () as follows.

There is a standard reali ation of W as a group of orthogonal transformations of
with the generators acting as reflections in the codimension 1 faces (or walls )

of a simplicial cone (see eg., rn). Thereis a uni ue point  in the interior of
whose distance from every wall of is 1. The Cozeter e is the convex
hull in of the W orbit of . or , let * denote the convex hull of

the W orbit of . These subsets, together with their W translates, { *}, are
the faces of . Let denote the face of fixed by W . Then and * are
orthogonal and intersect at a single point

The intersection of ~ with  is combinatorially a cube with vertices { }

The wuclidean structure on ( ) is defined by identifying it with SO
that the vertex A of () is identified to the vertex  of . ( igure
1.) If , then * is isometric to the Coxeter cell | so the face of ()
spanned by A and A is isometric to (). Thus, the metrics on the cubes fit
together to give a piecewise uclidean structure on  and hence on . We call
the induced metric the oussong metri and denote it by d

If , then * is isometric to the Coxeter cell |, so the face of ()

spanned by A and A is isometric to (). Thus, the metrics on the cubes fit
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I URE

together to give a piecewise uclidean structure on  and hence on . We call
the induced metric the oussong metri and denote it by d

If A is finite type, then A  has a uni ue maximal element, namely A (= A).
Thus = (S) and is a cone with cone point the vertex A . Let  denote
the link of the cone point. Then is a simplicial complex of dimension 1 (where

= |S|) with one top dimensional simplex for each element of A. The piecewise
spherical structure on is given by identifying each top dimensional simplex with
the link of the origin in the cone (or in other words, with a fundamental chamber
of the standard Coxeter complex for (W,S)).

Returning to the case of an infinite type A, we now describe the link of a point

in . or , we denote by ( , ) the face of ( ) spanned by A
and A . ote that ( , ) lies in the subcomplex of
L ies in the interior o (, Yan =] | | | then
( ) ) = ( ) )
= (A ) )

roo The first e uality is proved in Lemma 2.2 of C3 . or the second, note that
since lies in the interior of (, ),thelinkof in (, )isa( 1) sphere.

ence,

(v ): (7 (7)) ( (7)7 )
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where the last e uality follows from the fact that ( , ) intersects orthog
onally at A .

OCA Y REDUCI E RTIN Y TE

D An Artin system (A, S) is tota y re u i e if its Coxeter diagram is a
disjoint union of vertices and single edges.  uivalently, (A, S) is totally reducible
if it is a direct product of Artin systems (A ,S ) x x (A,S ) of rank 2.
An Artin system (A,S)is oa yre u i eif (A , ) is totally reducible for every

E (1) If (A, S) is a right angled Artin system, then implies A
is free abelian, so A is locally reducible.
(2) An Artin system is  imensiona if, for all , (A, )isrank 2 (or

e uivalently, if it s eligne complex is 2 dimensional). Clearly, every 2 dimensional
Artin system is locally reducible. This class includes the triangle free Artin
groups mentioned in the introduction as well as the Artin groups of large type
(i.e., those with all m(s,t) > 3). The latter follows from the well known fact that
a Coxeter group on three generators r, s, ¢ is finite if and only if

1 1 1

m(r,s) m(s,t) m(rt) L

(3) Let (A,S) be an Artin system with Coxeter graph an gon, > , and
suppose that for any three consecutive vertices r, s,t in this gon

1 1 1
m(r,s)  m(s,t) 2

(where — is defined to be .) Then r,s,t¢ generate an infinite type subgroup of A
(since m(r,t) = 2). ence, if , then (A , ) corresponds to a subdiagram
consisting of a disjoint union of single edges and vertices. Thus, (4, S) is locally
reducible.

ore generally, we have the following characteri ation.

L et e a Cozeter graph an et A e the asso iate Artin group
hen Ais oa yre ui ei an onyi satis esthe o o ing on ition
t o onseuti ee ges , in are not ontaine in a ommon triange
then their a esm ,m {3, ,...,00} satisy — — -.
The following is an easy generali ation of roposition .. of C 1.
T (A,S)isa oa yre ui e Artin system then the eigne om
pex ith the oussong metri d is CA
roo y Theorem 1.1, = is CAT( ) if and only if it is simply connected

and the link of every vertex is CAT(1). That is simply connected follows from
C 1 roposition 1. .1 (where is called the modified eligne complex and is
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denoted by ). A vertex of isacoset A |, . Without loss of generality,
we may assume = 1so = A . Then by Lemma 2.2, the link of in is the
orthogonal join

(, )= (4, )
It was shown by oussong in (seealso C 1,Lemma . .1)that (A, )

is CAT(1). It remains to show that is CAT(1).
Since (A, S) is locally reducible, we can write

(A’):(A’ )X X(A’ )

with | | 2. It follows easily that decomposes as a product and hence

If| | =1, is dimensional and hence (vacuously) CAT(1). If | | =2, is
CAT(1) by C 1, roposition . . . The desired result now follows from Theorem
1.3 above.

HE 1T CON ECTURE

Let m be a Coxeter matrix and (A4, S) the associated Artin system. As described
in the introduction, we can define a new Coxeter matrix m whose associated Artin
system (A, S) is a right angled Artin system. Let : A — A be the homomorphism
sending s S to s . Although we now have two Artin groups, the symbols
and will always correspond to the fundamental chamber and finite type special
subgroups of the original group A. efine a new cell complex by

= A x

where ( , ) ( , )if and ~ A . ( ote that is not the
eligne complex for A since  is the fundamental chamber for A. In particular,
A need not be finite type for ) We can identify the vertices of with
cosets A A, . In particular, the vertices A are distinct for di erent
A. The oussong metricon induces a piecewise uclidean metricon ,and
the homomorphism induces a map : — taking x  isometrically onto
( ) x . To prove that is injective, it su ces to prove that is an embedding.
In fact, we will show that is an isometric embedding.
If (A, S) is finite type, then has a cone point, the vertex A (= A ). In this
case we define

= (A, )

with its natural piecewise spherical metric. Clearly, induces a map : —

Let be a word in the free group (S). Then can be uni uely written in the
foom =s ...s with # ands #s . Wecalls , =1,..., , the
sy a esof and the sy a e engthof . We denote the syllable length by
The or ength (or simply the ength) of is| | | |. In particular, the
length of the syllable s is just | |.
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L uppose (A, S) is tota yre uw i ean nite type  hen : —
18 istan e preser ing

r00 y hypothesis, A=A x x A where A is a special subgroup of rank 1
or 2, and hence A=A x x A . It follows that we have decompositions

and decomposes as the join of maps
_)

y Lemma 1. it su ces to show that each is distance preserving.

This is true for A of rank 1, since in this case, and are both
dimensional and the map can be identified with the doubling map —
In particular, it is injective.

Suppose A has rank 2. Then A is of the form A = A with = {s,t} and
m = m(s,t) > 3. Thus A is the free group on two generators. or clarity, we will
denote the generators of A by s and ¢, with  mapping s to s and ¢ to ¢ .
is a 1 dimensional complex with all edges of length —. dges of are labelled
by elements A . Similarly, is a 1 dimensional complex with edge lengths
— and edges labelled by A = (s,t). The map  takes the edge of
isometrically onto the edge ( ) of

Two edges in labelled are adjacent if and only if ~ =s ort
for some . Likewise, two edges in labelled | are adjacent if and only if

- =s ort for some . Thus, anedgepath ..., in corresponds to a
word (s,t) with = and = in A . If this edge path is the image
under  of an edge path in , then all the syllables in  are of even length.

Suppose are points of distance > . Let be a geodesic in from

and . Let , , denote their images in . Let be a geodesic from to in
, and suppose length () . Then contains at most m vertices. Consider
the loop ~ in . This loop corresponds to a word in (s,t) representing
the identity element in A . The word has at most m syllables of length 1 since
the subword corresponding to has all syllables of even length.
ollowing the terminology of Appel and Schupp in AS, we consider a ehn
diagram with labelled by . very region of is labelled (up to cyclic
permutation) by the alternating word (sts...)(tst...)~ of length 2m. It follows
from AS, Lemmas 2 and 3, that contains either

(i) two regions with all but one edge on , OT

(ii)  regions with all but two adjacent edges on

rom this we see that  contains at least 2 (2m  3) syllables of length 1 (in
case (i)) or  (2m ) syllables of length 1 (in case (ii)). In either case, we get a
contradiction.
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T (A,S) isa oa yreui e Artin system then : — is
an isometri em e 1ing

r00 y Lemma 1. and Theorem 3.2 it su ces to show that the map

(, )= (C) )

induced by is distance preserving for every point . Since ise uivariant,
we may assume without loss of generality that lies in the fundamental chamber

of and hence also () lies in the fundamental chamber of . Say (and
hence ( )) lies in the interior of ( , ). Then by Lemma 2.2,

(a ): (a )

It now follows from Lemmas 1. and .1 that the map between these links is
distance preserving.

The Tits Conjecture for locally reducible Artin systems is an immediate corollary.

C (A,S)is oayreui e then :A— Aisinetie hus
the su group o A generate y{s |s S} is a right ange Artin group

There is another class of Artin groups for which the eligne complex can be
given a CAT( ) geometry, namely the Artin groups of C type (see C 1). (In
this case the geometry is made up of standard wuclidean cubes.) It is natural
to ask whether similar methods can be used to prove the Tits conjecture for this
class of Artin groups as well. ere we encounter two di culties. irst, for C
groups, the links can involve any finite type Artin group, not all of which are
known to satisfy the Tits conjecture. Thus, we do not even know if the map on

eligne complexes is 0 a y injective. Second, since the links are generally higher
dimensional, the analogue of Lemma .1 is more di cult (it re uires showing that
maps isomorphically onto a full subcomplex of ).  evertheless, it seems
likely that this can be done, at least if one restricts to the case where the finite type
subgroups groups are known to satisfy the Tits conjecture.

ECIA U ROU

y Corollary .3, we can identify A with its image in A and A with its image

in A . Clearly, A A A, but the reverse inclusion is not at all obvious. sing
methods similar to those above, we now show that for locally reducible (A, S), the
e uality A = A A holds for every subset S. We will need the following

lemma.
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L et (A,S) e an ar itrary Artin system an S any su set  he
natura in usion — 15 0 a y an isometr: em e ing is CA ()
then the in wusion is go a y an isometri em e ing

roo Let denote the fundamental chamber of and let denote the funda
mental chamber of . or S, the metric on ( , ) depends
only on and , so the natural inclusion — (and hence — )
maps each cube of isometrically onto a cube of . Thus by Lemma 1. , we
must show that the induced inclusions (, ) — (, )are distance
preserving for all
Without loss of generality, we may assume that lies in the interior of ( )

in the fundamental chamber for some .Let =| | | |. Then
by Lemma 2.2, we have

In light of Lemma 1. , it su ces to show that the inclusion of (A, ) into
(A, )is distance preserving. or this, we will verify that the hypotheses
of Lemma 1. apply.
irst note that, since intersects () orthogonally at A ,
a, )= () ).
An edge in this link is of the form ( (), () where = {s,t}

with s, / . The length of this edge is the dihedral angle between the faces
( {s}) and ( {t}) in ( ). y counstruction of the oussong
metric, this dihedral angle is e > Thus all edge lengths in (A, )
are > —.
inally, we note that the set of simplices of (A, ) is isomorphic, as a
poset, to
{ | S}

while the set of simplices of (A, ) is isomorphic to

{ | }-

In either case, two simplices span a larger simplex if and only if
. Thus, (A, ) is a full subcomplex of (A, ) and Lemma 1.
applies.

T uppose (A,S) is oa yreui e et A e the su group o A
generate  y{s ,...,s } hen or any S A A=A

roo Clearly A A A . To prove the reverse inclusion, suppose A A .
Lift to an element A. Let  be a geodesic in from the vertex A to A
and let  be a geodesic in from the vertex A to A . Then by Theorem .2
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and Lemma .1, and map to geodesics ~ ,~ from A to A in . Since

is CAT( ), geodesics are uni ue, so = =" . iven any , we can perturb

inside an neighborhood to a path  from A to A which does not intersect
the codimension 2 skeleton of and crosses the codimension 1 faces transversely.
The se uence of chambers ( translates) through which this perturbation passes
determines a word (S) representing in A. S uaring each letter of | we
obtain a word (s ,...,s ), corresponding to the image of in | which
represents A.

The image, — of in lies in an neighborhood of = . Thus it lies in
an neighborhood of . utif s 1s a codimension 1 face of not
contained in (i.e., s / ), then s and are disjoint, closed subspaces
of |, hence there is a neighborhood of not intersecting s - Taking the
intersection of these neighborhoods over all s / | we see that a su ciently small

neighborhood of in  intersects only those codimension 1 faces . with
t . The same works for all translates of . It follows that the word
involves only generators in ,so liesin A
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