THE TITS CONJECTURE FOR
LOCALLY REDUCIBLE ARTIN GROUPS

RuTH CHARNEY™)

ABSTRACT. Given an Artin system (A, S), a conjecture of Tits states that the sub-
group A(?) of A generated by the squares of the generators in S is subject only
to the obvious commutator relations between generators. In particular, A(2) is a
right-angled Artin group. We prove this conjecture for a class of infinite type Artin
groups, called locally reducible Artin groups, for which the associated Deligne com-
plex has a CAT(0) geometry. We also prove that for any special subgroup Az of A,
AP N Ar = (Ar)@.

INTRODUCTION

It is a basic principle of geometric group theory that when a group acts on a
topological space, the geometry of the space is reflected in the algebraic structure
of the group. Recently, this idea has been used with great success in the case of
groups acting on metric spaces with nice curvature properties. Some examples of
this involve the rich and interesting groups known as Artin groups. In this paper,
we use curvature properties to prove a conjecture of Tits for Artin groups with
particularly nice local structure.

Artin groups are closely related to Coxeter groups. Let S be a finite set and let
m:S xS —{1,23,...,00} be a symmetric function such that m(s,s) = 1 and
m(s,t) > 2 for all s #¢. Then m is called a Cozeter matriz and the group

W= (S | (st)™*t) = 1)

is a Coxeter group. (We omit relations with m(s,t) = oo). The pair (W, S) is called
a Cozeter system. We can also encode this information into a labeled graph. The
Cozeter graph for (W, S) has vertex set S and an edge labelled m(s,t) connecting
vertices s and t whenever m(s,t) > 3. Associated to a Coxeter matrix (or Coxeter
graph) is an Artin system (A, S) where A is the group given by the presentation

A= (S| prod(s,t;m) = prod(t,s;m) )
where prod(s,t;m) = stst...
——

m(s,t)—terms
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(Again, we omit relations with m(s,t) = 0o). There is a natural surjection A — W
obtained by adding the relations s> = 1 to the presentation for A. The Artin group
A is said to be of finite type (resp. infinite type) if the Coxeter group W is finite
(resp. infinite). The rank of A (or W) is the cardinality of S. The subgroups Ar
generated by subsets T of S are called a special subgroups of A. The pair (Ap,T)
is, itself, an Artin system for any 7' C S (see [D] and [L]).

Artin groups arise in a wide range of mathematical settings. The most well
known Artin groups are the classical braid groups B, whose associated Coxeter
groups are the symmetric groups ¥,,. Another well known class of Artin groups are
the right-angled Artin groups (also known as graph groups) for which all m(s,t) €
{2,00}. These groups play a central role in the stunning work of Bestvina and
Brady [BB] on finiteness properties of groups.

Finite type Artin groups have been studied extensively beginning in the late
’60’s and early ’70’s with Tits [T], Garside [Ga], Brieskorn-Saito [BS], and Deligne
[D]. Their results, including a normal form for elements of A and a contractible
simplicial complex (known as the Deligne complex) on which the group acts, have
served as the basis for much of our understanding of these groups. The normal
form is used, for example, in [C1] and [C2] to give explicit automatic structures
and growth functions for A. It is also used in a recent paper of Bestvina [Be]
to construct another simplicial complex which satisfies a weak curvature property,
leading to a variety of new results about the algebraic structure of finite type Artin
groups.

Infinite type Artin groups are not as well understood. Some infinite type Artin
groups, such as the “triangle-free” groups (those for which any three generators
{s1,52,s3} C S include a pair with m(s;,s;) = oo) and the “extra-large” groups
(those with all m(s,t) > 4) lend themselves to the techniques of small cancellation
theory. This approach was used by Appel-Schupp [AS], Pride [P], and Peifer [Pe].
Other infinite type Artin groups act on spaces of nonpositive curvature and lend
themselves to geometric arguments. In [BM], for example, Brady and McCammond
construct non-positively curved 2-complexes with fundamental group A for a variety
of infinite type Artin groups.

In [CD1], the author and M. Davis construct an analogue of the Deligne complex
for infinite type Artin groups. They prove that, under certain conditions (namely,
if (A4,95) is “2-dimensional” or of “FC-type”), this complex is CAT(0), i.e., it is
simply connected and nonpositively curved. The Artin group A acts cocompactly,
but not properly, on this complex—the isotropy groups of the action are finite
type special subgroups of A. Using the CAT(0) geometry, it is possible to reduce
properties of the infinite type group A to properties of these finite type subgroups.
This technique is used in [C3] to show that the monoid of positive words A™ injects
into A (under the same conditions as above) and in [AC], it is used to construct
normal forms for Artin groups of FC-type.

In this paper, we use a similar technique to address a problem which has come
to be known as the Tits Conjecture (see [T]). Suppose (A, S) is an Artin system
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with Coxeter matrix m. Define a new Coxeter matrix m by
1 ifs=t
m(s,t) =< 2 ifm(s,t) =2

oo otherwise.

Then the associated Artin system (A\, S) is a right-angled Artin system and there
is a homomorphism A — A defined by s+ s2, s € S. The Tits Conjecture states
that this homomorphism is injective, or equivalently, that the subgroup A® of A
generated by {s2 | s € §} is isomorphic to A.

The conjecture has been verified in a number of special cases but, surprisingly, it
is not even known to hold for all finite type Artin groups.! It was verified for Artin
groups of extra-large type by Appel and Schupp in [AS] and for triangle-free groups
by Pride in [P]. The case of the classical braid groups B,, was done by Droms, Lewin
and Servatius for n < 5 in [DLS1] and [DLS2], and for arbitrary n by Collins in
[Co]. This was generalized by Humphries in [H] to include many other Artin groups
of small type (all m(s,t) < 3).

In this paper we introduce the notion of “locally reducible” Artin groups, namely
Artin groups for which all of the finite type special subgroups are direct products of
rank 1 and rank 2 subgroups. This includes the right-angled groups, the triangle-
free groups, the Artin groups of large type (all m(s,t) > 3), and many others.
From results of [CD1], it follows that the Deligne complex for a locally reducible
Artin group A is CAT(0). Using the local-to-global properties of CAT(0) spaces,
we prove the Tits Conjecture for these groups. For any special subgroup Ar of A,
we also prove that A®) N Ap = (Ap)®.

1. PIECEWISE EUCLIDEAN COMPLEXES

In this section we give a brief review of CAT(0) spaces. For more details, see
[BH].

A piecewise Fuclidean complex is a cell complex X made up of convex polyhedral
Euclidean cells glued together by isometries along faces. We do not require that the
cell complex be locally finite, but we do assume that X has finite shapes, that is,
that there are only finitely many isometry types of cells in X. A piecewise geodesic
in X is a path v : [a,b] = X for which [a,b] can be divided into subintervals
a=1ty<t; <---<t,=>bsuch that the restriction of 7 to [t;,t;+1] is an isometric
embedding into some cell of X. Let [(7y) denote the length of v. We define the
intrinsic metric on X as follows.

d(z,y) = inf{l(y) | v is a piecewise geodesic from z to y}

Under the finite shapes assumption, the intrinsic metric is a complete, geodesic
metric; that is, there is a length minimizing path between any two points in the
same path component of X (See [Br]). Such a path is called a geodesic.

1Between the completion and the publication of this paper, J. Crisp and L. Paris announced
a proof of the Tits Conjecture for all Artin groups. Their methods are independent of this paper.
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A piecewise spherical complex and its intrinsic metric are defined similarly, using
convex polyhedral cells in a sphere S™ instead of Euclidean cells. If z is a point in
a piecewise Euclidean complex X, then the set of unit tangent vectors to X at x
is naturally a piecewise spherical complex called the link of z in X, or link(z, X).
These links determine the local structure of X: A neighborhood of x in X is
isometric to the Euclidean cone on link(z, X). A piecewise geodesic v in X is
called a local geodesic if for each point z on 7, the incoming and outgoing unit
tangent vectors to v at x are at distance at least 7 in link(z, X). It is easy to see
that a local geodesic is locally a length minimizing path (hence the terminology).

Let X be a piecewise Euclidean (resp. piecewise spherical) complex and set
M = R? (resp. S?). Let T be a geodesic triangle in X. A comparison triangle for
T is a triangle T’ in M with the same side lengths as T. We say X is a CAT(0)
(resp. CAT(1)) if for any geodesic triangle T in X and any two points z,y on T,
the distance from z to y in X is less than or equal to the distance in M between
the corresponding points z’,y’ on the comparison triangle 77. (In the piecewise
spherical case, we only require that this hold for triangles T' of perimeter at most
27, since no comparison triangle exists for T of perimeter greater than 27.) We say
X is locally CAT(0) (resp. locally CAT(1)) if every point in X has a neighborhood
which is CAT(0) (resp. CAT(1)). We will need the following fundamental facts
about CAT(0) spaces. These facts were first noted by Gromov ([G]). Proofs can be
found in [BH].

Theorem 1.1. Let X be a connected, piecewise Fuclidean complex.

(1) X is locally CAT(0) if and only if link(v, X) is CAT(1) for every vertex v
in X.
(2) X is CAT(0) if and only if X is locally CAT(0) and simply connected.

Theorem 1.2. Let X be a connected, CAT(0) piecewise Fuclidean complex. Then

(1) any two points in X are connected by a unique geodesic, and
(2) any local geodesic in X is a geodesic.

We will also need a number of facts about joins of piecewise spherical complexes.
These arise naturally as links in the product of two piecewise Euclidean complexes.
For o1, 05 spherical simplices of dimensions k1, ks, we define the orthogonal join,
o1 * 03, as follows. Embed S* and S*2 orthogonally in S¥, k = ky + ko +1 ( s0
that every point in S¥ has distance m/2 from every point in S¥2). Then o, * o5 is
the k-simplex in S¥ spanned by o7 C S¥ and oy C S*¥2. It is also convenient to
define pxo =0 *x0 =o0.

Suppose L and L, are piecewise spherical complexes. The orthogonal join,
L4 % Lo, is the piecewise spherical complex whose simplices are the orthogonal joins
o1 * 09 of (possibly empty) simplices o1 C Ly and o9 C La. (Thus, combinatorially,
L % Ly is the usual simplicial join of the two complexes.) If X; and X, are piecewise
Euclidean complexes, then the link of a point (z1,23) in X; X X5 is easily seen to be
the orthogonal join of link(z1, X1) and link(z2, X3). Orthogonal joins are discussed
in the appendix of [CD2] where the following theorem is proved.
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Theorem 1.3. The orthogonal join Ly x Lo of two piecewise spherical complexes
is CAT(1) if and only if Ly and Ly are CAT(1).

Definition. Let f: L — L’ be a map of piecewise spherical complexes. We say f
is w-distance preserving if dr(z,y) > 7 implies dr: (f(z), f(y)) > 7.

Remark. If L is not connected, it is useful to set dy(z,y) = oo for points z,y in
different path components. In particular, if L’ is a 0-dimensional cell complex, then
f: L — L'is m-distance preserving if and only if it is injective.

The significance of this condition is explained by the following lemma.

Lemma 1.4. Suppose f : X — X' is a map of piecewise Euclidean complexes which
takes piecewise geodesics to piecewise geodesics. Then the following are equivalent.

(1) The induced maps link(z, X) — link(f(z),X') are w-distance preserving
forallx € X.
(2) f is locally an isometric embedding.

If, in addition, X' is CAT(0), then these conditions are also equivalent to
(3) f is globally an isometric embedding.

Proof. The first condition is equivalent, by definition, to the statement that f maps
local geodesics in X to local geodesics in X’. Since local geodesics are actually
geodesic (length minimizing) in a neighborhood of any point, this is equivalent to
condition (2). If X’ is CAT(0), then by Theorem 1.2, local geodesics are also global
geodesics, hence (2) is equivalent to (3). O

Lemma 1.5. If f1 : Ly — L} and f3 : Ly — LY are w-distance preserving, then so
18 fl *f2 ILl*LQ —>L11*LIZ

Proof. Lemmas A2 and A6 of the appendix of [CD2] give precise conditions for
when two points in an orthogonal join have distance m. The statement above
follows immediately from these conditions. [

Lemma 1.6. Let L be a piecewise spherical simplicial complex with all edge lengths
> w/2. If Ly is a full subcomplez of L, then the inclusion map Ly — L is w-distance
Preserving.

Proof. Let z,y be two points in Ly and let v be a geodesic in L from x to y. If v
lies entirely in Lg, then the distance from z to y in Ly is the same as the distance
in L. If v does not lie entirely in Ly, then it contains a segment o whose interior
lies in the open star of a vertx v € L\ Ly and whose endpoints lie on the boundary
of star(v). It follows from Lemma 9.8 of [M] (see also Lemma 8.7 of [CD1]) that
a, and hence 7, has length > 7. [

2. THE DELIGNE COMPLEX

In this section we describe the Deligne complex D 4 for an Artin group A and a
natural piecewise Euclidean structure on D 4.
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Let (A,S) be an Artin system associated to the Coxeter system (W,S). We
introduce the following notation.

Sf ={T |T C S, Ar is finite type}

AST ={aAr|ac A, T € 8}

These sets are partially ordered by inclusion. The Deligne complex, D4, is the flag
complex associated to AST. That is, the vertices of D4 are the elements of AST
and the simplices of D4 are the totally ordered subsets of ASY.

A acts by left multiplication on AS? and hence also on D4. A fundamental
domain for this action is the subspace spanned by the vetices {Ar | T € Sf}.
Denote this fundamental domain by K. This gives an alternate description of D 4.
Namely, let K> denote the subcomplex of K spanned by the vertices Agr with
AT g AR. Then

D A= Ax K / ~

where (a1,z1) ~ (a2, 22) if £1 = x2, z1 lies in the relative interior of K7, and
a1Ar = a2Ar. (By the relative interior of K>1 we mean the open star of the
vertex Ar in K>, or equivalently, the points in K>7 which do not lie in K> g for
any R D T.) K embeds in Dy as the image of 1 x K. By analogy with standard
terminology for Coxeter complexes, we call the translates of K chambers of D4 and
K itself the fundamental chamber of Dy.

In [CD1], a natural piecewise Euclidean structure on D4 is defined, based on
a similar structure for Coxeter complexes introduced by Moussong in [M]. This
geometry is preserved by the action of A, thus it suffices to describe the piecewise
Euclidean structure on K. To define this structure, it is convenient to view K as
a cubical, instead of simplicial, complex. For T' € Sf, the vertices A < A span
a combinatorial cube in K of dimension |T'| which we denote by cube(T). K is the
union of these cubes. We assign a Euclidean metric to cube(T") as follows.

There is a standard realization of Wr as a group of orthogonal transformations of
RI”! with the generators acting as reflections in the codimension 1 faces (or “walls”)
of a simplicial cone C7 (see eg., [Brn]). There is a unique point zg in the interior of
Cr whose distance from every wall of Cr is 1. The Cozxeter cell X is the convex
hull in RI7! of the Wy-orbit of zy. For R C T, let F % denote the convex hull of
the Wgr-orbit of zg. These subsets, together with their Wr-translates, {wF3}, are
the faces of X7. Let Fr denote the face of Cr fixed by Wx. Then Fr and Fp are
orthogonal and intersect at a single point zp.

The intersection of X7 with C'r is combinatorially a cube with vertices {zr}rcT.
The Euclidean structure on cube(T) is defined by identifying it with X7 N Cr so
that the vertex Agr of cube(T) is identified to the vertex xr of Cr N Xp. (Figure
1.) If R C T, then F}, is isometric to the Coxeter cell Xg, so the face of cube(T)
spanned by Ar and Ay is isometric to cube(R). Thus, the metrics on the cubes fit
together to give a piecewise Euclidean structure on K and hence on D4. We call
the induced metric the Moussong metric and denote it by das.

If R C T, then Fj is isometric to the Coxeter cell Xg, so the face of cube(T')
spanned by Ar and Ay is isometric to cube(R). Thus, the metrics on the cubes fit
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together to give a piecewise Fuclidean structure on K and hence on D4. We call
the induced metric the Moussong metric and denote it by dj;.

If A is finite type, then AS has a unique maximal element, namely Ag (= A).
Thus K = cube(S) and D4 is a cone with cone point the vertex Ag. Let B4 denote
the link of the cone point. Then B4 is a simplicial complex of dimension n—1 (where
n = |S|) with one top-dimensional simplex for each element of A. The piecewise
spherical structure on B, is given by identifying each top-dimensional simplex with
the link of the origin in the cone Cs (or in other words, with a fundamental chamber
of the standard Coxeter complex for (W,S)).

Returning to the case of an infinite type A, we now describe the link of a point
in D4. For T C R, we denote by cube(T, R) the face of cube(R) spanned by Ar
and Agr. Note that cube(T, R) lies in the subcomplex K>7 of K.

Lemma 2.2. If z lies in the interior of cube(T, R) and j = |R| — |T|, then

link(z,Da) = link(z, K>7) * Ba,
=Si71% link(AR,KZR) * BAT

Proof. The first equality is proved in Lemma 2.2 of [C3]. For the second, note that
since « lies in the interior of cube(T’, R), the link of = in cube(T’, R) is a (j—1)-sphere.
Hence,

link(z, K>1) = link(z, cube(T, R)) * link(cube(T, R), K>7)
= S77 " % link(cube(T, R), K>T)
=S¥ % link(Agr, K>r)
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where the last equality follows from the fact that cube(T, R) intersects K> g orthog-
onally at Ag. 0O

3. LocALLy REDUCIBLE ARTIN SYSTEMS

Definition. An Artin system (A, S) is totally reducible if its Coxeter diagram is a
disjoint union of vertices and single edges. Equivalently, (A, .S) is totally reducible
if it is a direct product of Artin systems (A, S1) X -+ X (Ag, Sk) of rank < 2.
An Artin system (A, S) is locally reducible if (Ap,T) is totally reducible for every
T eSS

Examples. (1) If (A4, S) is a right-angled Artin system, then T € S/ implies Ar
is free abelian, so A is locally reducible.

(2) An Artin system is 2-dimensional if, for all T € 8%, (A, T) is rank < 2 (or
equivalently, if it’s Deligne complex is 2-dimensional). Clearly, every 2-dimensional
Artin system is locally reducible. This class includes the “triangle-free” Artin
groups mentioned in the introduction as well as the Artin groups of “large type”
(i.e., those with all m(s,t) > 3). The latter follows from the well known fact that
a Coxeter group on three generators r, s, ¢ is finite if and only if

1 1 1

m(r,s)  m(s,t) m(r,t)>1'

(3) Let (A,S) be an Artin system with Coxeter graph an n-gon, n > 4, and
suppose that for any three consecutive vertices r, s,t in this n-gon

1 n 1
m(r,s)  m(s,t)

1
< —.
-2
(where é is defined to be 0.) Then r, s,t generate an infinite type subgroup of A
(since m(r,t) = 2). Hence, if T € S/, then (Ap,T) corresponds to a subdiagram
consisting of a disjoint union of single edges and vertices. Thus, (4, S) is locally
reducible.

More generally, we have the following characterization.

Lemma 3.1. Let T' be a Coxeter graph and let A be the associated Artin group.
Then A 1is locally reducible if and only if I' satisfies the following condition:

If two consecutive edges e1,eq in I' are not contained in a common triangle,
then their labels my, mo € {3,4,...,00} satisfy mil + "% < %

The following is an easy generalization of Proposition 4.4.5 of [CD1].

Theorem 3.2. If (A,S) is a locally reducible Artin system, then the Deligne com-
plex Dy with the Moussong metric dpr is CAT(0).

Proof. By Theorem 1.1, D = D4 is CAT(0) if and only if it is simply connected
and the link of every vertex is CAT(1). That D is simply connected follows from
[CD1] Proposition 1.5.1 (where D is called the “modified Deligne complex” and is
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denoted by ®). A vertex v of D is a coset aAr, T € Sf. Without loss of generality,
we may assume ¢ = 1 so v = Ap. Then by Lemma 2.2, the link of v in D is the
orthogonal join

link(v, D) = link(Ar, K>7) * Ba,.

It was shown by Moussong in [M] (see also [CD1], Lemma 4.4.1) that link(Ar, K>1)
is CAT(1). It remains to show that B4, is CAT(1).
Since (A, S) is locally reducible, we can write

(AT,T) = (A1,T1) X - X (Ak,Tk,)
with |T;| < 2. It follows easily that D4, decomposes as a product and hence
BAT :BAl *...*BAk.

If |T;| = 1, Ba, is 0-dimensional and hence (vacuously) CAT(1). If |T;| = 2, By, is
CAT(1) by [CD1], Proposition 4.4.5. The desired result now follows from Theorem
1.3 above. O

4. THE TiTs CONJECTURE

Let m be a Coxeter matrix and (A4, S) the associated Artin system. As described
in the introduction, we can define a new Coxeter matrix m whose associated Artin
system (A\, S) is a right-angled Artin system. Let ¢ : A — Abe the homomorphism
sending s € S to s2. Although we now have two Artin groups, the symbols K
and ST will always correspond to the fundamental chamber and finite type special
subgroups of the original group A. Define a new cell complex D A by

ﬁA:;{XK/N

where (a1,7) ~ (a2,2) if z € K>7 and a; 'as € Arp. (Note that Dy is not the
Dehgne complex for A since K is the fundamental chamber for A. In partlcular
Ar need not be finite type for T € Sf) We can 1dent1fy the vertices of D4 with
cosets aAT, a € A T € 8. In particular, the vertices aA@ are distinct for dlfferent
a € A. The Moussong metric on K induces a piecewise Euclidean metric on D 4, and
the homomorphism ¢ induces a map $ :D 4 — D4 taking a X K isometrically onto
¢(a) x K. To prove that ¢ is injective, it suffices to prove that g/b\ is an embedding.
In fact, we will show that 5 is an isometric embedding.

If (A, S) is finite type, then D, has a cone point, the vertex A (= A\,g) In this
case we define

Ba = link(A, D)

with its natural piecewise spherical metric. Clearly, g/b\ induces a map $ : B 4 — Ba.

Let w be a word in the free group F(S). Then w can be uniquely written in the
form w = si'' ... s}'F with n; # 0 and s;; # si;,,. We call st, j=1,...,k, the
syllables of w and k the syllable length of w. We denote the syllable length by ||w]].
The word length (or simply the length) of w is |n1| + - - - + |ng|. In particular, the
length of the syllable sZ,j is just |n;|.



10 RUTH CHARNEY

Lemma 4.1. Suppose (A, S) is totally reducible and finite type. Then ¢:Ba — Ba
18 w-distance preserving.

Proof. By hypothe51s A= A1 X «++ X A where Ay is a special subgroup of rank 1
or 2, and hence A= A1 X 0 X Ak It follows that we have decompositions

Ba=DBa, *--*Ba,
Ba=Ba, - xBa,,

and $ decomposes as the join of maps
¢i : BAi — BAi .

By Lemma 1.5 it suffices to show that each @ is m-distance preserving.

This is true for A; of rank 1, since in this case, B4, and Z/S’\Ai are both 0-
dimensional and the map ggl can be identified with the doubling map Z — Z.
In particular, it is injective.

Suppose A; has rank 2. Then A; is of the form A; = Ay with T = {s,t} and
m = m(s,t) > 3. Thus A, is the free group on two generators. For clarity, we will
denote the generators of A; by § and £, with ¢; mapping § to s? and 7 to t2. By,
is a 1-dimensional complex with all edges of length . Edges of By, are labelled
by elements a € A;. Similarly, B A; 1s a 1-dimensional complex with edge lengths
- and edges labelled by a € A\Z = F(§,ﬂ The map (/52 takes the edge a of gAi
isometrically onto the edge ¢;(a) of By,.

Two edges in gAi labelled @1, d» are adjacent if and only if a;'as = §7 or #/
for some j. Likewise, two edges in B4, labelled ai, as are adjacent if and only if
ay‘tay = s7 or t7 for some j. Thus, an edge path ag, ..., ay in Ba, corresponds to a
word w € F(s,t) with ||w|| = k and apw = ay in A;. If this edge path is the image
under (bz of an edge path in B A, then all the syllables in w are of even length

Suppose T, ¥y € B 4, are points of distance > 7. Let 7 be a geodesic in B 4, from
Z and ¥y. Let v, z, y denote their images in By4,. Let a be a geodesic from z to y in
B4,, and suppose length (o) < m. Then « contains at most m vertices. Consider
the loop ay™! in Ba,. This loop corresponds to a word w in F(s,t) representing
the identity element in A;. The word w has at most m syllables of length 1 since
the subword corresponding to v has all syllables of even length.

Following the terminology of Appel and Schupp in [AS], we consider a Dehn
diagram M with OM labelled by w. Every region of M is labelled (up to cyclic
permutation) by the alternating word (sts...)(tst...)~! of length 2m. It follows
from [AS], Lemmas 2 and 3, that M contains either

(i) two regions with all but one edge on M, or

(ii) 4 regions with all but two adjacent edges on OM.
From this we see that w contains at least 2 - (2m — 3) syllables of length 1 (in
case (i)) or 4 - (2m — 4) syllables of length 1 (in case (ii)). In either case, we get a
contradiction. [J
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Theorem 4.2. If (A,S) is a locally reducible Artin system, then ¢:Ds— Dy is
an isometric embedding.

Proof. By Lemma 1.4 and Theorem 3.2 it suffices to show that the map
link(z,D4) — link($(z), D4)

induced by $ is m-distance preserving for every point z € D A- Since $ is equivariant,
we may assume without loss of generality that x lies in the fundamental chamber
K of D4 and hence also ¢(z) lies in the fundamental chamber of D4. Say z (and
hence ¢(x)) lies in the interior of cube(T, R). Then by Lemma 2.2,

link((z),Da) = link(z, K>1) * Ba, -
A completely analogous argument shows that
link(z, D 4) = link(z, K>r) * Ba, .

It now follows from Lemmas 1.5 and 4.1 that the map between these links is 7-
distance preserving. [

The Tits Conjecture for locally reducible Artin systems is an immediate corollary.

Corollary 4.3. If (A,S) is locally reducible, then ¢ : A — A is injective. Thus,
the subgroup of A generated by {s? | s € S} is a right-angled Artin group.

There is another class of Artin groups for which the Deligne complex can be
given a CAT(0) geometry, namely the Artin groups of FC type (see [CD1]). (In
this case the geometry is made up of standard Euclidean cubes.) It is natural
to ask whether similar methods can be used to prove the Tits conjecture for this
class of Artin groups as well. Here we encounter two difficulties. First, for FC
groups, the links can involve any finite type Artin group, not all of which are
known to satisfy the Tits conjecture. Thus, we do not even know if the map on
Deligne complexes is locally injective. Second, since the links are generally higher
dimensional, the analogue of Lemma 4.1 is more difficult (it requires showing that
B 4 maps isomorphically onto a full subcomplex of B4). Nevertheless, it seems
likely that this can be done, at least if one restricts to the case where the finite type
subgroups groups are known to satisfy the Tits conjecture.

5. SPECIAL SUBGROUPS

By Corollary 4.3, we can 1dent1fy A with its image in A and AT with its image
in Ap. Clearly, AT C ArnN A but the reverse inclusion is not at all obvious. Using
methods similar to those above, we now show that for locally reducible (A4, S), the

equality A\T = ArnN A holds for every subset 7' C S. We will need the following
lemma.
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Lemma 5.1. Let (A, S) be an arbitrary Artin system and T C S any subset. The
natural inclusion D4, < Dy is locally an isometric embedding. If D4 is CAT(0),
then the inclusion is globally an isometric embedding.

Proof. Let K denote the fundamental chamber of D4 and let K7 denote the funda-
mental chamber of Dy,. For R C R C T C S, the metric on cube(R’, R) depends
only on R and R', so the natural inclusion KT < K (and hence Da, < Da)
maps each cube of KT isometrically onto a cube of K. Thus by Lemma 1.4, we
must show that the induced inclusions link(z,Da,.) — link(z,D4) are m-distance
preserving for all z € Dy,.

Without loss of generality, we may assume that z lies in the interior of cube(R’, R)
in the fundamental chamber KT for some R’ C R C T. Let j = |R'| — |R|. Then
by Lemma 2.2, we have

link(z,Da,) = ST  x link(Ar, K$g) * Ba,,
link(z,Da) = ST xlink(Ag, K>R) * Ba,, -

In light of Lemma 1.5, it suffices to show that the inclusion of link(Ag, KL p) into
link(Ag, K>Rr) is m-distance preserving. For this, we will verify that the hypotheses
of Lemma 1.6 apply.

First note that, since K> g intersects cube(R) orthogonally at Ag,

link(Ag, K>g) = link(cube(R), K) .

An edge in this link is of the form link (cube(R), cube(P)) where P = RU {s,t} € Sf
with s, ¢ R. The length of this edge is the dihedral angle between the faces
cube(R U {s}) and cube(R U {t}) in cube(P). By construction of the Moussong
metric, this dihedral angle is m— ﬁ > 5. Thus all edge lengths in link(Ag, K>R)
are > 3.

Finally, we note that the set of simplices of link(Ag, K>g) is isomorphic, as a

poset, to
{PeST|RcPCS}

while the set of simplices of link(Ag, K g ) is isomorphic to
{PeST|RcPCT}.

In either case, two simplices P, P’ span a larger simplex if and only if P U P’ €
S7. Thus, link(Ag, KLp) is a full subcomplex of link(Agr, K»>r) and Lemma 1.6
applies. [ B

Theorem 5.2. Suppose (A, S) is locally reducible. Let A be the subgroup of A
generated by {s2,...,s2}. Then for any T C S, AN Ap = Ap.

Proof. Clearly Ar Cc AN AT To prove the reverse inclusion, suppose a € AN Ar.
Lift a to an element @ € A. Let v1 be a geodesic in D4 from the vertex Ag to aAy
and let 2 be a geodesic in D4, from the vertex Ay to aAy. Then by Theorem 4.2
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and Lemma 5.1, v; and 72 map to geodesics 7, ¥, from Ay to aAy in D4. Since
D4 is CAT(0), geodesics are unique, so 7; = 7,. Given any € > 0, we can perturb
~1 inside an e-neighborhood to a path 7] from 21\@ to /dzzl\@ which does not intersect
the codimension 2 skeleton of D 4 and crosses the codimension 1 faces transversely.
The sequence of chambers (K-translates) through which this perturbation passes
determines a word w € F(S) representing @ in A. Squaring each letter of w, we
obtain a word u € F(s?,...,52), corresponding to the image of v} in D4, which
represents a € A.

The image, 7} of 71 in D4 lies in an e-neighborhood of 41 = 7. Thus it lies in
an e-neighborhood of Dy, C D4. But if K >{s} 18 & codimension 1 face of K not
contained in KT (i.e., s ¢ T), then K> s and KT are disjoint, closed subspaces
of K, hence there is a e-neighborhood of K not intersecting K >{s}- TLaking the
intersection of these neighborhoods over all s & T', we see that a sufficiently small
e-neighborhood of KT in K intersects only those codimension 1 faces K >t} with
t € T. The same ¢ works for all translates of K T 1t follows that the word u
involves only generators in T, so a lies in Ap. O
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