Fibonacci Formulas

Definitions:
F,=F, 1+ F,_9, forn>2 with F;p =0,F; =1

Ln = Ln,1 + Ln,Q, for n 2 2, with Lo = 2,L1 =1
F ,=(1)"'F, L_,=(-1)"L,

The Binet Formulas: N .
Fn:a 7ﬂ7 L, =a"+ 3",
a—p
where
a=1++5/2=161803398, B=1—5/2=—.61803398.

Note that
a+p=1 af=-1, a—p=+5, a’=a+1

Symmetry principle: If R(z,y) is any rational function of x and y with rational coefficients such that
R(a,8) = 0, then R(B,a) = 0. Thus, for example, from a? = a + 1, we get 3> = 3+ 1, and from
2=a+a 2 weget2=p+p5"2

Recurrences A sequence (...,g-1,90,91, - ..) satisfying the Fibonacci recurrence g, = gn—1 + gn—2 is called a
generalized Fibonacci sequence. The set of generalized Fibonacci sequences is a vector space of dimension 2
over the complex numbers. This implies that for any three such sequences, one can be expressed as a linear
combination of the other two. Here are some generalized Fibonacci sequences:

gn = Fyy;, for any ¢
9gn = Lp4;, for any j
gn=a"
gn = B"

Note also that if g, is a generalized Fibonacci sequence then so is g,4; for any i. Note that the Binet
formulas express L,, and F,, in terms of o™ and 3". Here are some other formulas that express generalized
Fibonacci sequences as linear combinations of other generalized Fibonacci sequences.

L, = n—1+Fn+1:Fn+2Fn—1:2Fn+1_Fn
1

1
Fn - g(Ln—l + Ln+1) - 5(2[/71-&-1 - Ln)

1
a" =aF, +F,_, = Fn+1 - BF, = ﬂn + \/an = i(Ln + \/an) = (Ln—i-l - 5ﬁLn)

1
V5
1
Fn-i—i - Fi—an + FiF7L+1 - E(Li—an + LiLn—i-l)
LnJri =F_1L,+ FiLn+1

1 .
Fo.F; = g(Lnﬂ‘ = (=1)"Ly—;)
LyLi = Lngi+ (=1)'Ly_;

F,L; = Foyi+ (—1)'F,_;

1

1
Ly = 5(5FiFn + LiL,)

Since any generalized Fibonacci sequence is determined by any two consecutive values, to prove any of these
formulas it is sufficient to check that it is true for n = 0 and n = 1.



We know that if (g,,) is any generalized Fibonacci sequence then for any 7, j, and k, there is a linear dependece
among (gn+i), (gn+;), and (gn+x); and this formula may be written as

(—1FFjkgnti + (=1) Fr—igntj + (1)’ Fie jgnix = 0.
As an important special case, if we take j = 0 and k = 24, and use the fact that Fy; = F;L;, we get
gnt2i — Lignyi + (—1)'gn = 0.

Here are some summation formulas, some of which give Zeckendorf representations:

i Fy=Fpo—1
1=0

n
ZFQi =Fopqp1—1
i=0
k
ZF]‘-HLZ‘ = FopqoFopy;
i=0

an m—2

i = L(m—l)n + (—1)nL(m_3)n + L(m_5)n + -4 (—1) 2 "L,, meven
n

The case m = 2 of this formula is especially important: Fb, = F,L,.

an m—3

I = L(m—l)n + (71)nL(m—3)n + L(?n—5)n et (71) z "Lop + (71)7"27171’ m odd

Can you find similar formulas for L,,, /L, when m is odd?

If m > n and m —n is odd then
Fy,—F,=Fp 1+ Fp 3+ -+ Fa+Foo+F,_1.
If m > n and m —n is even then
Fo—-F,=Fn 1+ Fn,s+ -+ Fii3+ Frqr-

Can you find similar formulas for L,, — L,?
If m — n is divisible by 8 then

F,, — F,
% = (F—3+ Fr—s) + (Fp—11 + F—13) + - + (Fgs + Foys).



