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ABSTRACT. We will find a general criterion with which to determine if four
known values of some real-valued Fibonacci function on Z? completely char-
acterize that function.

1. A GENERALIZATION OF FIBONACCI SEQUENCES

Over the course of this discussion, we will need to generalize the notion of a
Fibonacci sequence. We will do this by defining Fibonacci functions over arbitrary
vector spaces.

Let V' be a vector space. Let F"(V) be the set of functions F' : Z" — V that
satisfy the following property:

(1)
F(xy,... @iy yxpn) =F(ay,... ;i — 1,0 jxp) + Fag, ooy — 2,00 2y)

forallz; € Zandi€Z,1<i<n.

Given any vector space V over a field U, we can make F™ (V') a vector space over
U in the following manner:

(2) (F1 + F2)(X) = Fi(X) + Fo(X)

(3) (uF)(X) = u(F(X))
for all F,Fy, Fy € F*(V), X € Z", and u € U.

2. THE STRUCTURE OF F2(V)

We will say that some 4-tuple (X1, X2, X3, X4) € (ZQ)4 is deterministic if, given
any real vector space V and any 4-tuple (v, ve,v3,v4) € V4, there exists a unique
F € F?(V) which satisfies F(X;) = v; for i € {1,2,3,4}.

Lemma 1. Let G € F*(R*). Then the 4-tuple (X1, Xo, X3, X4) € (Z2)4 is deter-
ministic if the set {G(X1), G(X2),G(X3),G(X4)} is linearly independent.
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Proof. Let V be a real vector space. Let (vq,vq,v3,v4) € V4. Because
{G(X1), G(X2),G(X3),G(X4)}

is linearly independent, we see from linear algebra that there exists a unique linear
map 6 : R* — V such that 0(F(X;)) = v; for i € {1,2,3,4}. Let F = 0oG.
Then F € F3(V) and F(X;) = v; for i € {1,2,3,4}. Again we see from linear
algebra that for any ¢ € F2(V), there exists a v : R* — V such that ¢ = yo G.
Therefore, because 6 is unique, F is the unique function in F2(V') which satisfies
the above property. This function F' is the function required by our definition of
deterministic. Therefore, (X1, X, X3, X4) is deterministic. O

We may now continue on to our main theorem.
3. A GENERAL CRITERION

Theorem 1. Given any four points (my1,n1), (ma,n2), (M3, n3), and (Mg, ny) in
Z? and some F € F2(R), the four values F(my,n1), F(ma,na), F(mgs,n3), and
F(my,n4) uniquely determine F' if the matriz

lelenlfl lelenl leFnlfl leFnl
szlenzfl szlenz szF’ﬂzfl szan
Fmg—ang—l Fmg—ang Fmang—l Fman;g
Fm4—1Fn4—1 Fm4—1Fn4 Fm4Fn4—1 Fm4Fn4

is invertible.

Proof. Take G of Lemma 1 to be the function in F2?(R*) defined by

G(0,0) = (F_y1, Fy, Fy, Fp)
G(1,0) = (Fy, F_1, Fo, Fy)
G(0,1) = (Fy, Fo, F1, Fy)

G(1,1) = (Fy, Fy, Fo, F1).

Let (m,n) € Z2. Straightfoward computation along the vertical “lines” z = 0
and z = 1 in Z2 shows that

G(O)n> = (anl,F(),Fn,FO)
G(l,n) = (Foan—17F07Fn)-

Now computation along the line y = m shows that

(4) G(m, n) = (Fm—an—la F77L—1FTL7 Fan—I; Fan)-
Therefore, the invertibility of the matrix of Theorem 1 is equivalent to the linear
independence of the four vectors of Lemma 1. O

We now have a general criterion with which to determine if four points are
deterministic. There are several cases in which it is easy to compute whether or
not four points are deterministic. In the following propositions, let D denote the
matrix of Theorem 1, and let D; denote the i*"* row of D.

Proposition 1. If three of four points lie on the same vertical line (my = mg =
ms) or horizontal line (n1 = ny = ng) then the four points are not deterministic.
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Proof. We will only prove the proposition in the vertical case, as the horizontal
case is virtually identical. The system of equations

anlfl + yFnzfl = anfl
anl +yFn2 :an

has a real solution. Therefore the equation
xDy 4+ yDy = D3

has a real solution, and D is singular. Therefore, the four points are not determin-
istic. O

Proposition 2. If all four points lie on the same diagonal of slope 1 (ms —mq =
ng —ni, msz —my =ng —ny, and my —my = ng —nq ) then the four points are not
deterministic.

Proof. We will first state the following easily-proven identity for any G' € F?(R)
and any (z,y) € Z*:

(5) —G(z,y)+2(Gla+1,y+ 1)+ Gz +2,y+2)) =Gz + 3,y + 3)

It follows that the four points (mq,n1), (ma, na), (ms, n3), and (mg, ny) are not de-
terministic becuase G(ma, n4) is determined by G(my, n1), G(maz, ng), and G(mg, ng).
O

Proposition 3. If one pair of points lies on a vertical line and the other pair lies on
a horizontal line (m1 = ma and ng = ny) then the four points are not deterministic.

Proof. In this case, D1 + Do + D3 = Dy, so D is singular and the points are not
deterministic. O

Proposition 4. If one pair of points (X1 and Xs) lies on a vertical line (m; =
ms ), neither of the other two points (X3 or X4) lie on this line (ms # my and
my # mq), and the other two points (X3 and X4) do not lie the same horizontal
line (ng # ny) then the four points are deterministic.

Proof. Since two entries of a generalized Fibonacci sequence uniquely determine
that sequence, we know that F is determined along the “vertical line” = = m;.
The points (m1,nz) and (mq,n4) lie on this line. Therefore, by the same reasoning,
we see that F' is determined along the two “horizontal lines” y = n3 and y = ny.
We now know that F is determined on at least two points of any vertical line in Z2.
Therefore, F is determined on all Z2. Il

Proposition 5. If one pair of points (X1 and Xs) lies on a horizontal line (n; =
ng), neither of the other two points (Xs or Xy) lie on this line (ng # n1 and
ng # n1), and the other two points (X5 and X4) do not lie the same vertical line
(ms # my) then the four points are deterministic.

The proof of this proposition is virtually identical to that of Proposition 4.
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4. CONCLUDING REMARKS

Note that we can assume without loss of generality that one of the points is the
origin. Using a Maple program written by Ira Gessel, we see that there are exactly
three 4-tuples that include the origin and whose coordinates range from 0 to 4 that
are not deterministic and that do not fall into one of the above categories:

0,0) (1,2) (2,1) (3,3)
(0,0) (L2) (2,3) (4.4)
(0,0) (21) (3.2) (4,4).

FEach of these sets of points is contained within two diagonals. Using Gessel’s
program and searching through higher coordinate ranges, we see that many (per-
haps most) non-deterministic sets of four points are contained within two diagonals.
I have not, however, been able to prove a general theorem regarding whether or
not sets of points contained in two diagonals are deterministic. Here are some non-
deterministic sets of points that fall into categories which we have not discussed:

(0,0) (3,2) (5,5) (6,3)
(0,0) (3,1) (4,4) (6,3)
(0,0) (2,1) (3,4) (6,3)
(0,0) (2,1) (3,6) (5,3)
(0,0) (2,1) (3,4) (6,3)
(0,0) (1,2) (3,5) (6,3)
(0,0) (2,1) (3,6) (5,3)
(0,0) (3,2) (55) (6,3)
(0,0) (1,2) (3,6) (4,3)
(0,0) (1,3) (3,6) (4,4)
(0,0) (3,1) (4,4) (6,3).

Though these data might point to a solution, it remains to be seen if there is a
general geometric criterion with which to determine if four points are deterministic.
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