CONTINUED FRACTIONS AND FIBONACCI NUMBERS
PAUL KESELMAN

ABSTRACT. The following is a collection of interesting facts about continued fractions and
their ties to Fibonacci numbers.

1. INTRODUCTION

In this paper we will study some general properties of continued fractions, mainly their
formation and properties of their intermediate terms called convergents, and finish by finding

Foy1 Ly - : :
continued fraction representations for FH T and other similar continued fractions related
to Fibonacci numbers. ! !
Let us first look at the expression
1
q1 + 1
g2 +
g3+
1
_|__
dn
where ¢, ... ,q, are positive integers, and ¢, is a nonnegative integer. The above expression
is called a continued fraction and the terms qo, ¢, ... ,q, are called partial quotients. To
simplify the notation you can represent (1) as [qo, q1, - - - , G-

2. EUCLIDEAN ALGORITHM

Before we go any further, let us look at a process of finding the greatest common divisor
for numbers a and b.

First we divide a by b with a remainder, and let the quotient be ¢y and the remainder ;.
Then it is not hard to show that

(2) a=>bg +r and 0 <ry <b.

Note that when a is less than b, gy = 0. Continuing, if we divide b by r; and call the quotient
¢1 and the remainder ry, we will get that b = r1q; + 2 and that 0 < ry < ry. Since r; < b,
¢1 must not equal to 0. Next, by dividing r; by ry we find some ¢ # 0 and 73, such that
r1 = @ore + 73 and 0 < r3 < ro. Sooner or later this process will have to terminate, since all
positive integers r1, o, 73, ... are different and each is less than b. Meaning that their number
does not exceed b, and that the process must terminate no later than the bth step and always
when the remainder becomes 0. This process is known as the Euclidean Algorithm.
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3. CONTINUED FRACTIONS AND THE EUCLIDEAN ALGORITHM

Now let us look at the way we can turn an ordinary fraction 2 into the continued fraction
shown above. Applying the Euclidean algorithm we get the following equalities:
a = bgo +m
b=riq+r
T1L=TaG2 + T3
Tn—2 = Tn—1qn—1 1 Tn
Tn-1 = TnGn-

JFrom the first equality in the above system of equations we get that

a 1 1
EZQO‘FKZQO‘F?'
r
JFrom the second equality we get
b Ty 1
T—1—91+T—1—Q1+§7
T2
so that
a 1
E =qo + T
¢+ e
Ty
And finally from the third equality we get
T T3 1
T—2:(J2+T—2=(J2+§7
T2
and because of that
a 1
p; — L E—
a1+ 1
@+ 7
rs

Continuing this process we will get to the final equality

a 1
(4) ;T I
Q1+

g2+

1
+—
an

Notice that ¢, > 1. (If ¢, = 1 then the whole algorithm would have ended a step earlier.)

1
Also we can rewrite ¢, in (4) as (¢, — 1) + I
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4. UNIQUENESS OF CONTINUED FRACTION REPRESENTATION

a .
JFrom the previous section we saw that any rational fraction 7 can be expanded into a

continued fraction [qo, q1, ... ,¢s]. Now let’s show that such expansion is unique. For the
purposes of proving this let’s take two equal continued fractions w and w’, and let qo, g1, . .. , ¢n
and ¢, ¢}, ... ,q, be their partial quotients.

Theorem 1. Ifw and W' are two equivalent continued fractions then qo = q), ¢1 = 41, G2 = ¢4
and so on.

Proof. 1t is not hard to see that if gy is the greatest integer in w and ¢ is the greatest integer
in w’ then gy = ¢j. Having this in mind we can rewrite our continued fraction as

(5) + L =g, + L
w = —, W= —
4o o1 4o Wi

where w and w’ are again continued fractions. ;jFrom the fact that w = ' and ¢o = ¢ it is
not hard to derive the fact that w; must equal to w/. Similarly, by performing induction on
the indices of w, we will get that ¢; must equal to ¢}, g2 must equal to ¢, and so on. With
this our proof is complete. O

5. CONVERGENTS

Let
1
(6) w=qo+ i
¢+
g2+
1
+_
dn
And let’s look at the following numbers:
1 1
qo, C]O—i__7 qo—i_ila R
N G+ —
a2
The preceding numbers can be represented as ordinary fractions in the following way
D _ @
Qo 1’
P n 1
- =4 D
(1 ° q1
Py n 1
-~ =49 1°
az
Py
_ = w’
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Py

P
where —- are called convergents. Note that going from “* %o
i k k+1

can be done by simply

1 P,
replacing ¢, with ¢ + ——. Similarly going from ~E to the whole continued fraction is
qk+1 k

accomplished by replacing g, with ¢ + ; that is, replacing ¢, with a continued fraction

WEk+1
Wi

An important role in the study of continued fractions is played by the following theorem.

Theorem 2. The numbers P, and Q) have the following three properties:

(7) Py = Prgp1 + Prq,
(8) Qr+1 = QrQry1 + Qr—1,
(9) Pe1Qk — PiQpy = (—1)F.

Proof. Let us prove all of the above by induction on k. First let’s see what happens when
k=1:

qoq1 +1
q1

P
side of the equation, —1, is not reducible by construction. This means, since the two fractions

Since qoq1 + 1 and ¢, are relatively prime, the fraction can not be reduced. The left

1
are equal and irreducible, their numerators and denominators are equal. Specifically, P, =
qoq1 + 1 and (); = q;. Further more,

Py 1 90012+ 1) + g2

10 22+ -
(10) o 1 q1q2 + 1

The greatest common divisor of the numbers ¢o(q1g2 + 1) + ¢2 and ¢1¢2 + 1 is equal to
(g2, ¢1g2 + 1) which is in turn equal to (g2, 1), or simply 1. This means that the right side of
equation (10) is irreducible, and therefore
Py =qo(q1g2 + 1) + q2 = (qoq1 + 1)q2 + g0 = Pig2 + P,
Q2= qi1g2 + 1 = Q1g2 + Qo,

and

Py — PiQs = ((qoq1 + 1)g2 + o) (1) — (qoq1 + 1)(q1q2 + 1)
= Qqi g2 + @1 + Q01 — WL g2 — @1g2 — Gogr — 1 = (—1)"

With this we have proved the base case of our induction proof.
Now lets suppose that equations (7), (8) and (9) are true, and examine the equality

(1) Pev1 PreGr + P

Qi1 Qeap +14+Qp
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P, P,
By the previously mentioned fact the transition from UARNNLAE I accomplished by
b X Qi1 Qriz
replacing g1 in LAz by qxi1 + ——. Because Py, Qk, Pr—1 and ;1 do not contain
Qk+1 Q. + 2

Qr+1 We have

1
Po(qpyr + —) + Pes

Pito _ dk+-2
= i ,
@iz Qr(qer1 + —) + Q1
k42

or using the inductive properties of equation (7) and (8),

Pryo _ Pyi1Qrgr + Py
Qr+2  Qrr1Qur2 + Q

Now we need to prove the irreducibility of the right side of equation (12). For this it is enough
to show that the numerator and the denominator of this fraction are relatively prime.

Lets suppose that Pyi1qxio + Pr and Qr11qxio + @ have some common divisor d > 1.
Then

(12)

(Pet1qi+2 + Pr) Qi1 — (Qrt1qir2 + Q) Peta

must also be divisible by d. But by our inductive hypothesis (9) this expression equals to
(—1)*! and cannot be divisible by d.

So, the right side of (12) is irreducible, and therefore equation (12) is a composed of two
irreducible fractions. Therefore,

Pyto = Pop1qrr2 + By
and

Qrr2 = Qr+1qr+2 + Qk-
To complete our proof by induction we need only to show that

Pris2Qir1 — Prp1 Quea = (—1)M1
This is done very simply because
PiioQri1 — Por1Qri2 = Prv1@r2Qri1 + PuQr1 — Prot1@er2Qir1 — Por1 Qs
which simplifies to (—1)**! with the use of the two expressions we have just proven. With
this the proof is complete. |
6. SOME CONTINUED FRACTIONS AND FIBONACCI NUMBERS

Theorem 3. If a continued fraction has n partial quotients, each of which equals to one,
Fn+1

then the fraction is
n

Proof. Let’s call a continued fraction with n partial quotients a,,. Then,
aq, Qg, ..., Qp

are the convergents of the above defined continued fraction.
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P
Let af = “%  Since
k

1
and
1
052:1—’_17

then P, =1 and P, = 2. Furthermore, using equation (7) we have P, = P,qns1 + Pro1 =
P, + P,_1. Using the the fact that this is a generalized Fibonacci sequence we conclude that
Pn = I'n+1.

Slmllarly Ql = ]_, QQ =1 and QTH-l = ann—i-l + Qn—l = Qn + Qn—l; so that Qn = Fn
This means that,

o = Fn+1
|
Theorem 4. If w contains qo,q1,q2, - - - ,qn, where
D= =¢@=""=¢1=01="""=0q =1,

then
Y Fi1Fn iz + FiFy i
FF ivs+ F1Fy_iy1

Proof. Let’s consider the function m;(x), where ¢ are nonnegative integers, defined by the
following,

mo(z) = x
1 z+1
my(z) =1+ — =
x x
1 2 +1
me(z) =1+ T = 1
1+- 77
x
() =1+ !
mi(x) =
m;_1(x)

We will prove that
1 Fuar+ F
misy  Fa4+ Fi

(13) mi(x) =1+

Let’s prove equation (13) by induction on 7. First let’s show that the base case is true. When
z+1 . FQ.I’ + Fl

= . Now let’s suppose that this equation is true for
T Fl.T + FO PP d

i =1 we have m;(z) =
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1 =k > 1. Then if we prove that it is true for £+ 1 we have proven our hypothesis. We have

1 1 F Fo+Fua+Fe, R 3
mk+1(l’):1—|— =1+ _ k1T + P+ Froe + k=1 _ k+2T + k+1.
my(z) M Froix+ Fy Fi1x + F,
Fk:x + Fk—l

For convenience let’s rewrite the function m;(z) as a continued fraction [1°, z].
Returning to the expression [1'2,1"7*] where n is the last term of the continued fraction,
let © = [2,1"7"] to give

[1°,2,1"7"] = [1°,2] .

By Theorem 3, z = 2 + —2=". Plugging this back into equation (13) we get
n+1—1
Fn—i
Fipi |2+ + F;
[1i 9 1} _ ! < Fn+1i)  F2F i+ P+ P F
v B Fn—i _E2Fn —1 ani Fn 72Fz_1
ﬂ<m+ )Jrﬂ_1 @Fu1=i + Fuci) & o
n+1l—1
_ FipnFogs i+ FiFng
FiFyis i+ F 1Fni
Our theorem has been proven. O

Theorem 5. For any integer n > 1 and integer m > 0,

[4m=1 3] if no= 3m+1,
[4m=1 5] if o= 3m+2,
[4m=1 4] if n = 3m+3.

Fn+3 _

n

Proof. To prove the above theorem let us first examine the expression p;(z) = [4¢, 2] defined
for all nonnegative integers n. We know that

po(x) =z
1 dr +1
Pl(ﬁ):‘l"';:
1 17x +4
po(r) =4+ T =
PR 4z + 1
x
1
pi(r) =4+

pi—1(2)
Further examination of the above expression reveals that
(14) pi(z) = [4 ,x] *

- UZZI'J + Ui—17
where Uy =0, Uy = 1 and U; = 4U;_1 + U;_s.
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4+ 1 B
" —

Let’s prove this by induction on i. The base case is i = 1. We have p;(z) =
UQ.CE + U1

U1$ + UO’
integer k

since Uy = 4, U; = 1 and Uy = 0. Now let’s suppose that for some nonnegative

1 . Uk+1$ + Uk
po—1(x)  Upx +Upq
We only need to show that the above holds for [4’““, x} to prove our hypothesis. We have

1 U + Up_4 AU 1o + AU + U + Uy 4 Ukior + Upiq
4 4 =4+ = = .
() U1z + Uy U1z + Uy, U1z + Uy

We can further simplify the expression using by the fact that U; = %ng. To prove this let’s
first prove that I}, = 4F, 3 + F,_¢, where t is any integer. Both sides of this equation are
generalized Fibonacci sequences. Recall that a sequence g, is called a generalized Fibonacci
sequence if it satisfies the Fibonacci recurrence g, = ¢,—1 + gn_2. We also know that if two
generalized Fibonacci sequences are equal for two values then they are equal for all values.
Plugging in t = 6 and t = 7 we see that the above expression is true. So F3; = 4F3;_ 3+ F3;_¢
is also true. We see that both U; and %ng satisfy the same recurrence and they satisfy the

same initial conditions since Uy = %Fo =0and U; = %Fg = 1. Therefore U; = %ng.
Now we are ready to prove our theorem. First let’s prove the case n = 3m + 1. Plugging

x = 3 into equation (14) and using the fact that Fi,, = F,_1F, + F,F,+1 we get

C 3Ui + Ui 5 (3Fsiys+ Fy) 5 (6Fsiq + 4Fy)
33U 4+ Uiny % (3F3 + Fyimg) % (4Fs;1 + 2F3_9)
3By +2Fy FuFyia+ F3Fy Faigg

C 2Fy+ Fyio FyFyq+ FaFyio Fygn

pr(x) =4+

4,3]

where ¢ = m — 2.

, F3;
The other two cases are similar. For n = 3m+ 2 we get [4",5] = 210 and for n = 3m+3
3i+2
. F3;
we get [47,4] = 20 O
3i+3

Theorem 6. For any integer n > 3 and integer m > 1,
. 2,4™1.3] if n = Im+,
F" =< [2,4m™7L 5] if n = Sm+2,
" 2,4m71 4] if n = Sm+S.
Proof. We already know the expressions for [4°, 3], [4°,5] and [47, 4] Then, since what we have
is [2,4%,3], using L, = F,_1 + F4+1, our final expression becomes
Iy 2F3ipa+ Foipa 2 (Fips + Fipa) + Fyip

[2:43) =2+ F3ita F3itq B F3itq
 2(Fiq3+ Fyiyo) + Fyip1 2F3i03 + Faipn + Fiip3
B F3i44 B F3iy4
~ 2F3i03+ Fyipa Fyis + Fiis Lsiga
B F3ita B F3itq  Fiipd

where ¢ = m — 2.
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| Ly,
Again the other two cases are similar. For n = 3m + 2 we get [2,4%,5] = =2 and for
3i+5

_ Lsitse 0

n=3m+ 3 we get [2,4i,4]—F :
3i+6



