AN INTRODUCTION TO SCHRODER AND UNKNOWN NUMBERS

NICK DUFRESNE

ABSTRACT. In this article we will introduce two types of lattice paths, Schroder paths and
Unknown paths. We will examine different properties of each, and attempt to relate the
two sets in a few different ways.

1. INTRODUCTION TO THE SCHRODER AND UNKNOWN NUMBERS

Definition 1. A Schroder path is a lattice path that starts on the z-axis, ends on the z-axis,
never goes below the axis and is constructed by the steps (1,1), (1, —1) and (2,0). We will
let R,, denote the number of Schroder paths of length 2n.

Definition 2. A peak is an up-step, (1,1), followed immediately by a down-step, (1, —1).
We will say that the height of a peak is k if the top of the peak is at height £ in the path.

Definition 3. A set of numbers, which we will call the Unknown numbers, count the number
of Schréder paths which have no peaks at height one, and no horizontal edges at height zero.
We will let U,, denote the nth Unknown number, which counts such Schréder paths of length
2n. These types of paths will be referred to as Unknown paths.

Definition 4. We will call a non-empty path prime in some set of paths S if it cannot be
factored into smaller paths p; and p, such that both p; and p, are in S.

2. SOME GENERATING FUNCTIONS

It is known (see [1]) that if a(z) is a generating function that counts some set of paths
S that can all be uniquely factored into primes, and if p(x) is the generating function that
counts the prime paths in S then

1
a(z) = =)

To determine some formulas for the generating function of the Schréder numbers, r(z) =
Yone o Rax™, lets look at the prime Schréder paths. We will consider the primes of the
Schroder paths to be any path which starts and ends on the z-axis and never touches it in-
between. It is clear that a path of this type can not be factored further. We will weight each
step in the generating function for Schroder paths by x. We know that a single horizontal
step has length 2 and is prime. So the horizontal step is counted by z. Also, it is clear that
an up-step followed by an arbitrary Schroder path of length 2n — 2 followed by a down-step
is prime path of length 2n. It should be easy to convince yourself that these are the only
prime paths. This interpretation leads us to the generating function of the prime Schroder
paths p(z) = = + xs(x). And finally this gives us that
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r(r) = ———— (2.1)
We can rearrange this to get that
r(z) =14 ar(z) + or(x) (2.2)

Solving (2.2) for r(z) using the quadratic formula and selecting the solution that gives a
power series we get that

1—x—+1—06x+2?

r(z) = o . (2.3)
Using the same approach as for the Schréder numbers we can discover some formulas for
the generating function for the Unknown numbers u(z) = > 7  U,z". We know that the
prime Unknown paths cannot have any horizontal steps on the z-axis or any peaks of height
1. It is not too difficult to see that the only type of prime Unknown path is of the form up-step
followed by a non-empty Schroder path followed by a down-step. That is, a prime path of
length 2n is an up-step followed by a Schroder path of length 2n — 2 followed by a down-step,
which is counted by R, _12™ since there is a unique prime for every Schroder path of length
2n — 2. This gives us that the generating function for the primes is p(z) = Y~ , R,_12", or

equivalently p(x) = z(r(z) — 1). Using the second version we see that this gives us

1

= . 2.4
u(z) 1—xz(r(x) — 1) (24)
If we substitute (2.3) in for r(z) we find that
1432 —+v1—6x+2?
u(z) = : (2.5)

2x(3 + 2x)

3. PATHS WITH AN EVEN NUMBER OF PEAKS

In this section we will see that half of the Unknown paths of length 2n have an even
number of peaks. To prove this lets consider the subset S of the paths counted by U, where
we consider only paths with an even number of peaks. Now we need to show that S is
counted by %Un. To do this lets consider any path p in S. Lets take p’ to be the path of p
where all peaks in p are replaced by horizontal steps. We know that p’ is still a path counted
by U,, because if any of the new horizontal steps were at height zero that would imply that
p had a peak at height 1. Now, lets say that p’ has n horizontal steps. We can replace any
number of horizontal steps in p’ with peaks (an up-step followed by a down-step) and the

result is a path in U,. This tells us that there are (") paths with k peaks resulting from
/

p'. So if n is even the number of paths with an oddknumber of peaks resulting from p’ is
(1) + (5) +---+ (") which is equal to (7) + () +---+ () which is the number of paths
resulting from p’ with an even number of peaks. And if n is odd similarly the number of odd
peaks resulting from p’ is (Tll) - (g) + (Z) = (3) - (g) ++ (n’il) which is again the
number of paths with an even number of peaks resulting from p’. Since every path counted
by U, can be reduced into a path with only horizontal steps, and every path of this type
results in an equal number of paths with and odd number of peaks and even number of

peaks, we have that S is counted by %Un.
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Since the Schroder paths have the same structure as the Unknown paths the same argu-
ment applies for them. So we have that the number of Schroder paths of length 2n with an
even number of peaks is %Rn.

4. PATHS WITH AN INITIAL RUN OF UP-STEPS OF EVEN LENGTH
Definition 5. A run is a series of consecutive steps all of the same type.

Similar to the previous section, we can show that the number of Unknown paths with an
initial run of even length is counted by %Un. To see this lets consider the following function
f from Unknown paths with an even number of initial up-steps Uy, to Unknown paths
with an odd number of initial up-steps U,q4q. Take u to be some path in Ug,., with an initial
run of length 2k. We know that the step following the initial run must be either a down-step
or a horizontal step (otherwise the step would be included in the intitial run). If the step
following the initial run is a horizontal step, we replace it with an up-step followed by a
down-step (a peak) to get u'. Clearly this leaves v/ with an initial run of length 2k + 1 so it
is in U,qq. If the step after the initial run is a down-step we take u’ to be u where we replace
the previous up-step and the down-step with a horizontal step. Note that this will not place
a horizontal step on the z-axis since the initial run must have length at least 2. This will
leave u' with an initial run of length 2k — 1 so it will be in U,yy. This process is unique so it
is one-to-one. Also we can see that applying f to f(u) gives back u, so for any v’ in U,yq we
have f(u') is in Ueyen, (by a similar argument as before) and f(f(u')) = «’. So f is onto. This
implies that we have found a bijection between Unknown paths with an initial run of even
length and Unknown paths with an initial run of odd length. So half of U,, counts Ueyep,.

Again, because the Schroder paths have a similar structure to the Unknown paths this
argument holds for them also. So %Rn also counts Schroder paths with an initial run of even
length.

5. A RECURRENCE RELATION FOR THE SCHRODER NUMBERS

From (2.3) we know that

r(m):Zan’"
n=0
1—x—+1—06x+2?

2z
For ease of calculation let a(z) = 2zr(x). Then

ox

1 (B—2)V1—6x+a?
=—z+

2 1 — 6z + 22

Multiplying a'(z) by it denominator we see we are left with something similar to a(z). We
find that

(1 -6z + 2%)d (z) + (3 — x)a(z) = 2 + 2. (5.1)
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From this differential equation we can derive a simple recurrence relation for the Schroder
numbers. To do this we should note that the derivative of the generating function r(z) is

= Z nR,x" !
n=0
Let us define R, to be zero for n less than zero. Using this fact and that a(x) =
>0 0 2R,z and o (x) = Y07, 2(n + 1) R, 2™ we can now write equation (5.1) to be

27 +2 = (1 — 6z + 2?) 2271—1-1 nx"—i—(?)—x)ZZRnx”H
n=0 =

= 2(n+ DRya" = > 12(n+ 1) Rz

n=0 n=0
+ i 2(n + 1) R, 2" + Z 6R,x" i 2R, z"t?
n=0 n=0 n=0
— f: 2(n+ 1)R,z" — f: 12nR,_1x™
n=0 n=0
+ i 2(n — 1) R, 22" + i 6R, 12" — i 2R, _ox"
n=0 n=0 n=0

Now looking at the coefficients of 2™ (where n > 1) in this equation we see that on the
left side we get zero, and on the right side we get

002n+1R:v— 12an1$+ 2n—1 _oL"
=0

nO

+ [z"] Z 6R, 12" — [2"] i 2R, _ox"
n=0 n=0

= (27’L + Z)Rn - 12an_1 + (271 - 2)Rn_2 + 6Rn_1 - 2Rn_2

Now equating both sides, dividing by 2 and simplifying we find that
(n + 1)Rn = (6n — 3)Rn71 — (n — 2>Rn72 (52)

6. A RECURRENCE RELATION FOR THE UNKNOWN NUMBERS

From (2.5) we have

u(z) = ZUnx”
n=0
143z — 1 — 6z + 22

6x + 42
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Again, to make the calculation a little easier we will take b(z) = (62 + 42%)u(x). Note
that this makes

b(z) =Y 6U, 12"+ AU, 52" (6.1)
n=1 n=2
and
V(z)=> 6(n+1)Usu"+ Y 4(n+ 1)U, 12" (6.2)
n=0 n=1

From the closed form of the generating function u(z) we see that
V(r) =3— 18z + 32> + (3 — 2)V1 — 6z + 22

This looks very similar to what we found previously for the Schroder numbers. We find
that b(x) satisfies differential equation

(1 — 62 + 22 (z) + (3 — 2)b(z) = 6 — 10x.

We will define U, to be zero for n less than zero. Next substituting in equations (6.1) and
(6.2) we find that

6—10z=> 6(n+1)Ua"+ Y 4n+ 1)U, 2" = 3600, 12"

n=0 n=0 n=0

— Z 24nU,,_ox™ + Z 6(n —1)Up_oz™ + Z 4(n — 1)U, _gzz".
n=0 n=0 n=0

Now equating the coefficients of 2™ in this equation we find that

(3n 4 3)U, = (16n — 11)Up_1 + 9nU,_5 — (2n — 4)U,_s. (6.3)

7. COMBINING THE SCHRODER AND UNKNOWN NUMBERS

We would like to be able to express the Schroder numbers in relation to the Unknown
numbers. Using (2.3) and (2.5) we see that

3+ 2z)u(x) =r(x) +2

Using the same method in the previous two sections to express relations between coeffi-
cients of " in both sides of the equation we find that

R, = 3U, + 2U,_, (7.1)
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8. COMBINATORIAL PROOF OF EQUATION (7.1)

To see that R,, = 3U,, 4+ 2U,,_; we will find it easier to prove that R, — U,, = 2U,, +2U,,_;.
Let us take S to be the set of paths counted by R, — U,. We know that the Unknown
numbers count Schréder paths with no horizontal steps at height 0 and no peaks at height
1. This would imply that S counts that number of Schroder paths of length 2n with at least
one horizontal step at height 0 or peak at height 1. Consider the last occurrence of either
in the path. Let S~ be the paths that have the last occurrence as a horizontal step on the
z-axis. Let ST be the paths that have the last occurrence as a peak at height 1. Lets let T’
be the set of paths counted by 2U,, + 2U,,_;. And let T~ be one half of the paths counted
by U, + U,_1, and Tt be the other half counted by U,, + U,,_1 (making each path distinct).

Now consider the following function f. We take a path s in S. If s is in S~ then we
remove the last horizontal step at height 0 in s and insert an up-step at the start of the path
and a down-step where we remove the horizontal step to get f(s).

%

FiGURE 1. Example s € S~ to s’ € T

This leaves no more horizontal steps at height 0 or peaks at height 1 since they will all
be moved up one level. So f(s) will be a path counted by U, since it is of length 2n still
unless the path before the horizontal step was empty, in which case we are left with a peak
of height 1 at the start. We can chop the peak off and the remaining path is counted by
U,,_1 since it has no peaks at height 1 or horizontal steps at height 0 and has length 2n — 2.
So f(s) isin T. Now if s is in ST we remove the last peak and place the up-step of the peak
at the begining of s and the down-step remains where it is to get f(s). If s is non-empty
before the peak then this will be counted by U,, and if not it will be counted by U,,_;. Again
s isin T. We see that any path f(s) in T" is uniquely determined by s since it is s uniquely
rearranged. So this tells us that f is one-to-one. We already have seen that U,_; counts
Unknown paths of length 2n — 2 with a peak attatched to the front. So for ¢ in T, we just
take the first up-step and down-step that touch the z-axis and we remove them. Where the
down-step was, we put either a horizontal step which corresponds to a path in S~ if ¢ is in
T~ or we put a peak of height 1 which corresponds to a path in S* if ¢ is in T". So we
know every path in 7" comes from some path in .S. So f is onto. This bijection tells us that
R, - U, =2U, +2U,_;.

9. A FINAL EQUATION RELATING THE UNKNOWN AND SCHRODER NUMBERS

Using what we found 7(z) to be in (2.3) and u(x) to be in (2.5) we can verify that

lu(x)—1
2 a2
We can rewrite this to be
lu(z) -1 1
2 22 1-2z—222—ar(z)

(1 —2x —22° —ar(x)) = 1. (9.1)

(9.2)
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Using (9.2) and defining R,, to be zero for n less than zero we find that

=1 1
U, 01" = _ . 9.3
; 2 T T o — 222 — 5 Ry _jan (9.3)

We can now find an interpretation of the paths that >~ %Un+2x" counts based on the
primes given on the right side of equation (9.3). We see that the prime paths are very
similar to the prime paths of the Schroder numbers except we have and additional x and an
additional 2z%. Let u denote an up-step and d denote a down-step and h denote a horizontal
step. We can take the prime Schroder paths and add in an additional prime of length 2, du,
and two additional primes of length 4, dduu and dhu.

FIGURE 2. Additional Primes

Now we see that any path s constructed of these primes will never go below 2 below the
z-axis. By adding on two up-steps at the beginning of such a path and two down-steps at
the end to get s’ we have a path of length 2n + 4 that will be an Unknown path of length
2n + 4. We see this is true since if there is a horizontal step on the z-axis in s’ then there
is a horizontal step at 2 below the z-axis in s, which is impossible from the primes we have
chosen. Also a peak at height 1 in s’ is impossible from the primes.

%

FIGURE 3. Example s; to s}

The path s’ has the property that any horizontal step at height 1 must be preceeded by
a down step and followed by an up-step caused by the prime of the form dhu. Also, if s
touches the axis at any point (not the starting or ending point) then the point must be
preceeded by two down steps and followed by two up steps, which is caused by the prime
dduu.

What (9.3) tells us is that Unknown paths with these properties of length 2n + 4 are
exactly half of the paths counted by U, 5.
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