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ABSTRACT. In this paper, we shall prove the Chung-Feller Theorem in multiple
ways as well as extend its results to more general cases, similar to that of the
ballot problem.

1. INTRODUCTION

The main focus of this paper is to prove the following result:

The Chung Feller Theorem. The number of paths from (0,0) to (n,n) with ex-
actly 2k steps above the line x = y is independent of k, for every k such that
0 <k <n. In fact, it is equal to the nth Catalan number.

2. PRELIMINARY DEFINITIONS AND AN INDUCTIVE PROOF

Generalizing Dyck paths, we can study the number of paths indicated in the
above Chung-Feller theorem in a simpler form.

Definition 1. A k-negative path of length 2n is a path from (0,0) to (2n,0), with
steps (1,1) and (1, —1), such that exactly 2k of these steps are below the horizontal
axis.

The set of all Dyck paths forms a free monoid, so it is possible to uniquely factor
any Dyck path into what are called prime paths.

Definition 2. A prime Dyck path is a Dyck path that returns to the z-axis only
once at the end of the path. A negative prime Dyck path is a a prime Dyck path
reflected about the z-axis.

Note. In general, any negative Dyck path is the reflection about the z-axis of a
Dyck path.

Any k-negative path either starts out with some sort of prime path, either a
prime Dyck path or a negative prime Dyck path. In the first case, the k-negative
path starts with an up-step followed by a Dyck path of some length 2p — 2 which
is then followed by a down-step and a k-negative path of length 2n — 2p, for some
p < n—k. On the other hand, the second case deals with paths that start out with
a down-step, followed by a (g — 1)-negative path of length 2¢ — 2 which is followed
by an up-step and a (k — ¢)-negative path of length 2n — 2q, for some ¢ < k.

Before our proof, we should introduce some preliminary notation to ease the
computation:
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Notation 1. Let N, be the number of k-negative paths of length 2n that start
with an up-step. Let Nyown, similarly, be the number of k-negative paths of length
2n that start with a down-step. Let N be the total number of k-negative paths of
length 2n.

An Inductive Proof of the Chung-Feller Theorem. As a base case, for n = 0, there
is only one path with 0 steps. So clearly there is only Cy = 1 path with 0 steps
below the z-axis.

Now, assume that for all ¢ such that 0 < i < n, the number of k-negative paths
of length 27 is equal to C), for all k& < 4. So for the case of k-negative paths of length
2n we will deal with both cases described above.

If a path starts out with an up-step and a Dyck path of length 2p — 2, then the
number of such paths is the total number of Dyck paths of length 2p — 2 multiplied
by the number of k-negative paths of length 2n — 2p < 2n. By the inductive
hypothesis, this means that the number of such paths N; = Cp-1Cy—p. For the
total number of k-negative paths that start off with an up-step we need to take the
sum of all the N;, for all 1 < p < n — p. Therefore, we have that the total number
of k-negative paths of length 2n that start with an up-step is

n—=k n—~k
Nup =Y _NF=Y CpiCpry.
p=1 p=1

Similarly we define N, as the number of k-negative paths that start out with a
down-step and negative Dyck path of length 2¢ —2. So N is equal to the number
of negative Dyck paths of length 2¢ — 2 multiplied by the number of (k — ¢)-
negative paths of length 2n — 2¢ < 2n. Obviously, since the negative Dyck paths
are reflections of (positive) Dyck paths, the number of negative Dyck paths of length
2q — 2 is equal to the number of Dyck paths of length 2¢ — 2.Therefore, we again
have the summation of products of two Catalan numbers, and the total number of
k-negative paths of length 2n that start with a down-step is

k k
Ndown = Z qulcnfq = chchqfl-
q=1 g=1
Therefore the total number of k-negative paths of length 2n is equal to
n—k k
(1) N:Nup +Ndown = Zcpflcnfp""zcnchqfl»
p=1 g=1

that is
N = (C(]Cn71 + CCh—o+ -+ Cnfkfle) + (Cnflco + Ch_Ci+ -+ Cn,ka,l).
Reversing the order of the summands in the second parentheses clearly gives

N =(CoCry + -+ + Crej—1Ck) + (Cr— g Cr—1 - - + C_1Ch)
n—1
= Z Cicn—i—l - CTL
i=0

Therefore, the total number of k-negative paths of length 2n is equal to C,,. [
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3. A BUECTIVE PROOF
Notation 2. Let S) denote the set of all k-negative paths of length 2n.

The inductive proof in section 2 reveals the inner workings of a bijection ¢ :
Sy — Sk+1. We will define such a bijection recursively.

For s € S, find the last positive prime Dyck path ¢q. Next factor s into s = pgr,
where p is the arbitrary path up to the last positive prime Dyck path and r is the
rest of the path after ¢q. Since ¢ is the last positive prime Dyck path, the remainder
of the path r must be a negative Dyck path.

Like any other prime Dyck path, ¢ is composed of an up-step followed by an
arbitrary Dyck path @ and a down-step. So ¢ can be rewritten as ¢ = u@d, where
u denotes an up-step and d denotes a down-step. Define the bijection ¢ by

(2) o(s) = p(puQdr) = pdru@, for anys € S.
Claim 1. ¢ : s +— ¢(s) = pdru@ is a bijection between Sy and Sky1.

Proof. Given an s € Sy, ¢(s) = pdruD by (2). Since p begins and ends on the the
x-axis, the step d is below the z-axis. As noted earlier r is an arbitrary negative
Dyck path, so in the path ¢(s), r starts and ends at height —1, without going above
it. Therefore the step w is negative, starting at height —1 and ends on the z-axis.
Since @ is a Dyck path it contains no negative steps, so altogether ¢(s) has 2 steps
below the z-axis in addition to the number of negative steps in path segments p and
r. Since the only negative steps in the path s € Sy occur in p and r, the number of
negative steps in path segments p and r is equal to 2k. Thus ¢(s) has 2k + 2 steps
below the z-axis and so is a member of Siy.

Now, it is possible to think of ¢ as a cyclic shift on only the gr portion of s.
The cyclic shift occurs at the step d, sending u@Qdr to dru@. Since cyclic shifts are
bijective and the identity function is clearly bijective, ¢ is bijective. L]

Plugging in k£ and k£ 4 1 into equation (1) we get

n—k k
Ne=> Cp1Cnp+Y Cq1Cny, and
p=0 q=0

n—k—1 k+1

Nezi= D CpaCnp+ Y Cy1Chy.
p=0 q=0

A careful inspection of these two equations reveals that number C,,_j_1Cy moves
from the first summation in N}, to the second summation in A 1. That is, the set
of paths starting with a prime Dyck path of length 2n — 2k followed by a negative
Dyck path of length 2k, is sent to the set of paths starting with a negative prime
Dyck path of length 2k — 2 followed by an arbitrary Dyck path of length 2n —2k —2.
So any possible bijection between Sy and Si41 must have this property, sending
the path s’ = ¢r € Sk to the path § = vw € Siy1 where ¢ and v are the positive
and negative prime Dyck paths, respectively, described above.

Claim 2. The ¢ described by equation (2) fulfills the above property.

Proof. s’ € Sy has only one positive prime q = uDd of length 2n — 2k, therefore
D has length 2n — 2k — 2. Additionally, r is the remaining negative Dyck path of
length 2k. By the definition of our bijection, ¢(s’) = druD, which starts with a
negative prime Dyck path of length 2k + 2 and ends with D which is a Dyck path
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of length 2n — 2k — 2. Therefore, if we call v = dru and w = D it is easy to see
that our ¢ satisfies the desired property. O

Therefore, we can now bijectively prove the Chung-Feller theorem.

Bijective Proof. Since ¢ exhibits the property enumerated above and is bijective,
the cardinality of Sy and Sk41 are equal, for all nonnegative k& < n —1. Since there
are n + 1 equal sets of paths of length 2n each with the same cardinality, and the
total number of paths of length 2n is (2:), we have the equation

(n+ 1K = (2”>

n

where K is the number of k-negative paths of length 2n for some k such that
0<k<n.
Therefore K = 15 (%) = C,,. 0

1\n

4. A GENERATING FUNCTION APPROACH TO THE THEOREM

The generating function for the Catalan numbers is given by

(3) c(a) =3 Cpar = LoV 2_4@“
n=0

Let us construct a generating function for k-negative paths by weighting each
step by v/ and each step below the z-axis by v/t. As described in section 2, the
primes of a k-negative path are either positive prime Dyck paths or negative prime
Dyck paths. Let P, denote the number of (positive) prime Dyck paths of length
2n.

The common decomposition of prime Dyck paths breaks such a path of length
2n into an arbitrary Dyck path of length 2n — 2 sandwiched between an up-step
and down-step. So the number of prime Dyck paths of length 2n is given by the
(n — 1)th Catalan number, that is P, = C,,_1. Therefore the generating function
for the prime Dyck paths is given by

(4) pi(z) = i Pz = i Choi2" =x i Cra" = xc(x).
n=1 n=1 n=0

Similarly, for negative prime Dyck paths the generating function, now weighted
by vt because each step in a negative prime Dyck path is below the z-axis is given
by

(5) p_(z,t) = Z P, (tx)" =tz Z Cp(tx)" = txe(tx).
n=1 n=0

So since arbitrary paths can be factored into [ primes (either positive or negative),
we can construct a generating function out of the geometric sum of these primes,

oo

_ L 1

In this case the coefficient of t?27 is the number paths of total length 25 and with
2i steps below the x-axis.
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By the definition of ¢(z) and equations (4) and (5) we get that

1
N(t =
(t,2) 1 — ze(x) — tac(tx)
1
e e
2

T VT—dz+1—diz
Rationalizing the denominator we see that

N(t.z) = VI—dz —1— 4tz

2x(t —1)
1= v1—-dx—1++1—4xt
B 2z(1 — t)
1 (1-VT—dz 1-T— 4zt
1t 2 2
1
=13 (c(x) — te(tz))
1 oo o0
— n n+1,.n
n=0 n=0
& 1— tn+1
n=0

Using N(t,z) and a simple algebraic identity we can prove the Chung-Feller
Theorem.

Proof. Because
1 — ¢ntl
1-t¢
equation (6) can be rewritten as

(7) k(t,z) = iC" (i tk> a”.
n=0 k=0

It is easy to see from (7) that given an n thecoefficient of t*2™ in N (¢, z) is equal to
C,, for all k such that 0 < k < n. Based on the construction of N(¢,x), this means
that the number of k-negative paths of length 2n is equal to C,, for all k£ such that
0<k<n. O

=1+t+t2+ 1",

5. GENERALIZED BALLOT NUMBERS

Definition 3. A k-bad ballot path from (0,0) to (m,n), with m > n, is a path with
steps (1,0) and (0, 1) such that exactly 2k steps lie above the main diagonal z = y.

Definition 4. The k-bad ballot number Bjy(m,n) denotes the number of k-bad
paths from (0,0) to (m,n), with m > n.

As formulated above the k-bad ballot numbers differ from the standard ballot
numbers in the type of election the numbers model. The classical ballot problem
asks for the number of ways to count ballots in a two-person election such that
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candidate A is always ahead in the tally over candidate B. That is, the ballot
problem deals with the number of paths from (0,0) to (m,n), with m > n, such
that the path never touches the main diagonal z = y.

However, with our new understanding of paths that jump over the main diagonal
it is possible to model a more realistic ballot count, one in which there are exactly
k votes for candidate B such that after the tallying of the vote he is ahead of
candidate A. We shall call this type of election a k-bad election. Now, to model
this event we need to know the number of paths from (0,0) to (m,n), with m > n,
which have 2k steps above the diagonal, that is k-bad ballot paths.

For any such path, find the last time that it intersects the diagonal and cut it
there; we know that the point at which the path is severed will be (i, 1), for some i
with £ < i < n. Now we have to count two different types of paths:

1. paths from (0,0) to (,4) with 2k steps above the diagonal, and
2. paths from (i,%) to (m,n) that stay strictly below the diagonal,

for some ¢ such that £ < i < n. Clearly, by the Chung-Feller Theorem, because
0 < k < i, the total number of paths from (0, 0) from (7,7) with 2k steps above the
diagonal is just C;.

If m = n, then the last point at which any path hits the main diagonal is (n,n),
so there is no remaining path to enumerate. However, if m > n then we have to
count the number of possibilities.

Lemma 1. The number of paths from (i,i) to (m,n), with m > n, that stay strictly
below the diagonal is equal to B(m —i,n — i), where

(8) B(mvn):<m+n—l)_(m+n—l>

n m

Proof. If we let M = m — i and N = n — i, then it is sufficient to just prove that
the number of paths that never touch the main diagonal from (0, 0) to (M, N) with
M > N is B(M, N). Clearly in order for a path from (0,0) to (M, N) to stay below
the main diagonal it must start out with a unit east step, thus since this is the
only way to proceed from (0,0) it is sufficient to count the number of paths from
(1,0) to (M, N) that do not touch the main diagonal. Thus of the total number of
paths from (1,0) to (M, N), there are paths that do not touch the main diagonal
and those that do, which we shall call “bad” paths.

Now for each bad path, if one takes the path up to the first time it hits the line
x = y, and reflect just this portion of the path about the main diagonal, a path
from (0,1) to (M, N) is obtained. Also if, one takes any path from (0, 1) to (M, N),
finds the first time it touches the main diagonal and reflects the path up to this
point about the line x = y, a bad path is obtained. Thus there exists a bijection
between the set of all bad paths and the set of all path from (0,1) to (M, N).

Since we do not want the bad paths, we take the total number of paths from
(1,0) to (M, N) and subtract the number of bad paths, that is the total number of
paths from (0,1) to (M, N). Therefore, the desired number of paths is

M+N-1\ (M+N-1
N M ’
which by (8) we know to be equal to B(M, N). O

This means that for any 4 such that k < ¢ < n, the number of paths from (0,0)
to (m,n), such that m > n, with 2k steps above the diagonal which last intersects
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the diagonal at (4,4) is
C;B(m —1i,n—1).

Therefore, summing over all possible ¢ such that & < i < n, the final formulation
for the number of ways to count the ballots of a two-person k-bad election is

ZCZ-B(m —i,n —1).
i=k

Adding in the case in which candidates A and B tie overall, (m = n), we get

S CiB(m—i,n—1i), if m>n;
9) Bi.(m,n) = { Cy, ifm=n>Ek;
0, if n <k.

Unfortunately there is no closed form for this sum for all £ or for all points
(m,n), with m > n.

The k-bad ballot numbers can also be defined by a recurrence equation, extended
from the original ballot numbers B(m,n). Clearly, paths ending at (m,n) either
go through (m —1,n) or (m,n—1), so B(m,n) = B(m —1,n)+ B(m,n —1). This
recurrence relation can be shown to generalize to our new k-bad ballot numbers.

Claim 3. Form >n >0, Bi(m,n) = By(m—1,n)+ Bi(m,n—1), with the initial
conditions that

Cn, forn>k;

B =
kn,m) {0, forn <k

and Bi(m,—1) = 0 for all nonnegative integers m.

Proof. Since k-bad paths have steps of (0,1) and (1,0) in order for a k-bad path
to reach (m,n) it must either go through (m,n — 1) or (m — 1,n). Therefore, we
get that the number of k-bad paths from (0,0) to (m,n) is equal to the sum of the
number of k-bad paths from (0, 0) to (m —1,n) and from (0,0) to (m,n—1). Thus
by the definition of k-bad ballot numbers, we get the result

(10) By (m,n) = Br(m —1,n) + Bi(m,n — 1).

The initial conditions for By (n,n) and Bi(m, —1) come about by a similar common
sense inspection of k-bad paths themselves. Obviously there is no way for a path
with steps (1,0) and (0,1) to reach a point (m, —1) for any m. Also, if n < k then
there is no way to fit 2k steps above the main diagonal if the total path length
is only 2n. Furthermore, the Chung-Feller theorem states that if n > k, then the
number of k-bad paths from (0,0) to (n,n) is exactly Cy,. So our recurrence and
initial conditions accurately describe the k-bad ballot numbers. O

6. GENERATING FUNCTIONS FOR By (n +,n)

If we focus our attention on just the set of points (n 41, n) for some [ > 0, then
we can formulate the generating function for the k-bad ballot numbers easily. This
situation is equivalent to enumerating the number of ways ballots can be tallied in
a k-bad election where the loser receives n votes, and the winner has a margin of
victory of [.
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The formulation of a generating function is easier is because it is commonly
known that the generating function for the standard ballot numbers B(n +1,n) for
some nonnegative integer [ is given by

(11) bi(z) = B(n+Il,n)a" = c(x),
n=0

where c(z) is the generating function for the Catalan numbers given by (3) in
section 4.
Plugging in to equation (9) we get that for any nonnegative integer k,

S CiBn+l—in—i), ifl>0;
(12) Bi(n+1,n) = { Chy, if | = 0;
0, if 1 <0.

Claim 4. The generating function for 0-bad ballot numbers for any monnegative
integer margin of victory 1 is equal to by, ;(z) = > 0" Bo(n +1,n)z"™ = c(x)" 1.

Proof. By definition By(n+1,n) =Y., C;B(n+1—i,n—1%). So by (3) and (11) we
get Bo(n+1,n) = [z"]c(z)c(x)!. So therefore, if Bo(n+1,n) is equal to the coefficient
of 2" in the generating function ¢(x)'*!, then since by ;(z) = Y oy Bo(n+1,n)z",
we get that by ;(z) = c(z)+1. O

This result is different from the (11) because the original ballot numbers count
paths that stay strictly beneath the main diagonal, while the 0-bad ballot numbers
count paths that do not go above the main diagonal.

We can generalize this result, by finding a generating function for k-bad ballot
numbers for any nonnegative k.

Theorem 1. For any nonnegative integers | and k, the generating function for the
k-bad ballot numbers with a margin of victory of | is

) k—1
(13) bri(z) = Y Bi(n+1,n)a" = c(z)! (c(x) = > Cix?).
n=0 =0

Proof. Fix a nonnegative integer [. Then for any nonnegative integer k, we want a
formula for > ° ) Bi(n,l)z", where By(n,l) =", C;B(n+1—i,n—1).

Now, c(z)! (c(m)—Zf;& C;z') is the generating function for some infinite sequence
of numbers. It is also known that c(z)' is the generating function for the ballot
numbers B(j + 1, 7), that is 3372 B(j + 1,5)z7 = c(x)!. Additionally, it is obvious
that c(z) — S2F 0 Coat = 3000 Coat — S8 Gt = 3°2°, Ciar'. So we get that

C(x)l(c(x) _ k;:c*x) (i B(j +l,j)xj) : (ik Ca:)

=0

Y. GiB(j+1j)'*.

i>k,j>0

(14)

Now, if we set ¢ + j = n then j = n — i > 0 and equation (14) becomes

Z C;B(n+1—1i,n—1i)z",

n>i>k
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which can be rewritten as

ix”(iCZ—B(n—H—z’,n—i)).

n=0 i=k
By equation (12) we get that

k—1 . o0
c(x)! <c(x) — Z Cixz) = Z Bi(n+1,n)z" = by, (z).
i=0 n=0

O

Therefore we have one way to represent the generating function of B(n +1,n)
for any nonnegative k and [. Let us look at one particular case of this general
formula.

Corollary 1. For any nonnegative integer l, the generating function for Bi(n,l)
18

bii(x) = Bi(n,)a" = c(x)'*"
n=0

Proof. So, given some nonnegative integer [, we can plug in to the formula derived
in the previous theorem we get that

i Bi(n,l)a"
n=0

bl, l(a:)

(o) (elx) — 3 Cia)
1=0

= c(z)'(c(z) — Coa?) = e(z)! (e(x) — 1).

Now, we know that c(x) = 1 + xc(r)?, so we get that c(z) — 1 = xc(x)?, and
finally that

(15) bii(z) = c(z)!(c(x) — 1) = ze(z) T2
O

This looks to be a much easier way of representing the generating function for
Bi(n +1,n). Combinatorially, this formulation of the generating function is much
more illuminating than the generating function given in equation (13). Without
loss of generality, it is sufficient to provide a combinatorial interpretation for I = 0.
Any 1-bad ballot path with [ = 0 is composed of an ordered pair of arbitrary Dyck
paths separated by two steps above the main diagonal. Each arbitrary Dyck path
is represented by c(z) and the two steps above the diagonal are weighted by an
x, so altogether there the generating function for 1-bad ballot paths with [ = 0 is
given by zc(x)?. This clearly agrees with equation (15).

The form of (15) also generalizes to another way to write the generating function
for arbitrary nonnegative k using the standard ballot numbers.

Theorem 2. Given a nonnegative l, for any positive k, the generating function for
the k-bad ballot numbers with a margin of victory [ can be written as
k—1

br,1(z) = a*e(@) (Y Bk, H)e(x)" ).

Jj=0
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Note. We will denote the polynomial in z and ¢(x), z¥c(x)! 1 ( Z;:é B(k, j)c(m)k_j>
as Py, because it is understood that [ is a fixed nonnegative integer.

Proof. Fix a nonnegative integer | as a margin of victory. As a base case for 1-bad
paths the generating function

Py = 2'c(z) ! <§ B(l,j)c(z)1j>

= xc(:v)Hl(B(l,O)c(m)) = asc(ac)l+2 =by1,1(x).

Assume that for some integer m > 1, the generating function for the k-bad ballot
numbers with margin of victory [ is given by

(16) b 0) = P = "e(a) (3 Blm. et ).

Jj=0

Now let us look at

m
Pt =" efa) (3 B+ 1,7)ea)™ 7).
j=0

By the recurrence equation for standard ballot numbers B(m+1,j) = B(m, j)+
B(m+ 1,7 —1), so we get that

Ppy1 =™ e(z) ! (Xm: B(m + 17j)c(x)m—j>

7=0
= 2" () (Z<B<m,j> + B(m+1,j - 1>>c<x>”””>'
7=0

Now splitting this up into two summations we get

Sy = a™He(x) (Z B(m,j)c(x)erlj), and
3=0

Sp = 2™ e(a) ! (fj B(m+1,j - 1)c<x>m+lj).

=0
Since B(m,m) =0, Sy can be written as

m—1

Sy = ze(x)(z™e(z)F? (Z B(m,j)c(x)m_j> = zc(x)P.

Jj=0

Similarly, since B(m + 1, —1) = 0, Sz can be rewritten as

m—+1
Sy =z e(x) (Z B(m+1,j — 1)c(x)m+1_j>

j=1
m—+1
= L gty (Z B(m+1,j — 1)e(z)™=0=Y — B(m + 1,m>c<w>>
() <
1

= —— P — 2" e(@) T B(m +1,m).

c(x)
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So we now have the equation

1
Prg1 = 81+ Sz = 2c(2) Py + —— Py — 2™ e(@) ' B(m + 1,m),

c(z)

which can be solved for P,, 41 yielding the equation

(17) <1 - c(lx))PmH = xc(x) Py, — ze(z)(z™e(x) B(m + 1,m)).

Since B(m + 1,m) = C,,, and since ¢(z) = 1 + zc(z)?, we can simplify the above
equation into the form

we(z)P' = ze(z) (Pm - c(a:)lC’mxm>,

which upon cancelling the zc(z) from both sides gives
(18) Ppi1 = P — c(2)!Cpz™.
By (16),

k—1
P =bpm, = c(x)l (c(x — Z C’ixi),

so therefore equation (18) becomes

~

Pyt = c(z)! <c(x) - ; cixi) — c(2)!Cpa™

(19) = c(2)! <c(:c) - Cz-xi) = bmyt1,1(x).

Therefore by the principle of induction, given a nonnegative integer [, the gen-
erating function for the k-bad ballot numbers with a margin of victory of [ is given
by

k—1
bi(e) = P = o)™ (3 Bk e(o) ).
§=0
for any positive integer k. O



