
The Speci�cation of 2-treesTom Fowler�; Ira Gessely; Gilbert Labellez; Pierre LerouxzJune 14, 2001AbstractWe derive new functional equations at a species level for certain classes of 2-trees, includinga dissymmetry theorem. From these equations we deduce various series expansions for thesestructures. We obtain formulas for unlabeled 2-trees which are more explicit than previouslyknown results. Moreover, the asymptotic behavior of unlabeled 2-trees is established.R�esum�eNous pr�esentons de nouvelles �equations fonctionnelles pour certaines classes de 2-arbres,incluant un th�eor�eme de dissym�etrie. Nous en d�eduisons diverses s�eries g�en�eratrices associ�es�a ces esp�eces. Nous obtenous ainsi des formules �enum�eratives pour les 2-arbres non-�etiquet�esqui sont plus explicites que les r�esultats connus jusqu�a pr�esent. De plus le comportementasymptotique de ces structures est �etabli.1 IntroductionThe class a of 2-trees is de�ned recursively as the smallest class of simple graphs such that1. The single edge is in a,2. If a simple graph G has a vertex x of degree 2 whose neighbors are adjacent and such thatG� x is in a, then G is in a.A triangle of a 2-tree is a complete subgraph induced by three vertices. The de�nition impliesthat 2-trees are essentially triangles that are glued together along edges in a tree-like fashion. SeeFigure 1 for an example.There is extensive literature about 2-trees. These structures and their k-dimensional generali-zation occur in various situations related, for example, to classi�cation theory and graph colorings.See for instance [9], [18]. We mention here some of the previous work in enumerating 2-trees. Bei-neke and Pippert give formulas in [6] for counting vertex labeled 2-trees. Palmer gives formulasin [14] for 2-trees which are edge labeled or triangle labeled. In [10] and [11], Harary and Palmerenumerate unlabeled 2-trees as well. Palmer and Read enumerate plane 2-trees in [15]. See alsothe papers of Beineke and Moon [5], R�enyi [17], and Foata [8].�Centre de Recherche Math�ematiques, Universit�e de Montr�eal, and LaCIM, Universit�e du Qu�ebec �a Montr�eal.yBrandeis University, Department of Mathematics, MS 050, P.O. Box 9110, Waltham, MA 02454-9110zLaCIM, D�epartement de Math�ematiques, Universit�e du Qu�ebec �a Montr�eal. Work partially supported by FCAR(Quebec) and NSERC (Canada). 1



Figure 1: A 2-treeIn this paper we derive new functional equations for certain classes of 2-trees, including adissymmetry theorem. From these equations we deduce various series expansions for these struc-tures. We obtain enumerative formulas for unlabeled 2-trees which are more explicit than pre-viously known results. In particular, recurrence relations are given for the number of unlabeledrooted 2-trees and (unrooted) 2-trees. Moreover, the asymptotic behavior of unlabeled 2-trees isestablished. The ultimate goal would be to compute the molecular decomposition of the speciesof 2-trees, i.e. a classi�cation of these structures according to their automorphism groups. Wecome short of this but we show how to compute this molecular decomposition for the classes oforiented (edge) rooted and unrooted 2-trees.The emphasis is put on triangle labeled 2-trees. Thus we consider a as a species whose set ofstructures a[U ] on a set U is the set of 2-trees where the triangles are (labeled by) the elementsof U . This concept should be intuitively clear. See Figure 2 where the set a[U ] of all 2-trees onU is given, with U = fa; b; cg. In some cases, for example in de�ning the edge orientations (seebelow), it may be necessary to also label the vertices (or the edges) and then go to isomorphismclasses, i.e., unlabel the vertices (or edges).
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aFigure 2: The 2-trees on the set of triangles fa; b; cg.The transport of structures a[�] : a[U ]! a[V ] along a bijection � : U ~!V is simply given bythe obvious relabeling procedure. If � 2 a[U ] and � = a[�](�) 2 a[V ], we say that � and � areisomorphic 2-trees. The isomorphism classes of 2-trees then correspond to the usual unlabeled2-trees. 2



We usually write F = G to denote the existence of an isomorphism of species � : F �! G, i.e.an invertible natural transformation. This means that there is a bijection �U : F [U ] �! G[U ] forany �nite set U , and that these bijections commute with the transport of structures along anybijection � : U �! V , i.e., G[�]��U = �V �F [�]. In that case, all the enumerative series associatedto the species F and G will coincide. See [4] for more details on species.2 Oriented-edge rooted 2-treesA coherent orientation of a 2-tree is an orientation of its edges such that all triangles are circularlyoriented. See Figure 3 a). Thus the orientation of a single edge determines a unique coherentorientation of the 2-tree. Let aO denote the species of coherently oriented 2-trees and let a! = a�Odenote the species of edge rooted coherently oriented 2-trees. Since the orientation of the root-edge completely determines the orientation of the other edges, it is equivalent to de�ne a! as thespecies of 2-trees with a distinguished and oriented edge. See Figure 3 b).
b)a) Figure 3: a) An aO-structure b) An a!-structureTheorem 1 The species B = a! satis�es the functional equationB = E(XB2); (1)where E denotes the species of sets and X is the species of 2-trees consisting of a singleton triangle.Proof: Let g be a 2-tree with a distinguished and oriented edge e. Then g can be seen as a setof so-called pages, that is, maximal sub-2-trees of g containing only one triangle adjacent to theroot edge e. These pages are linked together by the root edge e but there is no speci�c order orstructure between them. Thus we have the species equationB = E(P ); (2)where E denotes the species of sets and P denotes the species of pages, that is, of 2-trees with anoriented rooted end -edge. Included in (2) is the case of a single (oriented) edge with an emptyset of pages. Consider now any page h of g. The triangle of h adjacent to e is called the basetriangle. The orientation of e induces a coherent orientation of the base triangle. De�ne ein andeout to be the incoming and outgoing edges (resp.) of the base triangle, with respect to e, and,similarly de�ne by hin and hout the maximal oriented-edge rooted 2-trees attached to the base3



triangle by the edges ein and eout respectively. These are rooted at the oriented edges ein and eoutrespectively. See Figure 4. Thus we have P = XB2;where X represents the base triangle and B2, the ordered pair (hin; hout). 2
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inFigure 4: Decomposing a page of an a!-structureThe functional equation (1) is very strong. In particular, it implies a simple relationshipbetween B and the species A of (vertex labeled) rooted trees. Recall that A is characterized bythe functional equation A = XE(A); (3)where X represents here the species of singleton vertices (the root).Corollary 2 The species B = a! of oriented-edge rooted 2-trees satis�esB = sA(2X)2X ; (4)where A is the species of rooted trees.Proof: From (1), we deduce B2 = E2(XB2) = E(2XB2)and 2XB2 = 2XE(2XB2):From (3) we have the functional equation A(2X) = 2XE(A(2X)) whose solution is unique. Hencewe �nd 2XB2 = A(2X) (5)which is equivalent to (4). 2Let us introduce the generating seriesB(x) = Xn�0a!n xnn! ; (6)4



eB(x) = Xn�0 ea!n xn; (7)ZB(x1; x2; : : :) = Xn1;n2;:::a!n1;n2;::: xn11 xn22 � � �1n1n1!2n2n2! � � �; (8)where a!n ; ea!n and a!n1;n2;::: are the numbers of oriented-edge rooted 2-trees which have n labe-led triangles, n unlabeled triangles, or which are triangle labeled and left �xed under a givenpermutation of cycle type 1n12n2 � � �, respectively.Corollary 3 For the species B = a! of oriented edge rooted 2-trees, we havea!n = (2n+ 1)n�1 (9)and a!n1;n2;::: = 1Yi=1(1 + 2Xdji dnd)ni�1(1 + 2Xdjid<i dnd) (10)Moreover the numbers bn = ea!n satisfy the recurrencebn = 1n X1�k�ni+j+1jk (i+ j + 1)bibjbn�k; b0 = 1: (11)Proof: Formulas (9) and (10) are proved by applying the composite Lagrange inversion formulafor series and for cycle index series, respectively, (See [4], (3.1.10b) and (3.2.55), resp.). Whenapplied to the functional equation A(x) = x exp(A(x)) which follows from (3) with F (x) = xm,Lagrange inversion yields �A(x)x �m = Xn�0m(m+ n)n�1xnn! : (12)Since each coe�cient is a polynomial in m, we can replace m by 1=2 and x by 2x to get, using(4), a!(x) = �A(2x)2x �12 = Xn�0 (2n+ 1)n�1xnn! (13)which gives (9). Note thatm = 2n+1 is the number of edges of a 2-tree with n triangles. Formula(9) can also be proved directly by giving a Pr�ufer type encoding for triangle-labeled oriented-edgerooted 2-trees.Taking F (X) = Xm, where m is a positive integer, Lagrange inversion for cycle index seriesgives [xn11 xn22 : : :]Z(A(X))m = [tn11 tn22 : : :] tm1 1Yi=1 (1� ti)eni(ti+ 12 t2i+:::): (14)Algebraic manipulations yield 5



[xn11 xn22 : : :]Z(A(X)=X)m = [tn11 tn22 : : :] 1Yi=1 (1� ti)e(m+Pdji dnd) tii : (15)Replacing X by X=m, we getZ�A(X=m)X=m �m = Xn1;n2;::: xn11 xn22 : : :1n1n1!2n2n2! : : : 1Yi=1 (1 + 1mXdji dnd)ni�1(1 + 1m Xdji;d<i dnd): (16)Since each coe�cient in the latter series is a polynomial in 1m , we can replace m by any realnumber. In particular, we can make the substitution m = 12 to obtain (10). Note that formula(9) corresponds to the special case n1 = n; 0 = n2 = n3 = : : :.To prove the recurrence (11), one can use the functional equation (1) directly to deduce thateB(x) = exp(Xi�1 xifB2(xi)i ); (17)and then take the logarithmic derivative. 2See Table 1 for the �rst 30 terms of the sequence ea!n .Remark 4 Formula (9) is coherent with (and equivalent to) the formula�p =  p2!(2p� 3)p�4 (18)of Beineke and Pippert [6] for the number of 2-trees with p labeled vertices. Indeed we have n =p�2 andm = (2p�3) = (2n+1) and, with obvious notations, �!p = 2m�p and �!p = p(p�1)a!n .Hence we have �p = 1m p2!a!n : (19)2Note that the molecular decomposition of the species B = a! can be deduced from that of A(see [4], App. 2, Table 8), using (4). The �rst few terms area!(X) = 1 +X +E2(X) + 2X2 +E3(X) + 2XE2(X) + 7X3 +E4(X)2XE3(X) + 2E2(X2) + 10X2E2(X) + 24X4 + : : : (20)A complete table, up to order 8, is found in the appendix. Roughly speaking, the moleculardecomposition of a species corresponds to a classi�cation of the unlabeled structures accordingto their order and their automorphism group (up to conjugacy). For example, the terms E3(X),2XE2(X) and 7X3 correspond to the unlabeled 2-trees with three triangles. They are illustratedin Figure 5. The automorphism group of the 2-tree corresponding to E3(X) is the symmetricgroup S3 while the 7 di�erent unlabeled 2-trees which correspond to the molecular species X3have a trivial automorphism group.Note that the molecular decomposition of the species A of rooted trees can be recursivelycomputed, using the functional equation (4) and addition formulas for the species E of sets (see[1]). 6
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Figure 5: Molecular decomposition of the species of 2-trees over three triangles3 The dissymmetry theorem for 2-treesThe goal of this section is to express the species a of 2-trees in terms of the species a! of orientededge rooted 2-trees. The main tool for this is a dissymmetry theorem for 2-trees which is statedbelow. This theorem is closely related to the Dissimilarity Characteristic Theorem for 2-trees ([10,p. 74]). It yields the same unlabeled enumerative result but carries more information, for examplefor the cycle or asymmetry index series and the molecular decompositions. We �rst introducesome concepts which are fundamental in the proof.A triangle t and edge e in a 2-tree are said to be adjacent if e is an edge of t. A bi-path ina 2-tree is a �nite sequence [x1; x2; : : : ; xk], k � 1, such that the xi are alternately edges andtriangles, all distinct, and, for 1 � i � k � 1, xi and xi+1 are adjacent. Any 2-tree, like a tree,has a well de�ned center, namely, the midpoint of a longest bi-path. This center, in analogy withthe case of a bi-colored tree all of whose leaves have the same color, will be either an edge or atriangle.Consider the following auxiliary species of rooted 2-trees:a� = species of edge rooted 2-trees,a4 = species of triangle rooted 2-trees,a4 = species of based-triangle rooted 2-trees.By a based triangle, we mean a triangle with a distinguished edge. See Figure 6 for a schematicillustration of a based-triangle rooted 2-tree.Theorem 5 Dissymmetry theorem for 2-trees There is an isomorphism of speciesa� + a4 = a+ a4: (21)Proof: Let (g; p) be an (a� + a4)-structure, that is, a 2-tree g rooted at p, where p is either anedge or a triangle. If p is the center of g, then we map (g; p) to g. This corresponds to the terma in the right-hand side. The rest of the proof is dedicated to the case when p is not the centerof g.If p is a triangle, set t = p and let e be the edge of p which is closest to the center of g. If p isan edge, set e = p and let t be the triangle containing e which is the closest to the center of g. Inboth cases map (g; p) to the a4-structure (g; (t; e)).7



t

eFigure 6: A based-triangle rooted 2-treeConversely, given an a-structure g, we root g at its center. Given an a4-structure (g; (t; e)),we look for the center c of g. If t is in the unique bi-path from e to c, we root g at e. If instead eis in the bi-path from t to c, we root g at t.These two constructions are clearly inverses of each other and do not depend on the particulartriangle labelings. Therefore they give the desired isomorphism of species. 2The next step is to express the species a�, a4 and a4 in terms of a!. Consider �rst thespecies a� of edge-rooted 2-trees. An a�-structure g is similar to an a!-structure except thatthe rooted edge is not oriented. See Figure 7 a). Nevertheless, we can look at the various pageswhich are attached to the root edge. A crucial observation is that the non-root edges of the basetriangle of each page can be naturally oriented, away from the root edge; see Figure 7 b). Wethen introduce the skeleton of g by restricting it to the root edge and the base triangle of eachpage. We keep the orientation of the non-root edges and we also label these edges in order to beable to reconstruct g. Note that the root edge is not labeled.
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1Figure 7: a) An a�-structure b) The natural orientation of the base triangles c) The skeletonThese skeleton graphs actually de�ne a two-sort species Q(X; Y ), where X represents the sortof triangles (the set f1; 2; 3g in Figure 7 c)) and Y the sort of oriented edges (the set fa; b; : : : ; fg inFigure 7 c)). To reconstruct g from its skeleton, we replace each oriented edge by the correspondinga!-structure. For example, the oriented edge d is replaced by the induced a!-structure containingthe triangles 4 and 6 in Figure 7 b). This two sort species Q(X; Y ) will be analyzed further inthe next section. However the above construction can be readily expressed in terms of speciessubstitution (partitional composition). In the following, we write a = a(X), a� = a�(X), etc,8



to emphasize the fact these are triangle-labeled structures; note that X represents the species ofsingleton triangles.Proposition 6 The species a� = a�(X) of edge rooted 2-trees can be expressed asa�(X) = Q(X;a!(X)): (22)2Similar decompositions can be carried out for the species a4 and a4.Proposition 7 There exists skeleton species S(X; Y ) and U(X; Y ) such thata4(X) = X � S(X;a!(X)); (23)a4(X) = X �U(X;a!(X)): (24)
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Figure 8: a) S(X; Y )-structure b) U(X; Y )-structureProof: In the �rst case, given a triangle rooted 2-tree, the edges of the root triangle form a 3-cycle (unoriented) of base edges to which various pages are attached. The skeleton is obtained byremoving the root triangle (this explains the factor X in (23)) and keeping only the base triangleof each page. Again, the non-base edges are canonically oriented away from the base and labeled.This de�nes a species S(X; Y ), illustrated in Figure 8 a).The case of an a4-structure is similar. The main di�erence here is that the root triangle has adistinguished edge. It is then natural to separate the 3-cycle of this triangle at the vertex oppositeto the distinguished edge. This yields a 3-chain (unoriented) of base edges to which various pagesare attached. The resulting skeleton species U(X; Y ) is represented in Figure 8 b). 24 Coherently oriented 2-treesWe would like to mention that there is also a dissymmetry theorem for coherently oriented 2-trees,with almost the same proof. Indeed, with the obvious notation, we have9



a�O + a4O = aO + a4O : (25)Observe that a! = a�O and that a4O and a4O can be easily expressed asa4O = X � C3(a!); a4O = X � (a!)3; (26)where C3 denotes the species of circular permutations of order 3. Hence we have the followingtheorem.Theorem 8 Dissymmetry theorem for coherently oriented 2-trees. There is an iso-morphism of species a! +X �C3(a!) = aO +X � (a!)3: (27)2From Theorem 8, it is immediate to derive the next proposition, using the known formulas forC3(X) and ZC3 (see (42)). Moreover, the molecular decomposition for aO can be deduced fromthe dissymetry theorem for coherently oriented 2-trees, using (27) and addition formulas for C3(see [1]).Proposition 9 We have the following expressions for series associated with the species aO ofcoherently oriented 2-trees in terms of the species a! of oriented-edge rooted 2-trees.aO(x) = a!(x)� 23x(a!(x))3; (28)eaO(x) = ea!(x) + 23x(ea!(x3)� (ea!(x))3); (29)ZaO = Za! + 23x1((Za!)3 � (Za!)3): (30)2Corollary 10 We have the following expressions for the number of labeled and unlabeled (respec-tively) coherently oriented 2-trees with n triangles:aO;n = (2n+ 1)n�2; (31)eaO;n = bn + 23bn�13 � 23 Xi+j+k=n�1 bibjbk; (32)where bn = ea!n is given by (11), and b!x = 0 when x is non-integral.Proof: Taking m = 32 in (12), we have(a!(x))3 = �A(2x)2x � 32 = 3Xn�0 (3 + 2n)n�1xnn! (33)from which (31) follows by using (28). It can also be seen directly that a!n = (2n + 1)aO;n.Formula (32) immediately follows from (29). 210



Remark 11 The following (known) identity follows directly from (28). It is used by Beineke andMoon in [5] as the basis of an inductive proof for the enumeration of labeled 2-trees.(2n+ 1)n�2 = 13 Xi+j+k=n�1  n� 1i; j; k!(2i+ 1)i�1(2j + 1)j�1(2k+ 1)k�1: (34)5 Quotient speciesIn order to better understand the skeleton species Q; S and U , and to compute their associatedseries, we express them as quotient species. Information about quotient species can be found in[4] and [7]. We present here brie
y an application of this concept to two-sort species. A group His said to act on a 2�sort species of structures F if for any ordered pair (U; V ) of �nite sets, thereis a group action of H on the set F [U; V ] of F -structures on the pair (U; V ),�(U;V ) : H � F [U; V ]! F [U; V ]such that for any �; �, the following diagram commutes.H � F [U; V ] �(U;V )�! F [U; V ]??y1H�F [�;�] ??yF [�;�]H � F [U 0; V 0] �(U 0;V 0)�! F [U 0; V 0] (35)Here, � : U ! U 0 and � : V ! V 0 are bijections, and F [�; �] is the transportation of structuresalong (�; �). See [4], section 2.4 for more information about multi-sort species.The quotient species of F by H , denoted F=H , is de�ned by setting(F=H)[U; V ] = F [U; V ]=Hfor each ordered pair of �nite sets (U; V ), and by de�ning an appropriate transportation of struc-tures using the commutative diagram (35). Here, F [U; V ]=H is the set of orbits of H in F [U; V ].As a �rst example, we show that the species Q(X; Y ) can be described as the quotient ofanother species by the cyclic group of order 2,Z2 = <� >. Indeed, we can orient the base edge ofa Q(X; Y )-structure so that there is now a left side and a right side. This de�nes an associatedspecies P (X; Y ) which in fact is given byP (X; Y ) = E(XY 2): (36)We now de�ne the action of Z2 on P (X; Y ) by reversing the orientation. More precisely, ifs = f(1; (a1; a2)); (2; (a3; a4); : : : ; (k; (a2k�1; a2k))g is an E(XY 2)-structure, then we set � � s =f(1; (a2; a1); (2; (a4; a3)); : : : ; (k; (a2k; a2k�1))g. An orbit under this group action correspondsclearly to the original unoriented Q(X; Y )-structure. Hence we have:Proposition 12 There is an isomorphism of speciesQ(X; Y ) = E(XY 2)=Z2: (37)211



Similarly, for the species S(X; Y ), we can orient the 3-cycles to obtain a species R(X; Y ) =C3(E(XY 2)) and have the generator � of Z2 act by reversing the orientation. More precisely, if(s1; s2; s3) is an oriented 3-cycle of E(XY 2)-structures, we set � � (s1; s2; s3) = (� � s1; � � s3; � � s2).Finally, for U(X; Y ), the 3-chains can be oriented, yielding the species T (X; Y ) = E3(XY 2) andthe group action will reverse this orientation. More precisely, if [s1; s2; s3] is an ordered triple ofE(XY 2)-structures, we set � � [s1; s2; s3] = [� � s3; � � s2; � � s1]. In conclusion, we have:Proposition 13 There are isomorphisms of speciesS(X; Y ) = C3(E(XY 2))=Z2; (38)U(X; Y ) = E3(XY 2)=Z2: (39)2In order to compute the cycle index series of a quotient species, we need a lemma which isstated below for the case of one-sort species. Its extension to multi-sort species is straightforward.Let F = F (X) be a species and H be a group acting on F . Let s1; s2; : : : be an in�nite set ofvariables and let xk = pk(s1; s2; : : :) = Pi�1 ski denote the power sum symmetric functions fork = 1; 2; : : : A colored F -structure on a set U is an F -structure f on U together with a coloringfunction c : U ! N+ = f1; 2; : : :g. The weight w(f; c) of a colored F -structure is the product ofthe weight of f (which is 1 if F is not a weighted species) times the monomial Qi sjc�1(i)ji . In otherwords, the variables si act as a counter for the occurrences of the color i. Now the symmetricgroup Sn acts on the colored structures (f; c) on [n], by the formula � �(f; c) = (� �f; c���1). Let usdenote by F (1s) the set of all orbits of colored F -structures, n � 0, or in other words, the set of allunlabeled colored F -structures. The weight function w extends to unlabeled colored F -structuresand the total weight jF (1s)jw := P�2F (1s)w(�) is a symmetric function of the variables si. Itis well known (see [4], x4.3) that when expressed in terms of the power sums xi, this symmetricfunction yields the cycle index series of F :ZF (x1; x2; : : :) = jF (1s)jw: (40)Example 1 For the species F = E, of sets, and F = C3 of circular permutations of order 3, wehave ZE(x1; x2; : : :) = h(s1; s2; : : :)= exp(Xk�1 xkk ); (41)where h denotes the complete homogeneous symmetric function, andZC3(x1; x2; x3; : : :) = 2 Xi<j<k sisjsk +Xi 6=j sis2j +Xi�1 s3i= 13(x31 + 2x3): (42)12



Also recall the following basic formula for composite species:ZF�G = ZF � ZG; (43)where the � on the right hand side denotes the plethystic composition of symmetric functions.(See [4], De�nition 2.3.9)Now the action of the group H on F extends to an action on the set F (1s) of unlabeledcolored F -structures. The following lemma is a simple consequence of the Cauchy-FrobeniusTheorem (alias Burnside's Lemma).Lemma 14 Let H be a �nite group acting on a species F . Then the cycle index series of thequotient species F=H is given byZF=H(x1; x2; : : :) = 1jH j Xh2H jFixF (1s)(h)jw; (44)where FixF (1s)(h) = f� 2 F (1s)jh � � = �g. 2For two-sort species F (X; Y ), the cycle index series involves two sorts of variables xk and yk ,k � 1, which represent power sum symmetric functionsxk = pk(s1; s2; : : :); yk = pk(t1; t2; : : :);in two in�nities of variables si and ti. For example, we have, for P (X; Y ) = E(XY 2), R(X; Y ) =C3(E(XY 2)) and T (X; Y ) = E3(XY 2),ZP (x1; x2; : : : : y1; y2; : : :) = expXk�1 xky2kk= h � (x1y21); (45)where � denotes the plethystic composition,ZR = ZC3 � ZP and ZT = Z3P : (46)The following result is obtained by applying the obvious extension of Lemma 14 to two-sortspecies.Proposition 15 The cycle index series ZF (x1; x2; : : : ; y1; y2; : : :) for the quotient species Q(X; Y )= E(XY 2)=Z2, S(X; Y ) = C3(XY 2)=Z2 and U(X; Y ) = E3(XY 2)=Z2 are given by:ZQ = 12(ZP + q); (47)ZS = 12(ZC3 �ZP + q � (p2 � ZP )); (48)ZU = 12((ZP )3 + q � (p2 � ZP )); (49)where q = h � (x1y2 + p2 � (x1 y21�y22 )). 13



Proof: To prove the stated formula for ZQ, it su�ces by Lemma 14 to show that jFixP (1s;1t)(�)j= h � (x1y2 + p2 � (x1(y21 � y2)=2)); where � is the generator of the group Z2. We color triangleswith s1; s2; : : : and edges with t1; t2; : : : and enumerate the oriented but non-labeled structureswhich remain �xed under � . Notice �rst that the action of � leaves triangles �xed, so the coloringof the triangles can be arbitrary. This accounts for the x1 in the term x1y2 and the x1 in the termx1(y21 � y2)=2.An ordered pair of the form (ti; ti) for any i 2 f1; 2; : : :g from the species Y 2 is �xed underthe action of � , and this explains the y2 in the term x1y2. An ordered pair of the form (ti; tj) 2s 2 FixP (1s;1t)(�), with i < j, will imply that there is another ordered pair of the form (tj ; ti) 2 s.This explains the term p2 � (x1(y21 � y2)=2), since (y21 � y2)=2 = e2(t1; t2; : : :) = Pi<j titj is theelementary symmetric function of degree 2, and the proof of (47) is now complete. The proofs of(48) and (49) are similar and left to the reader. 26 Enumeration of 2-treesIt is now possible to put together the equations (21){(24) to express the species a in terms of a!.This gives a = a� + a4 � a4= (Q(X; Y ) +XS(X; Y )�XU(X; Y ))jY :=a!(X): (50)Moreover, formulas (47){(49) can be used to compute the generating series Za(x1; x2; : : :) anddeduce the series a(x) and ea(x).Proposition 16 We have the following expressions for the three main series associated with thespecies a of 2-trees in terms of the species a! of oriented-edge rooted 2-trees.a(x) = 12(a!(x) + ex) + x3(1� (a!(x))3); (51)ea(x) = 12(ea!(x) + exp (Xi�1 12i(2xiea!(x2i) + x2i(ea!(x2i))2 � x2iea!(x4i))))+x3(ea!(x3)� (ea!(x))3); (52)Za = 12(Za! + exp (Xi�1 12i(2xi(Za!)2i + x2i((Za!)22i)� x2i(Za!)4i))+x13 ((Za!)3 � (Za!)3): (53)2Note that we have used the plethystic notation (ZF )k = ZF (xk; x2k; x3k; : : :) in (53).Remark 17 It follows from (51) and (9) that the number an of 2-trees with n labeled trianglesis given by an = 1 + (2n+ 1)n�22 : (54)14



This formula was �rst proved by E. Palmer in [14]. It can be shown directly by observing that(2n+ 1)an = a�n + n and 2a�n = a!n + 1: (55)The �rst half of (55) can be derived by observing that with one exception (the 2�tree in whichevery triangle shares a common edge), rooting at an edge introduces a dissymmetry. The secondhalf of (55) follows similarly, and this, together with (9), yields (54).Also, equation (52) can be used to �nd a recurrence formula for the coe�cients ean of ea(x)involving the bn = ea!n , by taking the logarithmic derivative. That recurrence is:Corollary 18 For n � 1, ean = 12n nXj=1 (Xkjj kdk)(ean�j � cn�j) + cn; (56)where, for i � 1, di = 2b i�12 + Xk+j= i�22 bjbk � b i�24 ; (57)and, for i � 0, ci = 12bi + 13b i�13 � 13 Xj+k+l=i�1 bjbkbl (58)Here, bk = ea!k and ea!h is de�ned to be zero for h fractional or negative. 27 AsymptoticsWe now determine the asymptotic behavior of the numbers ean and bn = ea!n of unlabeled 2-treesand oriented-edge rooted 2-trees respectively. We adapt the approach of P�olya and Otter forordinary trees (see [2], [3], [13], [16]) as presented in [11], x9.5.The method relies on the equation (17), for bn and on the relation (52), for ean. Consider thepower series y = b(x) = Xn�0 bnxn: (59)Because of (17), it satis�es the functional equation f(x; y) = 0, wheref(x; y) = y � exy2!(x); (60)with !(x) = exp x22 b2(x2) + x33 b2(x3) + : : :! : (61)15



We have fy(x; y) := @@yf(x; y) = 1� 2xyexy2!(x): (62)Let � denote the radius of convergence of the series b(x). The asymptotic behavior of bn = ea!ndepends closely on � and the �rst task is to determine �. It is clear that � < 1 and it can be shownthat � � 427 . Indeed, it follows from the recurrence (11) that bn � tn where tn is de�ned by t0 = 1and, for n � 1, tn = Xi+j+h=n�1 titjth: (63)The power series t = t(x) =Pn�0 tnxn then satis�es the functional equationt = 1+ xt3; (64)which yields tn = 13n+1�3n+1n � by Lagrange inversion. Note that tn is the number of unlabeledternary rooted trees. Using Stirling's formula, we �nd that the radius of convergence � of t(x) is� = 1= limn!1 t1=nn = 427 .Hence the series y = b(x) de�nes an analytic function around the origin, for which the pointx = � is a singularity. Note that the series !(x) de�ned by (61) has a radius of convergence equalto p� > � and de�nes an analytic function in a larger region than y = b(x). This shows that thefunction f(x; y) is an analytic function of two variables around the origin. It also implies usingthe equation b(x)e�xb2(x) = !(x)that b(x) is a bounded function of x in the interval (0; �). Since b(x) is an increasing function, thelimit � = limx!�� b(x)exists and � = b(�).It follows from the implicit function theorem that any singularity of the function y = y(x)satisfying f(x; y) = 0 must come from a point (x; y) = (�; �) for which f(x; y) = 0 and fy(x; y) = 0.Hence we must have � � e��2!(�) = 0 and 1� 2��e��2!(�) = 0or, equivalently, 2��2 = 1 or � = 1p2� and 1�2�e!2(�) = 0. This shows that � is the least positiveroot of the equation 1� 2xe!2(x) = 0: (65)Since fyy(�; �) 6= 0, � is an algebraic singularity of degree 2 and, for x near �, we have anexpression of the formb(x) = �0 + �1�1� x�� 12 + �2 �1� x��+ �3 �1� x�� 32 + : : : (66)with �0 = � = b(�). Computations give�1 = �p2sfx(�; �)�fyy(�; �) = �12 �1� + 2!0(�)!(�) �12 (67)�2 = fxy(�; �)� � 16fyyy(�; �)�21fyy(�; �) = 112p2� �7 + � 2!0(�)!(�) � : (68)We then have the following result. 16



Theorem 19 Let !(x) be de�ned by (61) and � be the least positive root x of the equation (65).The asymptotic behavior for the number bn = ea!n of unlabeled oriented-edge rooted 2-trees and thenumber ean of unlabeled 2-trees is given bybn � �1�nn� 32 ; (69)ean � �2�nn� 52 ; (70)where � = 1� ; �1 = 14p� �1� + 2!0(�)!(�) � 12 ; �2 = �16p� �1� + 2!0(�)!(�) � 32 : (71)Proof: In the expansion (66) of b(x), the dominating term for the asymptotic estimation of bnis �1 �1� x�� 12 . The asymptotic equivalence (69), with � and �1 given by (71) then follows usingStirling's Formula.For the asymptotic estimation of the coe�cients ean = [xn]ea(x), we can replace ea(x) by12b(x)� x3 b3(x); (72)since this last expression di�ers from ea(x) by an analytic function around 0 having radius ofconvergence p� > �, in virtue of (52).Taking into account that 2��20 = 1, computation shows that12b(x)� x3 b3(x) = b�0 + b�1�1� x�� 12 + b�2�1� x��+ b�3�1� x��32 + : : : (73)where b�0 = 13�0; b�1 = 0; b�2 = �20 � 3�216�0 ; b�3 = �1(3�20 � �21 � 6�0�2)6�20 : (74)For the asymptotic estimation of ean, the dominating term is now b�3 �1� x�� 32 , since b�1 = 0. Itturns out that b�3 = � �313�20 . The asymptotic equivalence (70), with � and �2 given by (71), follows.2Numerically, rounded to 25 digits after the decimal point, we have� = 0:1770995223032856176934613; (75)� = 5:6465426162329497128927135; (76)�1 = 0:3492613817423114439729529; (77)�2 = 0:0948154165230993989741843: (78)These numerical estimations were computed using Maple software with Digits:=100 andOrder:=150. The value of � is found by solving numerically the equation (65). The series !(x) isapproximated using exact values of bn (i.e., not truncated at 100 digits) to calculate all coe�cientsof xi in the series expansion of !(x) exactly for i � 150. It turns out that the term correspondingto x149 in !0(x) is less than 10�49 for x = 0:2 > �. This strongly suggests that the 25 digits afterthe decimal point in (75)-(78) are indeed correct.17



Remark 20 It follows from general principles that there are asymptotic expansions of the formxn := bn=(�1�nn� 32 ) � 1 + u1n + u2n2 + u3n3 + : : : (79)yn := ean=(�2�nn� 52 ) � 1 + v1n + v2n2 + v3n3 + : : : (80)where the ui's and the vi's are suitable constants.Numerical computations show that for �, �1 and �2 given by (76)-(78),x150 � 0:9958115736; y150 � 0:9944793144; (81)where the di�erence with 1 is smaller than 1=150. Making use of standard numerical accelerationtechniques in (79) and (80), successively eliminating (u1; v1), (u2; v2), etc., we obtain the numbersx0149 � 0:9999773738 ; y0149 � 0:9999252317; (82)x00148 � 1:0000000251 ; y00148 � 1:0000007122; (83)x000147 � 0:9999999974 ; y000147 � 0:9999999683; (84)where, for z = x or y,z0n = (n+ 1)zn+1 � nzn; (85)z00n = ((n+ 2)2zn+2 � 2(n+ 1)2zn+1 + n2zn)=2; (86)z000n = ((n+ 3)3zn+3 � 3(n+ 2)3zn+2 + 3(n+ 1)3zn+1 � n3zn)=3!; (87)as further con�rmation of the numerical values given by (75)-(78).The values of bn = ea!n , ean and eaO;n are given in Table 1 for n � 30. It can be observedempirically that eaO;n � 2ean. This can also be established rigorously, using the following identitywhich is a consequence of (29) and (52) or which can be established directly:eaO(x) = 2ea(x)� f(x); (88)where the correcting term is given byf(x) = exp (Xi�1 12i(2xiea!(x2i) + x2i(ea!(x2i))2 � x2iea!(x4i))):Similarly to !(x), the series f(x) has a radius of convergence equal to p� > � and its contributionto the asymptotic estimate of eaO;n is negligible.8 ConclusionAs we have seen, the class B = a! of oriented-edge rooted 2-trees is completely speci�ed by thefunctional equation B = E(XB2). All the interesting enumerative series expansions of a! can bededuced from this equation. We have exhibited the molecular decomposition of a! and the threemain series a!(x), ea!(x) and Za!(x1; x2; : : :). We could also have computed the asymmetricseries a!(x) which enumerates the asymmetric structures, i.e. those structures having a trivialautomorphism group. 18
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