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A k x n Latin rectangle is a k X n array of numbers such that (i) each row is a
permutation of [n] = {1,2,...,n} and (ii) each column contains distinct entries. If the
first row is 12---n, the Latin rectangle is said to be reduced. Since the number k£ x n
Latin rectangles is clearly n! times the number of reduced k x n Latin rectangles, we shall
henceforth consider only reduced Latin rectangles. It is known [7, exercise 4.5.10, p. 288;
solution, p. 507] that the number of (reduced) 3 x n Latin rectangles is the coefficient of

2™/n! in
0 n

e Z”!(HZW' (1)

n=0
For other work on the enumeration of 3 x n Latin rectangles, see [1], [2], [8]-[12], and [13,
pp. 204-210).
A 3 x n Latin rectangle may be identified with the pair (m,0) of permutations of
1,...,n which are its second and third rows. A pair (7, o) of permutations corresponds to
a 3 x n Latin rectangle if and only if for each ¢ in [n], 7(i) # i, 0(i) # 4, and 7(i) # o(i);

1 are derangements.

in other words, 7, o, and o™
We generalize (1) to count m and o by their numbers of cycles, and we obtain the

following result:

Theorem 1. The number of pairs (m,c) of permutations of [n] such that 7,0, and 7o ~*

are derangements,  has j cycles, and o has k cycles, is the coefficient of o/ 3¥2™ /n! in

2a6z - (Oé)n(ﬁ)n z"
e’ Z nl (14 az)+B8(1 4 fr)nta(l 4 x)nteb’ (2)

n=0
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where (a), =a(a+1)...(a+n—1).

Our approach is similar to that taken by Foata and others [3]-[6] in their combinatorial
study of orthogonal polynomials. We work with digraphs corresponding to permutations.
We may identify the permutation 7 of [n] with the digraph on [n] having an edge from i
to (i) for each i.

We define a Latin configuration to be a digraph on [n] with edges in three colors,

yellow, blue, and green, with the following properties:

1) The yellow edges form a derangement 7 on [n].
2) The blue edges form a derangement o on [n].
3) If there is a green edge from i to j, then there must be both a yellow and a blue edge

from 7 to j.

The weight of a Latin configuration is defined to be ol 317149, where |7| is the number
of cycles of 7, |o| is the number of cycles of o, and ¢ is the number of green edges. Let
L, (a, B,7) be the sum of the weights of all Latin configurations on [n| and let K, («, 3,7)
be the sum of a!™lgloly (o)l oyer all pairs (m,0) of derangements of [n], where I (7, o) is

the set of values of i for which (i) = o(i).

Lemma 1.

Ly(a, B,7) = Kn(a, 8,7 + 1).

Proof. Let D(n) be the set of derangements of [n]. Then

Ka(a, By +1)= Y allglel(q+ )il = 5™ alrlglelyicl,

m,0€D(n) m,0€D(n)
GCI(m,0)

But a pair (m,0) of derangements together with a subset G of I(w, o) corresponds to a

Latin configuration in which the green edges are those from i to n(i) = o(i) for i € G.

It follows that K, («, 8,7) = Ly (a, 3,7—1). We now determine the generating function

L) =Y Ll B.1)
n=0



Three-Line Latin Rectangles 3

for Latin configurations.

First we may split the vertices of a Latin configuration into two classes: those in green
cycles and all others. A green cycle is coextensive with a blue cycle and a yellow cycle,
and therefore can have no edges connecting it with any other vertices.

The set of green cycles of a Latin configuration constitutes a derangement, since the
only restriction on them is that there be no fixed points. Since the generating function for
derangements is e~* /(1 — x), the generating function for green cycles, together with their
associated blue and yellow cycles, is (e‘” /(1 — vx))aﬁ because every edge is weighted
v and every cycle is weighted 3. Thus L(z) = (e77"/(1 — vx))aﬁR(I), where R(z) is
the generating function for green-acyclic Latin configurations, that is, Latin configurations
with no green cycles.

We shall count green-acyclic Latin configurations by constructing them in two steps,
with each step translating into a generating function operation. We first insert the green
edges, obtaining a set of green paths and a set of isolated vertices. We then “mark” certain
vertices with indeterminates. Finally, based on the marks, we insert the yellow and blue
edges.

First we make two observations which are the basis for the derivation of our generating

function.

1) The green edges constitute a set of disjoint paths, each of which has at least two
vertices.

2) If the green edges are contracted (together with their associated yellow and blue edges),
what remains is a digraph consisting of a yellow permutation and a blue permutation.
Any yellow or blue loop in the contracted graph must be attached to a vertex that

was contracted.

Now we do the construction. We start with a set of green paths, each of at least two
vertices, and a set of isolated vertices. We mark each isolated vertex with A and B. We
mark the head of each green path with either A or a and with B or j.

The generating function for the configurations we have constructed so far is

(A + a)(B + B)yz?
exp ( L

+ AB:U) , (3)
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where each green edge is weighted ~.

Next, we put in the yellow and blue edges as follows:

1. Construct a yellow derangement through all the vertices marked A and a blue de-
rangement through all the vertices marked B.

2. For each vertex v which is the head of a green path, do the following: Let u be the
tail of the path. If v is marked A, there is a yellow edge (w,v). Replace this edge
with the yellow edge (w,u). If v is marked «, add the yellow edge (v,u).

3. Repeat step 2 with A, «, and “yellow” replaced by B, 3, and “blue.”

4. Add a yellow edge and blue edge parallel to every green edge.

It is clear that only Latin configurations are obtained, and each is obtained exactly once.

We now describe the operation on the generating function (3) which corresponds to
the insertion of yellow and blue edges. Let D,,(s) = > _ /™!, where the sum is over all de-
rangements 7 of [n]. Then the Latin configurations coming from a term A'BJa*gly™z™ /n!
in (3) will have total weight D; () D;(8)a®3'9™z™ /n! . This is because each vertex marked
« yields a yellow cycle, each vertex marked (3 yields a blue cycle, and the contribution from
the vertices marked A and B is D;(a)D, ().

It is convenient to adopt the “symbolic” or “umbral” convention
A" = Dy(a)
B/ = D;(8),
by which we mean that henceforth after an expression is expanded, any occurrence of A
is to be replaced by D;(«) and any occurrence of B/ is to be replaced by D;(3). As shown

by Rota [14], this means formally that we apply to all our formulas a linear operator ®

defined by
) (AiBjakﬁlvmx—') = Di(a)Dj(ﬁ)Oékﬁl”me—,-
n! n.

Thus we need only evaluate (3) with this interpretation. First we study some properties

of these “umbral variables.” We note that

> xt e\
Di - = )
; ()3 (1 —x)
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eAw:(e_m )a.
1—2z

Now we introduce umbral variables a and b defined by a = o+ A and b = 3+ B, that

and thus

is,

a” = (a+ A)"
and
b = (5+B)"
for all n. Then we have
— n'rn axr ax T — - :L'n
Za et =e A = (1 —1x) :Z(a)nm.
n=0 n=0
Thus a™ = (a),, and similarly, b” = ().
Lemma 2. For all k,
k
eamak:(l_x) a(l a )
—x
Proof. We have
axr S n xn S xn
e**al = Z Mm = Z(a)n+k_!
n=0 n=0
N T A SR e (N
kn:() "nl (1 —x)otk 1—x

It follows by linearity that for any series f for which f(a) makes sense,

1—z

e f(a) = (1 - 2)~f ( g ) |

Similarly, we have

l1—2z

e f(b) = (1 - ac)ﬁf( b ) .

Putting these together, we have
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Lemma 3.

ww%%ﬂmb>:<1—urﬂu-—m—@f( : —E—).

l—u'1—w

Now we write (3) as

bryz? )
exp (?_ij + abz — afz — abx + aﬂx) _ 0B gmafr—abr o <1a_ :x) ‘

It then follows from Lemma 3 that this is

Joba )0 azr) P ex abz
(1+ Bz)"*(1 + ax) p((1+5x)(1+04$><1_7x>)

_ afx - (O‘)n(ﬂ)n x
= e Z n! (14 az)"*+B(1 + Bx)rto(1 — yx)»’

n

n=0

so multiplying by the generating function for green cycles, we get the generating function

for Latin configurations,

N x_n _ afB(1l-)x = (O‘)n(ﬁ)n x
?;)Ln<04,677) n! =e R Z n! (1 + ax)”+5(1 + ﬂx)nJra(l _ ’}/ZL‘)”+O¢B .

n

n=0

Then changing v to v — 1, we have

N ﬁ _ af2—y)x S (O-/)n(ﬁ)n T
T;Kn(ouﬁﬁ) nl € v Z n (14 az)"B(1+ Bz)rto(l — (v — 1)z)n+ed

n

n=0

as the generating function for pairs (m, o) of derangements by cycles of 7, cycles of o, and
equal values of m and o. Setting v = 0 yields Theorem 1.

Note in particular that setting v = 1 yields

3" Do) Do) 2 = e 3 (2l z
n=0

n! — nl (1+azx)"tF(1 4 fz)rte’

n

(4)

and setting « = 8 =1 in (4) yields

0 n 0 n
2 x _x | x
Dng =€ n.7(1+x)2n+2,
n=0 ’ n=0

where D,, = D, (1) is the derangement number.

The methods used in this paper can also be used to count pairs (7, o) of permutations
by the number of cycles of 7 and ¢ and the number of fixed points of 7, o, and 7o ~!. If
we omit from this generating function the number of fixed points of 7o ~! then we obtain
a formula equivalent to the bilinear generating function for Charlier polynomials (of which

(4) is a specialization).



—
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The first six values of the polynomials K, («, 3,7) are as follows:

Ky=1
Ki=0
Ky = afBy?

K3 = 20614+ 7°)
Ky = 3082+ 2a + 26 4 208 + 8y + 4av? + 467% + 29* + aBy?h)
K5 = 4a6(48 + 30a + 303 + 305 4 30y + 60y + 6057y + 30a Gy
+ 6072 + 3537 + 30ay® + 3087° + 67° + 5apy°)
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