COUNTING ACYCLIC DIGRAPHS BY SOURCES AND SINKS
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ABSTRACT. We count labeled acyclic digraphs according to the number sources, sinks, and edges.

1. Counting acyclic digraphs by sources. Let

t a) Z as(D)te(D)

where the sum is over all acyclic digraphs D on the vertex set [n] = {1,2,... ,n}, e(D) is the
number of edges of D, and s(D) is the number of sources of D; that is, the number of vertices
of D of indegree 0. Let A, (t) = A, (t;1).

To find a recurrence for A, (¢, «), we take an acyclic digraph and add some new vertices as
sources. In the digraph we obtain, the new vertices will be a subset of the set of sources.

Lemma 1.

Zn: +tﬂ<"ﬂ<)oﬂAn i) = An(t;a +1). (1)
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Proof. We count triples (S, D, E'), where S is a subset of [n], D is an acyclic digraph on [n]— S5,
and E is a subset of the set S x ([n] — 5). We think of the elements of E as edges from S to
D. To a triple (S, D, E) we assign the weight a/t¢, where j is the size of S and e is the total
number of edges in E and in D. It is clear that the sum of the weights of these triples in which
S| = jis (14¢)7("~ 3)( Jad A,,_;(t), and summing on j yields the left side of (1).

To a triple (S, D, E) we may associate the pair (S, D’) in which D’ is the digraph on [n]
whose edges are those of D together with the edges in E. Note that S is a subset of the set of
sources of D'. It is easily seen that this correspondence gives a bijection from triples (S, D, E)
to pairs (S, D’) in which D’ is an acyclic digraph on [n| and S is a subset of the set of sources
of D'. This proves (1).

In working with recurrences like (1), generating functions of the form
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are useful, since the convolution

Z(l + t)j(”_j) <ZL> ajbn—j =cp,

is equivalent to the generating function equation

[Za 1+ 1) ”Zb 1+ 1) ] Zc )

n=0 n=0 n=0 1 +t
For some further applications of these generating functions, which we call graphic generating
functions, see [5] and [6].
We can now express a generating function for A, (¢; ) in terms of the power series

n

Theorem 1.

ZA (t; @)

1+t)()
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Proof. Multiplying (1) by ™ /(1 + t)(;)n! and summing on n yields

aa:ZA (t)————— ZA (t;a+1

(1+1)E)n! (1+t)<>

Now let us set & = —1 in (3). Since every digraph with at least one vertex has a source,
A, (t;0) = 0 for n > 0. Thus we obtain

ZA =1,

(3)

(1 +t)( )
and so .
A = —x) = — nL
Z 1+t)< Y ;::0( g (1+1))n! W

Replacing o W1th a—1in (3), and using (4), yields (2).

Formula (4) was found (with ¢ = 1) by Robinson [9] (see also Stanley [11] and Rodionov
[10]). If we equate coefficients of ¥ in (2), we find that the graphic generating function for
acyclic digraphs with k sources is

1+pE@r  Fl=o)

as shown by Liskovets [7].

The approach used to derive Lemma 1 can also be applied to other types of acyclic digraphs.
For example, in counting acyclic functional digraphs, a new vertex can be added as a source
to a digraph with m vertices in m ways. We obtain the following analogue of Lemma 1:
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Proposition. Let R be a set of size r disjoint from the set of positive integers. Let
14

where the sum is over all acyclic functional digraphs V' corresponding to functions from [n] to
[n]UR, and s(V) is the number of elements of [n] which are sources of V. (Thus T, () counts
forests of r rooted trees by the number of non-root leaves.) Let T,, = T, (1). Then

n

S n—j+ry (?)aan_j =Ty (a + 1). (5)

j=0
If we multiply (5) by z"/n! and sum on n, we get

(weor)"

k!

Z T (o + 1):13_| =e" N T
~ n!

k=0
Setting & = —1 and using the fact that 7,,(0) is 1 for n = 0 and 0 for n > 0, we get a functional

equation that can be solved by Lagrange inversion to get T}, = r(n + )"~ 1, as is well known;
thus

T (a ()a_l (n— j+r)"

i (1) S (75 oo
E::E:: (Z)(?__Dsm—z,n—k), for n > 1,

where S(n, k) is the Stirling number of the second kind.
For a closely related approach to counting trees by leaves, see Bergeron, Labelle, and Ler-
oux [1]. The same approach can also be used to count k-trees [8].

2. Counting acyclic digraphs by sources and sinks. We now count acyclic graphs by
sources and sinks (vertices of outdegree zero). We use the same idea as before: starting with
an acyclic digraph, we add some additional vertices as sources and some additional vertices as
sinks. There is a small complication that arises for vertices that are both sources and sinks,
but it is easy to deal with.

Let

Bn(t;r, B,7) = Y aP)ge1PlyiD)e(D),
D

where the sum is over all acyclic digraphs D on [n]; here so(D) is the number of sources of
D that are not sinks, s1(D) is the number of sinks of D that are not sources, and i(D) is the
number of isolated vertices of D, i.e., vertices that are both sources and sinks.

By the same reasoning as in the proof of Lemma 1, we get a formula for B,, analogous to
(1) that yields the following generating function:
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Lemma 2.
(az) |3 Au F(Az) =Y Buta+ 1,6+ La+8+1)—> . (6)
Z 1+t)( )] Z:% 1+l
From Lemma 2, we derive a generating function for B, (¢; «, 3,7):

Theorem 2.
ZB toz,ﬁ’y —670‘6“ ZC tozﬂ) (7)
n=0 =

where
= x™ F((a—1)z)F((8—- 1)z
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Proof. Since any acyclic digraph consists of an acyclic digraph without isolated vertices together
with a set of isolated vertices, we have the recurrence

Bu(tianf) =3 (j) B (t: 0, 3,0),

§=0
or equivalently,

ZB (t; o, B,7) .—ewz:B (taﬁ,) T (9)

Now let Cy,(t;a, B) = Bp(t;a, 8,0+ 5 — 1). Then (7) follows from (9), and (8) follows from
(6) and (4).

The polynomials B, (t;«, 3,7) are easily computed from (7) and (8). Note that (7) is an
exponential generating function, whereas (8) is a graphic generating function.

The first few values of the polynomials B,, = B, (t;a, 3,7) are

By =1

By =v

By =~% 4+ 203t

By = 3a%t? + 3026t + 68ty + 7° + 6a8t> + 68t

By = 1202322 + 2408t + 403 3t% + 3602 Bt + 2402 6%t + 602 3%t* + 4802 3t
+ 360,3%t3 + 48a,8%t* + 84a8t* + 4a63t® + 84aBt® + 12a6%t° + 1202 5t°
+ 2408t% + At + 12a6t7? + 12032ty + 1202 5%y + 24083 + 24a[t3y

The polynomials S, (t) that count acyclic digraphs on [n] with a single source, a single sink,
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and no isolated vertices are

Sy(t) = 2t

Ss(t) = 6t% + 6t°

Sy(t) = 24t3 + 84t* + 84t° + 245

Ss(t) = 120t* + 960t° + 2660t° + 3500¢™ 4 2400t® 4 840t + 120¢*°

Se(t) = 720t° 4+ 10800t° + 59280t" + 170250t% + 296010t° 4 334680t'° + 253920t

+ 129300t + 426603 + 8280t + 720¢1°

S7(t) = 5040t° + 126000¢” + 1175580¢% + 5931240t + 18958842¢'" + 41833302¢*!
+ 670630802 + 80561460t + 73777620t'* 4+ 51838080t° + 278422206
+ 112614607 + 3327660t 4 679140t + 85680¢%° + 5040t

It may be noted that Theorems 1 and 2 have analogues in the context of the Cartier-Foata

theory of free partially commutative monoids [3]: the analogue of (4) is due to Cartier and
Foata [3, Théoréme 2.4], the analogue of Theorem 1 is due in the case of a single source to Foata
[4, Theorem 3.1] and in the general case to Viennot [12, Proposition 5.3|, and the analogue of
Theorem 2 is due to Bousquet-Mélou [2, Lemme 1.2 and Théoréeme 1.3].

10.
11.
12.
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