Even and Odd Pairs of Lattice Paths
With Multiple Intersections

Ira M. Gessel

Department of Mathematics
Brandeis University
Waltham, MA 02254-9110

and

Walter Shur
11 Middle Road
Port Washington, NY 10010

Abstract. Let Mrn'f be the number of ordered pairs of paths

in the plane, with unit steps E or N, that intersect k times
in which the first path ends at the point (r,n-r) and the
second path ends at the point (s,n-s). Let

N (n k,p) = Y M*

I, S
r+s=2p

and

N(n,k,p = Y M.

T, 5
r+s=2p+1

We study the numbers My N*T =M% N.n, k, p)and
]\fo(n,k,p) , prove several simple relations among them, and

derive a simpler formula for ﬂ:{aﬂgk appears in [1].

Introduction

A recent paper [1] considered paths that begin at the SW corner of
a lattice rectangle and proceed with unit steps in either of the

directions E or N. Let Mﬁgf the number of ordered pairs of

such paths that intersect k times in which the first path ends at
the point (r,n-r) and the second path ends at the point (s,n-s),

and let ]\E'f = MI“;.( Intersections at the origin and endpoints of

the paihs are not counted. It i dear that M and- " ¢ NH’I=(H)

i , n-1

for O<r<n.
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2.

In [1] the following formulas for anM_[n;k areN}gWen:

(kflfz t)( n-1-j-2 t)( n-1-j-2¢t
7 s-7 r-1-2¢

M>5 _ 5 1yJ (sfjfr+l+2t)( k
z,s ;Zj:( ) n-1-j-2¢t \2¢t+1

L 50 (k)(n—k)(n—k) (0<k<n-1, r<s)
n—kj FNr-F7/N\ s5-7

R o

Kl kedl med-2 ) i
N™T - &;1)2(_”1(1)( il)(nf112)(§§1), (0<k<n-2)

~ (n—i—z)

Our main object of study in this paper is the sum of the numbers
Mrnj over r and s where r+s is fixed. We are particularly

interested in considering even and odd values of r+s separately.
Thus we define

N (n,k,p) = Y M*

r+s=2p e

and
n, kK
N(n,k,p = Y M.

T, 5
r+s=2p+1

We will prove the following three formulas for these numbers:

Theorem 1
_ n n,p

Ny(n k,p) = == N,

Theorem 2
) 5 k-2 .
Nyn de,p) = 21" 1 = Y N7 o0
b i=0

Theorem 3

ZM(H, k,p) = ZM(ﬂlklp) = 2]<+1( 2I’J—k—2)
b

p



We will also prove a recurrence for d@d'fa simpler formula
for [

Ir,Ss
Theorem 4

ﬂ*k*an,r _ ﬂ*2an,r . Nnjl,r N Nnjl,rfll k1
k+1 k k k-1 k-2 k-2

Theorem 5

nk _ [ K\[| n-k+1-1\(n-1-1\ [n-k+i-1\(n-1-1
MIS ;(1)( s-1 )(n—r—l) ( s )( n-r )} r TS
The Generating Function for 1\{;“;’*
To find a generating function for the numbers , wé\{;ﬂfe a
decomposition of pairs of paths counted by foM_fg% into
s-r+l parts. To describe this decomposition, let , for d,

m=0,1,...,n, be the (nonnegative) difference in x-coordinates of
the mth points on the two paths. For each m>0, d,—dor,=n

Since d =s-r and s-r<n, for each j=0,1,...,s-r there is at
least one value of m such that d l=et be the largest such

value of m. Then, if we let m_ the jth part of our
decomposition, for j=0,1,...,s-r, consists of the steps of the two
paths from the nth, points to the th paints (see Figure 1).

Note that the zeroth part of the decomposition will be empty if
m,=0 . If it is not empty, it is a pair of paths counted by

N»-r for some n' and +'. [Each other part of the

decomposition can be transformed, by translating its paths so that

they start at the origin, to a pair of paths counted by M2 0

for some n' and .



Figure 1
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Moreover, the number of intersections in the pair of paths is zero
if the zeroth part is empty, and is one more than the number of
intersections in the zeroth part if the zeroth part is nonempty.

The decomposition gives a factorization for the generating function
for ™7 . We assign the weight x x/ 7y y o 7an ordered pair

of paths, each path starting at the origin, the first ending at the
point (r,n-r) and the second ending at the point (s,n-s).

Then for fixed j>0, we have

!\YH,O r_r+j_ n-r_n-r-j _ ?\11’1,0 v r+l_n-r_n-r-1]7
E b1 e TV Yo = E LrnXiXe 1 o2

nxj nx1
O<r=<n-j |0<r<n

n, k +J - -r-j i n,r n- n- n, 0 +1 - -r-1 7
S M i Ty [ Y N iy P I LN
nxj nx1 nx1
O0<r=<n-j |0<r<n 0<r<n
It follows from [1] that for fixed we have
n, r - - .
Z Z\fZ«l XIIXZIYf IYZH I:[X1X2+y1y2+2f(X1X21y1y2>]K (1)
1
Ogisn

where f(x,y) satisfies f=(x+f)(y+f) and f(0,0)=0. It is clear that

]\gn'fzzMriléo , and thus from the case k=1 of (1) we get

(x5, y.5,)

n,0 B Y B g
/\j ’ r r+l n-r n-r-1 —
Z Lo X X 7V Y, -

n=1 XY,
0<r<n
Therefore, for k>0
n, k +J - -r-j_ ~ P f(Xlxgl_S/l}/g) 3
1; M,I+jX11X21 Y ys (X x,tyy, et (3%, y.y.) JK { XY, )
O<r<n-j “
Summing over all 7> we obtain
£(X,%,,5,V;)
E MPHk}{lIXZSylninZniS:[X' X V.V, <2 F (X%, V. V) Jk X172 . (3)
2 ¥, s 12 172 12 172 l_f<X1X2'yly2)
r<s

1Y



The Generating Functions for N (n,k,p) and N (n, k,p)
Setting x,=x,=xand v,=y,=yin (3) yields
f(x*,y?)
Y (X Mty - xPeyteari(x0, y?) b2
n>1 | r+s=t ’ 1_I<X41y4)
t>1 r<s Xy
Noting that
f(x*,v?) {f(xz,yzw f(x*,v?)
Xy _ Xy N Xy
2 2 2 2 2 2 !
1_f(X IY> 1_<f(X IY>)2 1 <f(X IY>)2
Xy Xy Xy
we readily obtain:
fx,y)*
Y[ Y Mf|xpyrr=(xiye2f(x,y)) —2L
n>l | r+s=zp ’ 1- r(x, Y) ‘
p>1 r<s Xy
and
f(x,¥y)
Y[ Y Mf|xpyrr=(xeyr2£(x,y) ) f——X
n>1 | r+s=zp+1 ’ 1- r(x,y)*
p>1 r<s Xy
By definition,
n, k n, k n,p
Ny(n,k,p) = ¥ M7 7=23% M7+ N
r+s=2p r+s=2p
r<s
and

Z\] p{n,k _ z\fn,k
O<n’k’p) B Z T, s 2 Z r,s
r+s=2p+1 r+s=2p+1
r<s
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Hence, writing f for f(x,y), and using (1) to obtain the generating

function for ]\@;’Y'We find the generating functions
fz
Z\é(ﬂ,k,p)xpyn‘p = 2 (x+ty+2£)k XY 4 (xty+2r) kit )
1»4
n,p 1_
Xy
and
£
Y N(n, k,p) xPy=P = 2 (xty+2£) F—F_ (5)
np 11t
Xy
Proof of Theorem 1
We need to show that the generating function for the numbers kfl NP
is equal to (4). From (1), we know that Y NFxpyne = [x+y+2£]K0
n,p
and that f=(x+f)(y+f). Noting that <xa% +y§y ) x Py 5 P=andy E
deriving the facts that
3f__ yif A xif
Ox 1-x-y-2f and oy 1-x-y-2f"' we have
I P, p,n D — 1 i i k+1
HZ; k+lM =7 k+1 <X8X+y8y) (x+y+21)
= (x+ye2f) K 220XY X YR
1-x-y-2fF
Using the relationships f2=F L L e
=f-xf-yreng v

xy-£7 1-x-y Sf
see that this is equal to (4).

Proof of Theorem 2

Theorem 2 rearranged states that
k-2 / 2 .
LN (n, &, p) S DA A =(n‘1) , where  n>1 and the sum is taken as
270 =1 p
0 if k<2. We need to show that the generating function for the
. . . n-1\* p, nop
numbers on the left side of this equation equals Z( o )X Y

n,p
nx1
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Adding the appropriate generating functions, we have,

+
T
[\S]

k-2
Gy (X, ) :Z [%Z\fo<n’k’p) +Z Z\En_llp] XPy T P=(x+y+21) k_YE vix+y+2£) 11,
i=0

np Xy-r*

.
Il
o

Define A by A, h(k)=h(k+1)-h(k). We have

Kk

A G (x,v) = -y, k=0,

A, G (x,y)= yL . (x+y+2£) K (x+y+2-1) +y (x+y+2 )5 | k>1 .

xy-f
Since L. 1 we have for kz1 A, G (x,vy)=0and
xy-f? 1-x-y-2f' e
Gy (x,v) =G, (x,V)
Since G,(x,y) =G, (x,y)+y, all we need to do is deal with G, (x,¥)
and show that
vt _ (n—l)zxp n-p
— = Y :
Xy—1* I; p

(Note that the term vy in G, (x,y) =G, (x,y) eounts the number

Z1,(1,0,0) = (8)2 )

From [1], we have

U (v, f) =Y N'xryo T = x+y+2F(x,y)
n,r

1 _ Z(n)zxpynp .

1-uy(v.x/v) £\p

yr _ v
Xy—fz 1 —X—y—Zf

Hence, since », we have

yf - = E(H_l)zxpynfp .
Xy-f*? T\ P

Proof of Theorem 3

We first show that the generating functions for

Y N.(n,k,p) and Y, N (n, k,p)  are equal. We obtain them by letting
D D

y=x in (4) and (5).



Thus, we have

2 = Kk 2x
Z[ZNEm,k,p)]X (2342 F) o

N (n, k, 5= op(axi2f)k XL~ (oxanpyk 2X
%:[Xp: o(n, k., p)]x (2xv2D)f——=2 = (2x+2D) s

%" N"* From [1] we know

From Theorem 1, we have Y N, (n, k,p)= P
b 1 b

1Pk (2n-k-2) !
that EP:NK 217 (evd) 5255 Hence,

YN kp =Y N kp) =222

e > n-1
Proof of Theorem 4

We begin with the following recurrences, where k<n-1,
n,k n-1,k n-1,k n-1,k n-1,k
nk _ , . , . <g-
'Z\{r,s Z\{I,S * 'Z\{r—l,s N Z\{I,S—l * M 1 ! r<s 1

r-1,s5-1

n, k. _ n-1,k n-1,k n-1,r n-1,k —a._
M =M + M « N+ M? : r=s-1.

T, r+l r,r+l r-1,r+1 r-1,1

23,

Apply e (¢ both sides of the first recurrence, multiply both

s

sides of the second recurrence by 2 and set r=p, and add the
resulting recurrences together to obtain

‘Z\@(Hl k/p) :M(n_l,k,p> + ['Z\],:j<n_1,k,p) __Z\]]'(n—l,p]

[N (n-1,k,p)+2N""P-N""F1+N (n-1,k,p-1)

Substituting the expressions for NE(n,k,p> and M(niﬂ@f@a)

Theorems 1 and 2, and rearranging terms, we obtain
k-2 k-2 k-2

( nl;l )2( H;JZ )2( n-2 )2_2 Z\En—l,piz Z\En—z,piz Z\En—z,p—l

p-1/ = 10 izo

n-1 n-1,p n-1,p n-1,p

Applying A, to both sides of the equation, simplifying, and
replacing n by n+l and k by k-1 results in

n-k-1 pfn.p _ n-2K arn.p n-1,p n-1,p-1
k+1 ]\71; B k Z\Jl—l * ]\fz;—z * Z\Jl—z ;o kel
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Proof of Theorem 5

From (2) we have for 7=0
Z Mn']f.xfyn'f = [X+y+2f(X,y)]k Mr
nxj rerd X

O<r<n-j

DIWICE R

1=0

where f(x,y) satisfies f=(x+f)(y+f). We will express the right hand
side of (6) as a power series in x and y by means of Lagrange
inversion, as follows:

Let f=z(x+f)(y+f),
G(t)=(x+t)(y+t), and

(L) =(x+t)2(y+r)PLe .
We use Lagrange inversion in the form (see [2])

= n _ Gl<t) n n B
d(H =Y [t ](1 o )d)(t)G (t) z

B t)
Letting z=1, we have

a C = n G'(t) n
(x+1)2(y+1)Pr —; [ ](l—t 5Tt )¢(E)G (£)

Since 1-¢C8 (8. xy-t? e have
G(t) (x+t) (y+t)

a brc — n Xy—tz a by ¢ n
(xe D)2 (0227 = W (67 2L ve) 2 e P v ) ()

n

_Z Xy (x+t)nra- 1<y+t)q+b1tc _Z[tn] <X+t)n+afl<y+t)n+bfltc+z

n

The coefficient of x dpthe right hand side of (7) is seen to

be (n+a1)(n+b1) - (n+a1)(n+b1) . This term will arise only when
1-1 m-1 1 m

the exponent of t is n, i.e., when

n+a-1-(1-1) +n+b-1-(m-1) = n+a-1-1+n+b-1-m+(c+2) =n .

(6)

(7)
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Hence, n=Il+m-a-b-c and we have

l+m-a-c-1

v “ @

l+m-a-c-1\
I |

1+m-b-c-1
m-1 )

1

(X+f)a(y+f)b(—f)c = Y xiyn
X 1za+c !
m>b+c

To obtain Theorem 5, we first make the substitutions
a=1i, b=k-i, c=j, 1=r+j, and m=n-r in the right hand side of (8) to

obtain the coefficient of x Optaining

(x+£) 1 (y+1) ki(éf -y

n,r

n-k+i-1\(n-1-1} [ n-k+1i-11 n—i—l\XIynq
oot e (e s

Theorem 5 follows immediately by letting j=s-r and substituting the
result in the right hand side of (6).
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