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Multipartite P-Partitions and Inner Products of Skew Schur Functions

Ira M. Gesse]l .

ABSTRACT. A generalization of Richard Stanley's theory of P-partitions to
multipartite partitions is developed, which is used to count r-tuples of
permutations whose product is a given permutation according to their
descent sets. The theory gives a combinatorial interpretation to numbers
associated with inner products of certain skew Schur functions.

1. INTRODUCTION. Let = be a permutation of [n] = {1,2,---, n}. The
descent set of m is defined to be D(w) = {i|m(i) > n(i+1)}. A general
problem of permutation enumeration is to find the number of permutations in a
given set of permutations with a given descent set. We shall be concerned here
primarily with the set of permutations which extend some poset to a total order.
In section 2 we review some of Richard Stanley's theory of'P-partitions [13]
and show how a special case leads to formulas involving symmetric functions.
In particular we derive a formula equivalent to that of Foulkes [3] for the
number of permutations m for which D(n) and D(n']) have specified values.
In section 3 we consider the following problem: given a permutation w in
the symmetric group S, and subsets Ayseees AL of [n-1], how many r-tuples
Oystees O of permutations are there with 019,+++0, = T and D(oi) = Ai?
The solution of this problem leads to a combinatorial interpretation for the
scalar product of an arbitrary skew Schur function with an inner product of
skew Schur functions of skew hook shape.
A more comprehensive account of the applications of P-partitions and multi-
partite partitions to permutation enumeration will be given elsewhere.

2. P-PARTITIONS. Let P be an arbitrary partial order of [n]. We write <p
for the partial order of P, and < for the usual total order on [n]. Let

X be an infinite totally ordered set (for example, the positive integers). A
P-partition is a function f:[n] » X satisfying

1) i< 3 implies f(i) s f(j)
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2) i <p j and i>j implies f(i) < f(j).
We denote the set of P-partitions by A(P). Thus, if P is the poset
1\\\V//P3
2
then A(P) is the set of functions f:[3] » X satisfying f(2) < f(1) and
f(2) < f(3).

The definition of P-partitions is due to Stanley [13]; see also Knuth [71.
(Stanley defined P-partitions to be order-reversing rather than order-pre-

serving.)
If = is a permutation of [n] we may identify = with the total order
w(n)
n(n-1)
w(2)
m(1)

in which w(i) < w(j) iff i< j. Then A(m) is the set of functions
f: [n] » X satisfying f(n(1)) ~ f(n(2)) ~y f(r(n)), where ~ is
< if w(i) < w(i+1) and ~ is < if w(i) > w(i+1).

We now define L(P) to be the set of permutations of [n] which extend P
to a total order; that is, w is in L(p) iff i <p j implies
n'](i) < n'](j). The connection between L({P) and A(P) is given by the
following theorem, which was proved in some special cases by MacMahon [11,
Vol. 2, pp. 188-212], for "naturally labeled posets" by Knuth [7], and in

general by Stanley [13]. A1l unions in this paper are disjoint .
THEOREM 1. A(P) = ngL(P) A(r).

PROOF. We proceed by induction on the number of incomparable pairs of
elements in P. If there are none, then P is a total order and the theorem
js trivial. Now suppose that i and j are incomparable in P, with i <.
Let Pij be the poset obtained from P by adding the relation i <p j and
let Pji be defined similarly. It is easily seen that L(P) = L(Pij) v L(Pji)
and A(P) = A(Pij) v A(Pji)' Thus the theorem follows by induction.

To every x in X we assign a weight w(x), which will always be a
monomial in a power series ring. It is convenient to identify x with its
weight. In this section we assume that the weights of elements of X are
algebraically independent. We define the weight of a function f: [n] » X to
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be w(f) = w(f(1)) w(f(2))--- w(f(n)) and we define the generating function
for P to be

r(py =} w(f).
feA(P)
It follows from Theorem 1 that
re) =} r(m). (1)
meL(P)

Thus the power series of the form TI'(m) will be important. To study them
we introduce some notation. To any subset A = {aI <, << ak} of [n-1]
we may associate the composition (a1, 8y = 81577, 3 = 3 s N - ak) of n.
Then for any permutation = in Sn we define the descent composition C(m)
to be the composition associated to the descent set O(w). It is convenient to
transfer the partial order of inclusion of subsets to compositions (where it is
reverse refinement).

It is clear that T(w) depends only on C(w). Thus we may define formal
power series FL’ indexed by compositions, by Fc(ﬂ) = I(w). For example,

Fi, = T XyXoXx, .
12 17273
X]<XySX4
FL is not symmetric in the elements of X unless L =1" or L =n. However
FL does have the property that if X <k.'< X kand Yy <<y for

X;s¥; € X then the coefficient of X] ]... X0 ™ in FL is equal to the

J k k
coefficient of y, 1. Yy M We call power series in Z[[X]] with this

property quasisymmetric. We denote by Qsym the ring of quasisymmetric
power series, and by stmn the Z-module of quasisymmetric power series hemo-
geneous of degree n.

If L= (L],---, Lk) is a composition of n, we define ML by

M, = Z X ceeX
L L 1 k
L IR

It is clear that the M_ are a basis for stmn. Moreover, by the definition
of Fp and the partial order on compositions, we have

FpF= 1 M, (2)
. L KL K
so by inclusion-exclusion,
ML =7 (_])IKI-ILIFK , (3)
KzL

where |ILI is the number of parts of L. Thus the F_ form a basis for
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stmn. It follows that T(P) can be expressed uniquely as a linear combi-
nation of the F  and hence the number of & din L(P) with C(m) =1L is
determined by T(P). This number can be computed by inclusion-exclusion from
the following:

COROLLARY 2. If L = (L],'°', Lk) Es a coTposition of n and
Xy <X then the coefficient of X ]---xk k' jn r(P) 1is the number of

permutations m in L(P)}) with C(m) < L.

PROOF. By Theorem 1, we need only consider the case where P is a permu-
tation. In this case the assertion follows from (2).

If T(P) 1is symmetric, we can use the machinery of symmetric functions to
express the number of permutations = 1in L(P) with C(m) =L in a more
concise form. We shall need some basic facts about symmetric functions. For
more details, see Macdonald [10].

If X = (A] o2 Ak > 0) 1is a partition, we define the monomial symmetric
function my by N N

1, "2 k
mo= L X Xy Teex T
where the sum is over distinct monomials with the Xy distinct.
Note that

m = E M (4)

where the sum is over all rearrangements L of the parts of X. (Thus
Mypq = NHZZ + M212 + M221.) The complete homogeneous symmetric functions are
defined by

and hx = hxlh)\z---h)‘n . More generally, we set hL = hL]hLZ"'th for any
composition L = (L1,-~-, Lk). Let Symn be the Z-module of symmetric
functions which are homogeneous of degree n (with integer coefficients).
Then the my and the hA’ where A ranges over partition of n, are bases
for Symﬁ. There is a symmetric scalar product on symmetric functions for

which
<m, 5 hu> = Gku . (5)
b N
Thus if g is a symmetric function, the coefficient of XX in g is
<g,hL> .
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Now let us define symmetric functions SL' where L is a composition, by

IL1-1KI
s, = } (-1) h, -
L KsL K

Thus S(z’] ’3) = h(2’1’3) - h(3’3) - h(2,4) + h(s)- As we shall see ]ater,
these symmetric functions are skew Schur functions corresponding to skew hook
shapes. They were first considered by MacMahon [11, Vol. 1, pp. 199-202], who
wrote hL for our SL. He showed that SL is the sum of all XyXoo X
where, if A is the subset of [n-1] corresponding to L,
if 1A

i % X

X; > X4 if 1 €A.

Thus §, = P(PL) where PL is the poset defined by

L

i<y 41 if 1 ¢A

i+1 <p i if i€A.

If g is a symmetric function then g is quasisymmetric and hence is a
linear combination of the FL'

THEOREM 3. Let g be a symmetric power series in the elements of X.
Then g = a F, where a =<g, §>.
L

PROOF. Suppose that g =) b, m, . Then by (5), b, = <g, hy> . Thus by
- A
(4), g-= E bK MK, where bK <g, hK> . Then by (3),

ILI-1K]
g=Jyb, ¥ (-1) F
K KLk L

ILI-1KI IL1-1KI
=) F (-1) b, =) F <9, § (-1) h, >
E L KEL Kot P xa K

=EFL<g,SL>.

COROLLARY 4. Suppose that T(P) is symmetric. Then the number of
permutations w in L(P) with C(w) =L is <P(P),SL> .

We have found.one class of posets with symmetric generating functions, the
posets PL for which r(PL) = SL . A permutation m 1is in L(PL) if

7 1(§) < 7V (i+1) for i ¢ A

1(i4) <7V (q) for €A,
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where A is the subset of [n-1] associated with L. In other words,
TE L(PL) iff C(n-]) = L . Thus we have:

THEOREM 5. The number of permutations m of [n] with C(w']) = K and
C(m) =L is <SK,SL> .

A formula closely related to Theorem 5 was found by Foulkes [31. If we
expand S, and SL in Schur functions and evaluate the scalar product using
the orthogonality of Schur functions, we obtain Foulkes's formula.

If L= (Lpees L), we define L tobe (Ly,ee+yLy). Since S = ST >
we have the following result of Foata and Schiitzenberger 2] .

COROLLARY 6. The number of permutations = with C(v‘1) = K and
C(r) = L is equal to the number with C(n']) =K and C(m)=1L.

The only known posets P for which T(P) 1is symmetric are those which
correspond to column-strict skew plane partitions. Suppose that
A= (A], Agstots Ak) and u = (u], IPYRRRR ”l) are partitions, with £ < k,
and that My < Ai for each i, where we take 4 to be zero for 1> 2 .
Then we define a column-strict plane partition of shape A/u to be an array

aij of positive integers defined for 1sic<k, by < Jj s xi satisfying

and aij < ai+1,j

%y = %i,94
whenever both sides of the inequality are defined. (What we have described is
often called a column-strict reverse skew plane partition.) Thus, for example,

a column-strict plane partition of shape 443/21 is (in the French notation)

3 3 4
2 3
1

N W

It is clear that column-strict plane partitions of shape A/u are P-partitions
for a certain poset P = PA/u’ To construct Pl/u we first fi1l in the shape
A/u with the numbers from 1 to n = Zki - Iy as follows:

12
4 (6)

~N oW

6
8
Then we obtain Pl/u by rotating this array 45° counterclockwise:

3
2// 5
7N\

6
N, 7 \\8
N
1 4(/ 7//
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A Young tableau of shape A/u is a plane partition of shape A/u in which
the parts are 1,2,:--,n . The elements of L(pA/u) may be identified with
Young tableaux of shape A/u: given a permutation = in L(Pl/u) we replace
i 1in the array analogous to (6) by n'](i), to obtain a Young tableaux T(mw).
Thus in our example, if m = 74581263 then Sl 56823714 and T(w) s

5 6 8
2 37
1 4

The descent set of = is the set of i in [n-1] for which i+l appears in
a higher row than 1. Thus in our example; D(w) = {1,4,7}. We define
C(T(w)) to be C(m). It is convenient to say that a permutation = is
compatible with the shape A/u if = 1is in L(PA/u)'

It can be shown that that F(PA/u) is a symmetric function. (For a simple
combinatorial proof, see Bender and Knuth [1].) It is called a skew Schur
function and denoted S\/u Note that SL is a skew Schur function corre-
sponding to a special kind of shape called a skew hook (also called a rim-hook
or border strip). Thus 52]2 = S322/17° since f satisfies
f(1) < f(2) > f(3) > f(4) s f(5) iff

(1)  f(2)
f(3)
f(4) (5)

is a column-strict plane partition of shape 322/11.
Then from Corollary 4 we have:

THEOREM 7. <SA/u’ SL> is the number of skew Young tableaux T of shape
XMu with C(T) =L, or equivalently, the number of permutations m compatible
with the shape A/u, with C(w) =L .

We note that Theorem 7 can be derived from a result of Zelevinsky [14]
which gives a combinatorial interpretation for the general <51/u’ sa/B>.

3. MULTIPARTITE P-PARTITIONS. Let Xl, Xz,--', Xr be totally ordered
infinite sets. Then X(r) = X] x X2 Xooex Xr may be totally ordered
lexicographically. (Thus if )(.I = X2 = N, we have
(0,0) < (0,1) < (1,0) < (1,1).) An r-partite P-partition is a P-partition with
respect to the totally ordered set X(fjl

If f s a function from [n] to X(r) we write
f(i) = (f1(i), fz(i),---, fr(i)). We write A.(P) for the set of r-partite
P-partitions.
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As an example, take r = 2 and suppose that P consists of the two
incomparable points 1 and 2. By Theorem 1, A2(P) = A2(12) u A2(21). Now
A2(12) consists of all f: [2] » Xy x X2 with f(1) < f(2); i.e.,

(f1(]), fz(l)) < (f](Z), f2(2)) lexicographically. It is easily checked that
A2(12) is the disjoint union of the sets
{f: f](]) < f](Z) and f2(1) < f2(2)}
and
{f: f](1) < f](2) and fz(l) > f2(2)}.
A similar decomposition exists for AZ(ZI).
We shall show that such a decomposition exists for any P and any r. The

basic idea of the decomposition is due to Gordon [5] and was further developed
by Garsia and Gessel [4]. By Theorem 1,

Ar(P) = ﬂgL(P) Ar(")

so we need only decompose Ar(n). We shall see that the general case follows
fairly easily from the case r = 2.

LEMMA 8. Let g be a function from [n] to the totally ordered set X .
Then the following are equivalent:

(a) g€ Alo).

(b) If i<j then g(o(i)) < g(o(j)). If in addition o(i) > o(j),
then g(a(i)) < g(a(j)).

(¢) If g(i) <g(j), orif i< j and g(i) = g(j), then
o"l(1) < o71(3).

PROOF. The defining condition for A(c) is obtained by replacing i and
J in (b) by o'](i) and c'](j). Thus (a) and (b) are equivalent. Condition
(c) is easily seen to be equivalent to the contrapositive of (b).

For any function g defined on [n] and any o in Sn’ we define the

function ¢° by ¢%(i) = g(oi).

THEOREM 9. Let f be a function from [n] to X] x xz. Then f is in
Az(n) iff for some o in Sp» f2 is in A(o) and f? is in A(o']n).
Moreover, o 1is unique.

PROOF. First suppose f € A,(m). There is a unique o such that
f, € A(c). We must show that f]o € A(o']n), i.e., that

(i) fi(x(i)) s fy(n(i+1)), and

(11) If fi(n(i)) = f(n(i+1) then o 'n(i) < o n(i41).
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Since f € Az(n), we have (i) together with
(111) If f,(n(i)) = f(n(i+1)) then f,(n(i)) s f (n(i+1)).

(iv) If f](n(i)) = f](n(i+1)) and w(i) > w(i+1) then
fz(w(i)) < fz(n(i+1)).

Now suppose that f](n(i)) = f](w(i+1)). Then by (iii) and (iv), either
fz(w(i)) < fz(n(i+])) or fz(v(i)) = fz(w(i+1)) and w(i) < w(i+1). Then
since f2 € A(c), condition (c) of Lemma 8 gives o']n(i) < a']w(i+1), and
thus (ii) holds.

Conversely, suppose that f € Alo) and that f1 € A(c' 7). We must show
that (i), (iii), and (iv) hold. Since f € Alo” n), (1) is 1mmed1ate Now
let us suppose that f (n(i)) = f](ﬂ(1+])) Then fc(c n(1)) = f %" n(1+D)
so since f]o € A(a” ]n), we have o ]v(1) <o ]w(1+1) Thus since f2 € A(o),
we have fz(n(1)) < fz(n(1+1)), which is (iii1), and by (b) of Lemma 8, if
(i) < n(i+1) then fz(w(i)) < fz(n(i+1)), which is (iv).

Theorem 9 may be restated as follows:

COROLLARY 10. A (n) is the disjoint union of the sets A(o].oz) over all
(01,02) such that 02 157 where A(o],oz) is defined by

A(o],oz) = {f: [n] - Xy % X2|f € A(o]) and f, € A(cz)} .

We now discuss the consequences of Corollary 10 for generating functions.
For simplicity we write X and Y for the totally ordered sets X1 and X2 .
We define the weight of (x,y) in X xY to be w(x)w(y) where the weights
of the elements of X and Y are independent indeterminates. As before, we
identify x with w(x), y with w(y), and (x,y) with w(x,y) =xy.

(We assume that X and Y are disjoint.)

Then we may define rz(P) to be the sum of the weights of all bipartite
‘P-partitions. If q = q(X) 1is any quasisymmetric power series in the vari-
ables in X, then q(XY) is well defined in the variables (x,y) = xy for x
in X and y in Y. It is then clear that if T(P) = I'(P,X), then
PZ(P) = T(P,XY). Applying Corollary 10, we have:

THEOREM 11.  Ty(m) = T(m,XY) = o;ﬂ Fc(c)(X) FC(T)(Y)
It follows from Theorem 11 that the number of pairs (t,0) of permutations
with C(t) = K, C(g) =L, and 10 = w depends only on C(w). As a conse-

quence, we have the following result of Solomon [12]:
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COROLLARY 12. In the group algebra of Sn’ let 9 be the sum of all w
in Sn with C(w) = L. Then the linear span of the g, over all compositions
L of n is a subalgebra.

Solomon gave an analog of Corollary 12 for all Coxeter groups.

From Theorem 1 and Theorem 11 we obtain:

THEOREM 13. T,(P) = T(P,XY) = }

T0el

We now look at the special case of Theorem 13 in which T(P) is symmetric.
Here T(P,XY) is symmetric in the terms Xy, SO the total ordering is irrele-
vant. Thus if a(X) is any symmetric function, our definition of a(XY)
agrees with the standard “lambda-ring" definition. (See Knutson [8].)

If we expand SA/u(XY) "as a linear combination of the FK(X) FL(Y), then
the coefficient of FK(X) FL(Y) is the number of pairs (m,0) of permutations
such that om is compatible with A/u, C(w) = K, and C{a) = L. Since
sl/u(XY) js symmetric in X and Y, we could require instead that wo be

J(X) Forgy(¥).

(P) Fc(o cft

compatible with A/u.
We can extend the scalar product on symmetric functions to symmetric
functions in two sets of variables by setting

<a(X)b(Y), c(X)d(Y)> = <a(X),c(X)> <b(X),d(X)> ,
and extending by linearity. Then from Theorem 11 we obtain:
THEOREM 14. The number of pairs (v,0) of permutations such that o is
compatible with A/u, C(m) =K, and C(o) =L fis <sk/u(xv) . SK(X) SL(Y)>.

There is a multiplication * defined on Symn called the inner or internal

product which corresponds to the multiplication of characters of the symmetric
group Sn' It may be characterized by the property that for any symmetric
functions a, b, and ¢,

<a(XY), b(X)c(Y)> = <a(X),b(X)*c(X)>

(To see that this characterization is equivalent to the usual definition, as
given by Knutson [8], for example, one can verify it for power sum symmetric
functions.) Then Theorem 14 may be restated as follows:

COROLLARY 15. <sk/u’
tations such that wo is compatible with A/u, C(v) = K, and C(o) = L.

A similar (but not obviously equivalent) interpretation to Sy /u’ SK * SL>
was given by Lascoux [9] in the case in which u=¢ and K and L are of
the form (1,-++, 1, j), so that S\/u’ SK’ and SL are Schur functions.

We now generalize Corollary 10 to r-partite partitions.

SK * SL> is the number of pairs (m,0) of permu-
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THEOREM 16. Ar(") is the disjoint union of the sets A(o],oz,---, Ur)
over all (c],---, or) such that .0, ;-++0; =7, where A(c],---, °r) is
the set of functions f: [n] - Xy x---x X, satisfying

£ O 9192

1 € A(U])

5o e
rr-1
fr-z € A(Ur-z)

O
fr1 € A(Ur-l)
f. € Alg)

PROOF. We proceed by induction on r. We assume that r 2 2. If f is a
function from [n] to X; x---x X, Tlet us define f: [n] -~ Xy xeeex X g by
(i) = (f](i),---, fr_7(i)). Then since X x---x X_ = (X] xeeox X _q) % Xps
by Corollary 10, Ar(“) is the disjoint union of the sets B(o,or) over all
(o,or) with 0.0 =, where

o]
B(o,0,) = {f: [n] = X, x--x X |[F €A _ (o) and f_ € A(c)} .

If r 23, we apply induction to Ar-l(G)'
In the same way that we derived Corollary 15 from Corollary 10, from
Theorem 16 we derive the following:

THEOREM 17. <SA/u’ SL
(01.02,"-, Ur) of permutltionszsuch that” 005"+ +0,. is compatible with A/u
and C(ci) = Li. for 1 <sic<r.

* SL *eeek §) > is the number of r-tuples

4. ADDITIONAL REMARKS. We have been concerned here with the descent sets of
permutations. However, generating functions for permutations by their number
of descents and greater index can easily be obtained from our results. Suppose
that the elements of the totally ordered set X are Xg € Xp € Xy <eevl For
m >0 we define a homomorphism Am from formal power series in X to formal
power series in q by setting Am(xi) =q for 0<i<m and Am(xi) =0
for i >m. For any composition L = (L],---, Lk) of n >0, we define

d(L) = k and I(L) = L2 + 2L3 +eeot (k-l)Lk. Thus if L corresponds to the
subset A = {a],-o-, ak_]} of [n-1] then d(L) = |[A] +1 and

k-1
'Z] (n-ai). So if C(m) = L, d(L) 1is one more than the number of descents of
i= .

m and I(L) 1is the “"reversed" greater index of w. It is easily verified
that if L dis a composition of n,
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E] (7)) = 18 M) 0-ta) - (1-ta™);
m:
thus for any poset P on [n],

et = 1 MM 0ot 0ot

m=1 meL(P)
where d(m) = d(C(w)) and I{(m) = I(C(m)), and similarly for multipartite
P-partitions.

If B is a set of permutations such that 7§ FC(B) is symmetric then a
. meB
formula analogous to Theorem 17 counts r-tuples of permutations with product in

B. It is not hard to show that the set of permutations with a given number of
inversions has this property. -It is also true, but harder to prove, that the
set of permutations with a given cycle structure also has this property.

It seems likely that much of the theory developed here generalizes to
Coxeter groups other than the symmetric groups. Instead of studying inequali-
ties of the form f(i) s f(j) we study inequalities determined by the
reflecting hyperplanes of the Coxeter group. Thus for the hyperoctahedral
groups we consider inequalities of the form f(i) - f(j) = 0, f(i) + f(j) =2 0,
and f(i) 2 0.

Some of the results we have obtained can be expressed most elegantly in the
language of coalgebras. (See [6] for definitions and basic properties.) We
recall that a coalgebra is a vector space V together with a comultiplication
map A: V- V® V satisfying certain conditions. Any coalgebra V has a dual
algebra, which is the dual of V as a vector space, with a multiplication
defined by convolution.

First we define a coalgebra S: with basis Sn and comultiplication given
by

ar= J o@rt.
TO=T
Next we define another coalgebra stm; on the quasisymmetric power series of
degree n, where if FL(XY) = JZK CS,K FJ(X)FK(Y), then

L

AF, = ¥ CJ,KFJQFK.

L gk
Theorem 11 asserts that the map = - Fc(n) extends by linearity to a
(surjective) coalgebra homomorphism «*: S; - stm;. The dual of S; is just
the group algebra of Sn and the dual of stm; may be identified with stmn
with a multiplication defined by '
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Fo*F

T
g *F=® E Gk FL

The dual of * is an injective homomorphism ¢ from stmn to the group
algebra of S~ given by w(FL) = C(§)=L" .

The comu]tip]ication on stm; restricts to symmetric functions to give a
coalgebra Sym: . The dual of Sym; is the algebra Symn of symmetric
functions with the inner product, which is isomorphic to the algebra of
generalized characters, or class functions, on Sn. The dual of the injection
Sym; - stm: is a surjection 6: stmn - Symn in which B(FL) = SL . Some
properties of 6 have been given by Solomon [12].
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