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1. Introduction

We study a probabilistic method for obtaining functional equations for genera-
ting functions for lattice path enumeration problems.

The method is best explained by a simple example. Fix positive integers r and g,
and let 4, be the number of paths in the plane, with unit steps in the positive
horizontal and vertical directions, from the origin to (n,r + un) which never touch
the line y=r+ ux except at the endpoint. We now consider a particle which starts
at the origin and successively moves with probability p one unit to the right and with
probability g=1 - p one unit up. The particle stops if it touches the line y=r+ pux.

First we find the probability that the particle eventually stops. The probability
that the particle stops at (m r+un) is p"g™*"d,. Thus if we set d(1) = Lo ad,t”,
the probability that the particle eventually stops is g'd(pg”).

However il is not hard to show that if p is sufficient small (actually, p=<1/(u+1))

then the particle will eventually reach the line y = r+ ux with probability 1. Thus for
2 small, we have

q'd(pg')=1, (n
where g=1} —p.
This is a functional equation for 4. It can be solved by Lagrange inversion
(Goulden and Jackson (1983}, p. 17) to yield the explicit formula
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dﬂ=; (('u+ ])"+r): I;" (2)
(u+m+r n

a well-known result. (See, for example, Mohanty (1979}, p. 9.)

The simplest case, in which g=1, is worth examining more cﬂosc]y. Here (1)
becomes (1 — p)'dip—p)=1. If we set t=p—p2, then we have p|=-§-(] = /1 -41).
Since p=1, we must have in fact p=3(1-}1-4r)and a little a].lgcbra gives

dir) = {1__“;4!] r_ ‘
21 .
Note that d(1) has a branch point at 1=+, which corresponds to ,|p=%

It is natural to ask what the probability is thai the particle will‘leventua]ly stop
if p>4. Our argument shows that this probability is q'd(pg). We know that
g'dipgy=1 for p=<, so by the symmetry between p and ¢, we must have
p'di{pg)=1 for p=1, so d{pg)=p~". Thus for p=d, q’d(pq)=(q/p)’. A similar
argument has been given by Cohen and Katz (1980). For 4= 2 one can find the prob-
ability that the particle stops for p>$ by solving the quadratic equation.

Before proceeding to further examples, we make several observations, Dwass
(1967) also used a probabilistic argument to derive functional equations for genera-
ting functions to count paths, but in a somewhat different way. For further applica-
tions of Dwass’s method, see Aneja and Sen (1972), Handa and Mohanty (1979),
Mohanty and Handa (1970), and Mohanty (1979}, pp. 108-115.

We note that we can avoid the use of probability in deriving (1), at the cost of
some extra work. With e, , the number of paths from (0,0) to (m, n) that never
touch the line y=r+ ux and d, as before, a combinatorial argume‘m yields

: ad —r—(u+ 1) ‘
(m+n) —e, .+ d (m+n r F,u }r), |‘ B
m Vizo m—i 5,

where K=min(m, | (n—r)/u]). With p an indeterminate, multiply (3) by p™ and
sum on m, obtaining !

l E em.npm+ 2 dlp,/(l —P)"_F_FH. (4)

(I—P)"“ m>in-r\/p i<{n-r)u

Now multiply both sides of (4) by (1 - p)"* " and take the limit as n—-|oo. We obtain

1=(1-p)" ¥ dilp(i=p'1" ‘

which is (1).
The same argument works with an arbitrary upper boundary: IFL Ho, Uy, U, ..
be arbitrary integers satisfying 0<wy=<i;=<---, and let f; be the number of paths

from (0,0) to {J, ;) which never touch any (/) for j<i. Then aslfformal power
series in p, ‘
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‘);t)ﬁp"(l -p)=1. (5)

Moreover, equating coefficients in (5) gives a recurrence from which the f; can be
determined. If p is a number between 0 and 1, then the left side of (5} may be inter-
preted as the probability that a particle will eventually reach one of the points
(i, 1;). 1f the u, grow too rapidly (for example, if w;=1 4%y, then for p>0 this
probability is always less than 1. Thus in these cases we have the unusual pheno-
menon that (5) is true as a formal power series identity, but is false whenever p is
a real number, 0< p< 1, even though the sum exists.

2. Another simple example

We give one more application of the method to a well-known problem before con-
sidering some harder problems.

We consider the boundary lines y=x+a and y=x— b, where a,b>0. Let f,, be
the number of paths from (0, 0) to (m, a+ m) which never touch any boundary points
except at the end, and let g, be the number of analogous paths ending at (b + n, r).
Let fi)=Y, _of-!™ and g(1)=T7_,&,7". Then the probabilistic method yields
the functional equation

g°flpg)+p°e(pa) =1, (6)

where g=1—p, for all 0= p=1. Since (6) holds for all p, we may interchange p and
g to obtain

Pf(pg) +4°8(pg) =1. ™
Solving (6) and (7), we find
Jpay=(g"-p"/g"*"~p**"),
glpgy=(g°-p*)/(g"" "~ p**").
Now let r=p() —p). We can solve for p and g to get p,g=1(1 i]/l——ﬂ).
The well-known expressions for f,, and g, as alternating sums of binomial coeffi-

cients can be obtained by expanding in powers of (1 — 1 —4¢) and using the for-
mula

(1_—@)"_ T _.£_(2n—k),,,_

2 TS 2n—k\ n—k

Qur approach also gives the probabilities of reaching either of the lines first.
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|
3. Hali-integer slopes
Suppose we want to count paths which never touch or cross the line y r+ux
where r and u are arbitrary nonnegative real numbers. To apply our m ithod we
need to find the boundary points of the allowed region, that is, the lamie points
(4, 1;) such that (i,u;) is outside the region but {i,s;—1) is inside. We find that
w;=[r+uil, where [z] is the least integer not less than z. If p is irratiohal, little
more can be said. However, if g is rational, with denominator d, then the points
(i, [r+pi ) lie on d lines; according to the residue class of 7 (mod d). Thus (5) can
be written as a functional equation involving d unknown functions. We ‘considcr
here the simplest nontrivial case, ¢ =2. A similar analysis holds in the general case.
Let f, be the number of paths from (0,0) to (n,[r+un]) which nevEr touch
any point (i, { r+ui’]) until the end. We assume that y= A+ where A i5 a non-
negative integer. It is easy to see that without loss of gcnerahty we may +ake rto
be either an integer or a half-integer. For simplicity we take r= s=% whére sisa
positive integer; the case in which # is an integer is similar. Let P={, I-rri-,llf-l)—
(hs+Ai+ [4G- 1)) So ‘

Pyi=(2is+ Q@A+ 1)) and Py =Qi+ 1,5+ A+ 24+1i). i

Let g;=fy; and h=fs;,,, and let gir)= Zf‘;ug,r" and h(r)= £,f";0h,-fi. W‘hen (5
becomes |

oa [--]
_Eugipllqﬁ(uﬂ)"’f E h,-pz'”q““u“”’ﬂl, |‘
i= i=0

where g=1-p, and thus we have |
qg(pz 2A+l)+pqsﬂ.h(p2 21+I) 1. | (8)

ll is easy to see that (8) is valid when p is a sufficiently small probability. Now set
=pg" *1/2 We may rewrite (8) as ‘

g8ty +pg* thi) = 1. | )

For p sufficiently small, we may invert £=p(1—p)**'"* to cxpress p as # power

series in £, p=p(1). Let us write p for p(— 1) and similarly for 4. Then chz\ngmg t
to —¢ in {9) vields |

geU?)+pg*tihi?y=1. ‘ (10)
Solving (9) and (10) for g(r®) and (), we find
p” q,“-L p-lq—s—i q|/2—.:+al/2—: |

g(t’)= g —p g TR i (1

and
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_q—r q-s_q—s
pa -pgt g +g Ry 12
By Lagrange inversion we find that

g0 E o ((A+%)n+a>r,,.

h(r? )—

nmo(A+3IM+a n
Therefore
- s—3 ((2/1+3)n+s——;)t,,
g(l)_,,=u(2).+3)n+s—% 2n -
_ E 1 ((21«1»3)!1—% .
n=02(2A+3n -1 2n
and
E s ((A+%)(2n+l)+s .
h(r)_nzo(k+%)(2n+l)+s 2n+1 (14)
i ] QA+3)n++ i
n=022A 4+ +1 2n
Since
1725, =1/2~5 25-2
8(’2)=qq|/z:q-1/2 - E (= 1)igmti+2g-s-1-0n
q
and
-vs_q-s 2s-1
h(l )__..._,.._._ —l Z (- l —(2s—1- f)/?.q—u‘z,

g —l/2+q 1/2)

we can express ki, and g, explicitly as (at worst) double sums. In particular, for
$=1 we have

172 -1/2 oo
by @2 =a ) I ((21+3)n+1+2> _—
) ; e GT+ 4 A+2 n+1 o 15

This formula for A, can also be derived combinatorially (see {10, p. 13]).

4. Paths in a wedge

We now consider the problem of counting paths in the region bounded by the two
lines y = 2x and x = 2y. For simplicitly, we consider the case in which the paths start
at (k, k), so both boundaries will have the same generating function. Let a, be the



54 1.M. Gessel / Lattice path enumeration ‘

number of paths from (&, k) to {(k+m 2k + 2n) which do not touch either of the lines
y=2xor x=2y except at the endpoint. Let a(t)= Lo ya,t". Thenas Pefore we ob-
tain the functional equation

ra(pgh+pfa(p’yy=1, (16)

where p+g=1 and either p=1 or p=21. 1t seems unlikely that a(t) cTn be express-
ed in terms of familiar functions or that thereis a simple formula for g,. However,
we can exiract some information from (20). ‘ .

First, by expanding in powers of p and equating coefficients, we can obtain a
recurrence for a,. Next, we can use (16) to find some informati‘km about the
analytic behavior of a(f) which can be used 1o obtain asymptotic infor‘mation about
a,. It is not difficult to show that a(t) has radius of convergence 4/27, and that on
the circle of convergence the only singularity is a pranch point at [t=4/27. The
method of Darboux (Greene and Knuth, 1981} can thus be applied to obtain an
asymptotic formula for a,. .

Finally, as suggested by J. Wimp, (16) can be solved as follows. Ml‘llliplymg (16)
by p¥g®, we obtain |

(pgH¥alpg )+ (p @) ealp ) = (pa)*. ‘I (7

" 3 ! 2 P
Now set b(z)=z"a(z) and sct pg~ =1, plg=u. Then pq:pq(q+p)|:pq +pg=
1+, so (17) may be rewritten as ‘

|
bty + b=+~ | (18)

Now suppose p and ¢ are small. Then p can be expanded as a power s?ries in ¢, and

hence 50 can u, say u=ga(t) =1+ higher powers. Thus |
b(r)= [t +a())* = bla(t)) _ !
= [+ a(NF -~ fal) + al@@)]* + bla@?)

\

= T (- Do+ O (=D b, ),

i=0 |

where ap(r) =1 and @, (1) =o{e;(t)). Since o (2) starts with 1 lim,,_.qLa,,(r}=0 as
a formal power series, 50 |

i=Q

b(ny=rfa(ny= T (= 1) lel0)+ a1 } (19}
Note that for k=1 this gives #(r)=¢, as it should.

By Lagrange inversion we find that

@

i ; Jo3n+3iN (20)
a(t)/ =¥ —( s

{ ngﬂ n+j n
Using (20) we can find an explicit expression for [, (r}]/ as a k-fold sum, and thus

we can find an explicit, but not very useful, expression for b(r) as a multiple sum,
I
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5. Kreweras's three-candidate ballot problem

In this section we consider a difficult lattice path problem with a nice explicit solu-
tion. 1t was first solved by Kreweras (1965), and another solution was given by
Niederhausen (1983). (For a closely related problem, see Kreweras and Nieder-
hausen (1981).} The solution given here is very different from either of these. It is
complicated and we omit some of the details.

We consider paths in three dimensions with the steps (1,0,0), (0,1,0), and (0,0, 1).
Let @, , be the number of paths from {G,0,1) to {(mym+n+ 1, m+n+1) which
never touch the planes x=z or y=z except at the endpoint. {This differs from the

usual three-candidate ballot problem in that here paths may touch the plane x=y.}
Let

b =9 (2n+21 (3m + 2n)!
- atn+ ) mQ2m+2n+2)t

We shall show that @, ,=8,, ,. Let

oe o
alt,y= L @, t"u" and bluy= ¥ b, 1"u"
m,n=10 mn=0
We apply the probabilistic method to a particle starting at (0,0, 1) and moving in
the x-, y-, or z-directions with probabilities p, ¢, and r, until it hits either the plane
x=z or the plane y=z. Using x-y symmetry, we obtain the functional equation

palpgr, pr)-+qa(pgr,gr)=1, (21)

as long as r is sufficiently small. (1t is sufficient to take r=max(p,q).)

We shall verify that &({1, &) satisfies (21). Since it is easily seen by equating coeffi-
cients that (21) determines a(¢, 1) uniquely, it will follow that b{t,w)=a(t, u).

it can be shown, for example, by multivariable Lagrange inversion (Goulden and
Jackson (1983), pp. 21-22) that b satisfies

bla(l —a)/4, B — Bl —aP)=(1—a) X1 - H 1 —3a-f+ap) (22)
for @ and # sufficiently small. We want (o show that (22) implies that

pbipgr, pry+gb(par,gr)=1, {23)
where p+g+r=1 and ris small. To do this we set

a(l —a) /4=pgr, (24)

BO-P( —aY =pr, (25)

y(1-yHl—a) =gr. (26)

Then for r small, @, 8, and y are uniquely determined by p, g, and r. By (22) and
{24)-(26), (23) may be rewritten as
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il 9 2 I
pll—a) =B N -3p-B+ef)y+ql—a) *(1-y) X1 —;S’-cr—y+ar)= L

i (27)

We must show that (27) is implied by the conditions on the variables. First we solve

for p and ¢ from (24), (25), and (26): |
p=a/iyi-p), | (28)
g=a/48(1-5. 29)

In (24) we substitute I — p—g for r and use (28) and (29) 10 obtain{\an eguation in-
volving only a, #, and y. 1t is a quadratic equation in @. The two solutions, which
turn out to be rational, are

. 4p(1 =Pyl )
A% - AB v+ By +68y - B-y+1

(30

and

_ AU -Fy(1-y)
A% — By + By + 2By + B+

To determine which is the right value of a, we soive for r and find that

(31)

r_denom.+,62+ Y -B-y
denom. ’ |

where denom. is the denominator of (30} or (31). This is small (for small @ and £}
only with (31}, s0 (31) must be the correct solution. Finally, with (28)i, {29), and (31),
(27) reduces to a ‘trivial’ algebraic identity.

It is natural to ask if this approach will work for paths starting!at points other
than (0,0,1). Even though we would expect a closely related generaling function, it
seems difficult to work backwards to find the exact form. Another question is
whether there is a combinatorial or probabilistic interpretation to ﬂlequalion (22).

6. Further examples ‘

One may ask whether the example described in Section 5 is an isolated peculiarity
or whether it is a special case of a general theory waiting to be discovered. Here we
give two examples which resemble that of Section 5 in that they involve functional
equations with simple solutions which seem difficult to derive algebraically. How-
ever, these solutions, unlike that of the previous section, are not hard to derive com-
binatorially. But they do suggest that there is more (o be learned a l out functional
equations of these types. T

For our first example we take the ordinary three-candidate ballot problem. We
take our initial point to be (0, 1,2) and our boundary to consist of!the two plancs
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x=y and y =z, The probabilistic method gives the functional equation

plpgr,ry+ qg(pgr.gr)=1, 32)

where fis the generating function for paths ending at points (m+ L,m+ 1L, m+n+2)
and g is the generating function for paths ending at points (m, m+n+2,m+n+2).
Here p+ g+ r=1 and r is smali. By the well-known solution 1o the many-candidate
ballot problem (see, for example, MacMahon (1960), Vol. 1, p. 132} we have

e (3m+n)! mon
S _,,,E,o (D +2) mYm+D)m+n+ 2 (33)
and
d (3"""'")! m . n
= 1 2 .
e T e LA 6

1t seems to be difficult to verify directly that (33) and (34) satisfy (32).

Four our last example, we consider paths starting at (1, 1) with steps (0, 1),
(= 1,0) and with boundary lines x =0 and y=0. We suppose that the particle takes
the steps (0,13, (1,0), (0, — 1),(— 1,0) with probabilities p, g, r, 5, respectively, where
p+q+r+s5=1. For the particle to hit the boundary with probability 1, it suffices
1o have s>q or r>p. Let ¢, be the number of paths from (1, 1) to the point
(0, m) which consist of / steps to the right, /+ 1 steps to the left, m +n steps up, and
n steps down, and which touch the boundary only at the endpoint. Let

[ -3

ot 1, v)= E oo, Ht',u My

Lmn=0

n

Using x-y symmetry we find the functional equation
sc(gs, p, pr)+re(pr,g,gs) =1, (35)

where p+g+r+s5=1 and p and g are small.

it is easy to find ¢, , directly: A path counted by ¢, ., consists of horizontal
steps and vertical steps. If the vertical steps are removed, what remains is a path con-
sisting of { steps to the right and /41 steps to the left that touches the y = axis only
at its endpoint. The number of these paths is the Catalan number (?;.")/(I+ 1). If the
horizontal steps are removed, what remains is a path counted by the baliot number

m+1l /m+ 2”)
m+n+1 n )
The horizonial and vertical paths may be ‘shuffled’ together arbitrarily 1o obtain
a path counted by ¢, . , as long as the last step is to the left. Thus

_fm+2n+2f L(l!)_m_—i—](m+2n>
c"’"‘"_( 21 )!+] 1) mea+1\ n
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(36)

1
— (1) (m+2n+ 20 |

N+ Dnm+n+ 1Y |

As before, it is not casy to verify directly that (4,4, v} as defibed by (36) satisfies
335). [

The two examples we have just given are not in their most general form. In both
we could have taken the starting point to be anywhere. The first’ example generalizes
to paths in any number of dimensions, and the second gcnerallzes to any problem
which factors into lower dimensional problems which can be solved explicitly.
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