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Abstract

The noncommutation symmetric functions Sym of Gelfand et al. give not only a
lifting of the well-developed commutative theory of symmetric functions to the non-
commutative level, but also relate the descent algebras of Solomon and the quasi-
symmetric functions, where the latter are dual to the noncommutative symmetric
functions equipped with the internal product, which are anti-isomorphic to the de-
scent algebras. Using this anti-isomorphism, properties of both noncommutative sym-
metric functions and of descent algebras can be studied.

Generalizations of the above theory are made in the present work. The starting
point is the quasi-symmetric functions of type B, BQSym, which are shown to have
an algebra, a comodule, and a coalgebra structures.

The noncommutative symmetric functions BSym are then introduced as a mod-
ule over Sym dual to the comodule structure of BQSym. It is then made into a
coalgebra dual to the algebra structure of BQSym, and into an algebra dual to the
coalgebra structure of BQSym. The latter duality defines the internal product *g on
BSym, which makes (BSym, *g) anti-isomorphic to the descent algebra ¥B,, of the
hyperoctahedral groups B, studied by Bergeron and Bergeron.

Lie idempotents of both BSym and ¥ B,, are then studied via the anti-isomorphism.
In particular, a one-parameter family of Lie idempotents, which is a ¢g-analog of a
known idempotent, is found. A specialization of this family gives, in the descent alge-
bra ¥ B,,, a Dynkin-like idempotent whose action on words is a signed left bracketing.

Natural noncommutative generalizations of the Eulerian numbers and of the Euler
numbers of type B are given. By a specialization, formulas for some refinements of
the Euler numbers of type B are also derived.
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Chapter 1

Introduction

The theory of symmetric functions is central to the study of modern algebra and rep-
resentation theory. The commutative theory of symmetric functions is well-developed,
not only algebraically but also combinatorially. Expositions on the commutative the-

ory can be found in the book by Macdonald [23], and in Chapter 7 of Stanley [33].

On the other hand, the emergence of noncommutative theory is rather recent.
The first few available expositions in this line of development began with Gelfand et
al. [13], and the papers sequel to it [20], [8], [21], [22]. The noncommutative theory
initiated by Gelfand et al. makes use of the theory of quasi-determinants, developed
by Gelfand and Retakh [15], [14]. It turns out that the noncommutative theory so
obtained has the advantage that most of the identities satisfied by symmetric functions

of commuting indeterminates continue to hold in the noncommutative case.

Another generalization of the commutative symmetric functions is the so-called
quasi-symmetric functions, which were introduced by Gessel [16] in counting permu-
tations of the symmetric group &,, by descent sets. Gessel remarked on a duality
between the quasi-symmetric functions and the descent algebra of symmetric groups,
which relates the internal coproduct of the former to the product in the latter. Mal-
venuto and Reutenauer [24] pursued the study of this duality further and established
that the quasi-symmetric functions are dual to the noncommutative concatenation

Hopf algebra, which can be identified with the descent algebra of the symmetric
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groups.

These dualities were later unified by the noncommutative symmetric functions of
Gelfand et al. It turns out that the noncommutative symmetric functions are more
natural object to deal with, given that much of the commutative theory remains valid
at the noncommutative level. And these form a powerful tool to study the descent
algebras of &,,, of which the multiplicative structure was decomposed by Garsia and

Reutenauer [11].

Another related development is the decomposition of the descent algebra ¥ B,, of

the hyperoctahedral group B,,, by Bergeron and Bergeron [4], and Bergeron [3].

The present dissertation is an attempt to obtain the analogous type B theory.
The theory of quasi-symmetric functions of type B, BQSym, which is missing in the
literature, is our starting point. The algebraic structures of BQSym are dissected in
chapter 2. With the noncommutative symmetric functions of Gelfand et al. and the
quasi-symmetric functions of type B at hand, the noncommutative symmetric func-
tions of type B, BSym, are then introduced in chapter 3. Discussed there include
the dualities between BSym and BQSym, as well as the connection between BSym
and the descent algebras of type B, ¥ B,,. Chapter 4 is devoted to studying idempo-
tents in BSym and in ¥ B,,. Amongst other results, a one-parameter family of Lie
idempotents, which is a g-analog of a known idempotent, is given. A specialization of
this family gives, in the descent algebra ¥B,,, a Dynkin-like idempotent whose action
on words is a signed left bracketing. In the final chapter, natural noncommutative
generalizations of the Eulerian numbers and of the Euler numbers of type B are given.
By a specialization, formulas for the some refinements of the Euler numbers of type

B are also derived.

In the remaining sections, we give a brief account of the objects of which general-
izations will be made. In passing, this account will also introduce to the readers the

history of development of the subject.

From now on, K denotes a field of characteristic zero, e.g., K = C, R, or Q. We

11



do not bother making explicit what K is but leave to the context to imply which is

the most appropriate one.

1.1 QSym

We first give a brief review of quasi-symmetric functions. Let {z, s, ...} be an infi-
nite alphabet of commuting indeterminates. A formal power series F' € K{[z1, %o, .. .||

is said to be quasi-symmetric if, for any positive integers cq, ¢, . .. , ¢k, the coefficient

€1l |k
of T T Ty

is equal to that of lelxjj . x;z in F', whenever 0 < i1 < iy < -+ < i
and 0 < j; < jo < ++- < Jg. Let C = (¢q,¢9,...,ck) be a composition of n. We
shall use the notation |C| = n or C = n to denote that C is a composition of n.
Let S(C) be the subset {ci,¢1 + ¢a,...,c1 + -+ ¢k 1} of [n — 1]. It is easy to see
that the correspondence C <+ S(C) is bijective. Now introduce a partial order on the

collection of compositions of n by
C=xD <« S(C)CSD).

There are two bases for QSym, namely the monomial quasi-symmetric function, de-

fined by
]\[ C1 ,C2 Ck
C — E milxig"'xz’ka

11 <2< <0g,

and the fundamental quasi-symmetric function, defined by

FC: E L1 Tjy = * " T4y, -

1102 Kin
jES(C’):>ij <’i]‘+1

It is easy to see that I and M are related by inclusion-exclusion:

Fp = Z Mp, Mg = Z(—l)‘(D)‘“C)FD.

c<D c<D

Let m = mmy - - -, € &,. The descent set Des() of 7 is defined as {i € [n—1]: m; >

mi+1}, and the descent composition C'(7) of 7 is then defined as the composition

12



C(Des(m)) of n associated to Des(w). Let S be a set of positive integers. Denote by
G5 the set of permutations of S. The collection QSym of quasi-symmetric functions
is a graded commutative associative algebra, of which the multiplication rule is given

as follows. Let 7 € &,,, and 0 € S q1,m4n]- Then

FomyFew) = Z Fe@,
where the sum ranges over all shuffles 7 of the two words 7 and o.

The QSym is equipped with two naturally defined coproducts.

Let X = {z1,%2,... } and Y = {y1, ys, - . . } be two infinite alphabets of commuting
indeterminates, totally ordered by z; < z; if and only if 4 < j, and similarly for Y.
Denote by X + Y the ordered sum of X and Y in which z; < y; for any z; € X,
and y; € Y, with z;, y; observing their respective order in X and in Y. The external
coproduct v: QSym — QSym ® QSym is defined by y(F) = F(X +Y), for all
F € QSym. The coproduct 7 has a counit e: QSym — QSym, defined by ¢(F) =
constant term of F, for all F' € QSym.

Denote by XY the alphabet {z;y;: z; € X,y; € Y} totally ordered by lexico-
graphic order on the indices (i, ). The internal coproduct §: QSym — QSym ® QSym
is defined by §(F) = F(XY), for any F' € QSym. The coproduct ¢ has a counit
e’ QSym — QSym, defined by &'(F;) = Fy if (1) = 1 and 0 otherwise.

In the definition of both coproducts, we have used the identification ) g(X)h(Y) <
> g®h.

1.2 Sym

Let A = {a1,as,...} be an infinite alphabet of noncommuting letters, and ¢ an

indeterminate commuting with ax, £ > 1. Define the complete symmetric functions
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Sk(A) of alphabet A by

o(A;t) =Y Sp(A)t" = (1 —tar) ' (1 — tax) "+, (1.1)
n>0
where Sy(A) = 1. Define the algebra Sym(A) of formal noncommutative symmetric
functions of alphabet A to be the free associative algebra K(S;(A), Sa(A),...) gen-
erated by {S,(A)} over the field K. This algebra is graded by the weight function
wt(Skg(A)) = k. The homogeneous component of degree n is denoted by Sym,,(A).
The definition of Sym(A) given here is equivalent to that given in [13].

As the algebra Sym of commutative symmetric functions is equipped with several

well-known sets of basis, the same is true of its noncommutative counterpart.

DEFINITION 1.2.1.  The elementary symmetric functions Ag(A), the power sum
symmetric functions of the first kind ¥, (A), and of the second kind ®,,(A), of alphabet

A, are defined by their generating functions

A4 = S tFAL(4),

k>0

P = Y (),
k>1

san= w2
k>1

which are related to o(A;t) by

o(A;t) = MNA;—1)7,
o'(Ast) = o(A;t)y(Ast), (1.2)
o(A;t) = exp(d(4;1)),

where ’ denotes differentiation with respect to ¢.

It is clear that (1.1) and (1.2) are also satisfied by the commutative symmetric

functions, and when a; commute, the noncommutative symmetric functions reduce to
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their commutative counterparts, e.g., the complete symmetric function S, (A) reduces
to hn(A); the elementary symmetric function A, (A) reduces to e,(A); and the two
power sum symmetric functions ¥, (A) and ®,,(A) degenerate to p,(A).

Other relations involving families of bases of Sym can be obtained by manipulated
those relations as in (1.2). For example, multiplying the second line of (1.2) on
the left by A\(A; —t) and taking into account the first line, we have that ¥(A;t) =
A(A; —t)o'(A;t). By equating the coefficient of ! on both sides, we obtain

¥, (A) = Z(—l)i(n — i)Ai(A)Sn—i(A). (1.3)

In the sequel, we shall drop the specification of the underlying alphabets unless

the different sets of alphabets involved make a distinction.
The commutative symmetric functions are indexed by partitions. The noncom-

mutative ones are indexed by compositions.

DEFINITION 1.2.2.  Let I = (iy,... ,ix) be a composition of n. Define

S'=8;8;, 8

[P
and similarly for A7, ¥ and ®’.

There is one more basis for Sym, namely the ribbon Schur functions R;, which

are defined in terms of the homogeneous functions S’ by

SI = ZRJ

JI

Although the noncommutative symmetric functions of Gelfand et al. [13] come
out as an application of the theory of quasi-determinants, developed by Gelfand and

Retakh [14], [15], we shall have no occasion to use the machinery of quasi-determinants
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in the sequel. Instead, those expressions given in [13] and [20] are sufficient for our
purposes. More specifically, we shall need expressions for bases of Sym expanded in
terms of one and another. Here is a list sufficient for later uses. The ribbon Schur

function R; can be expressed in terms of ST as

RI — Z(_l)l(l)fl(J)SJ;

J=I

the power sum of the second kind ®,, in terms of ST and RI as

By~ (DO 1 (107
-n _ Sl == R 1.4
n |IZ I(I) n |IZ n—1 b (14)
(I —-1
with sums over compositions of n; the power sum of the first kind ¥,, in terms of S7
and R; as
1 n—1
T S (OIS = S (1) Ry (1.5)
™ i=n k=0

with sums over compositions of n and Ip(I) denotes the last part of I.

There are several natural involutions defined on Sym. We mention here one
that will appear very frequently later. Define the reversal F' — F as the anti-

automorphism sending S,, — S,,. Equivalently, the reversal sends A,, to A,,.

EXAMPLE 1.2.3.  An inspection of (1.4) reveals that ®, = ®,. However, when

n > 2, ¥, does not enjoy this property since (1.5) is not invariant under reversal.

For S!, ST = S, where T is the composition obtained by reversing the parts of 1.
Similarly, R; = R;. For the power sums, in view of Example 1.2.3, ® = & holds,

but U7 is not, in general, equal to ¥l

The algebra Sym has a coalgebra structure. More precisely, let A: Sym —

16



Sym ® Sym be the coproduct defined by

or equivalently by A®, = &, ® 1 + 1 ® ;. The Sk, and Ay form infinite sequences

of divided powers with respect to A, i.e.,

k k
A(Sk) == Z Sz ® Sk—i; A(Ak) - ZAZ ® Ak*i-
=0 =0
Let C = (C, A, ¢) be a coalgebra with coproduct A, and counit . An element g
of C is group-like if Ag = g ® g. A pleasant property of o(t) is the following

LEMMA 1.2.4. The element o(t) of Sym is group-like.

Proof. 'The lemma follows from

Ao(t)= Y 1"ASy=> t" > S ®Suk= 1" Y (Sk®1)(1® Sns)

n2>0 n>20  0<k<n n>20  0<k<n
= (Z ™S ® 1) (1 ®) Snt”> = (c(t) ® 1)(1 ® o(t))
m=0 n=0

= ot)®@o(t). W

We saw in (1.2) that the logarithmic derivative of o(A;t) gave rise to two families
of power sums, whose commutative images are equal. We also saw that ¢, and ¥,
are two families primitive with respect to the coproduct A. We can define the Lie
bracket [,-]: Sym x Sym — Sym by [F,G] = FG — GF, for any F,G € Sym.
It can be shown [13] that the Lie algebras generated by {®,} and {¥,} coincide.
Denote by L(¥) the Lie algebra generated by {¥,}. Primitive elements of Sym,, can
be characterized as follows (Corollary 5.17 of [13]).

THEOREM 1.2.5.  Let m, be an homogeneous element of Sym,,. The following as-

sertions are equivalent:
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(1) m, belongs to the Lie algebra L(¥).
(2) 7, is a primitive element for A.
There is yet another product defined on Sym, the so-called internal product,
denoted *, which endows Sym with an algebra structure.

The internal product * has a simple combinatorial description [13], as follows.

PROPOSITION 1.2.6.  For any two compositions I = (i1,... ,ip) and J = (j1,-.. , Jq),

one has

S'xsl= Y M

MeMat(1,J)
where Mat(I, J) denotes the set of matrices of non-negative integers M = (m;;) of

order p X q such that )" m,, =i, and ) m., = js forr € [p] and s € [q], and where

SM — SmnSle - Smlp Ce qul - Smm.

There is a compatibility condition between the concatenation product and the

internal product *, of Sym, known as the Mackey formula, as follows.

ProrosiTIiON 1.2.7.  Let Fi,... ,F,,G € Sym. Then
F--FxG=u(F1® ---®F)xA"G),

where p, is the r-fold multiplication F1 ® --- ® F. — F\---F,, and % is the internal

product induced to Sym®” .
In [20], transformations of alphabets of Sym are considered. More precisely, let

X = {x1,,...} be a commutative totally ordered alphabet and A a noncommuta-

tive alphabet. Identify X with the formal sum of elements of X. The noncommutative
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symmetric functions S, (X A) is defined by

o(XA;t) = Z Sn(X A" = ﬁ o(A;xt) = - - o(A; zot)o(A; x1t).

n>0 T€X
Other bases of Sym of alphabet X A are then defined via their generating functions,
which are related to o(A;xt) by (1.2). A particular realization of o(X A;t) of much
interest is the one with X = {1 < ¢ < ¢*> < ---}, which, under the identification

X <> _,x, can be written as 0(A/(1—q);t). It is not hard to show [13], [20], that

zeX

maj(l)

A g

[I|l=n

ST(A), (1.6)

where maj(/) is the major index of I, defined to be the sum of all element of S(I).
Other families of bases of Sym with alphabet A/(1 — ¢) can also be obtained by first
expanding in terms of S, (A/(1 — ¢)) and then by expressing S, (A4/(1 — ¢q)) in terms

of S’ using (1.6). We record none but one such expansion, namely

1 (—1)Hn-1 i (D) 1—q¢" A
— g™ 2 )Ry = v . 1.
¢n(q) E q I n n(l q) (1.7)

n
I=n | n—1

I(1) -1

q

A comparison of (1.7) with (1.4) reveals that the former is a g-analog of the latter.
Moreover, it is shown in [20] that ¢,(q) is a Lie idempotent interpolating between
U,,/n (when ¢ = 0), ®,/n (when ¢ = 1), and K,,/n (when ¢ = ( is a primitive nth
root, of unity). The latter is the image of the Klyachko idempotent, first discovered
by Klyachko [19], in Sym,,, which takes the form

1 1 .
“K,=— maj(l) p
“Ky == ("R

[I|l=n

19



1.3 Duality

Gessel [16] utilized multipartite P-partitions to count permutations by descent sets.
He remarked in closing that the internal coproduct on QSym,, is dual to the product in
the descent algebra 3J,,, and it restricts to the commutative symmetric functions Sym,,
to give a coalgebra which is dual to the algebra Sym,, with the internal product *. This
duality was further generalized, by Malvenuto and Reutenauer [24], to that the Hopf
algebra of quasi-symmetric functions is dual to the noncommutative concatenation

Hopf algebra. This result is unified by Theorem 6.1 of [13], abstracted as follows.

THEOREM 1.3.1.  The pairing, defined by setting (M, S?) = 815, for every compo-
sitions I, J, induces an isomorphism of Hopf algebras, given by (S7)* — My, between
the dual Sym* of Sym and the Hopf algebra QSym of quasi-symmetric functions.
More precisely, one has for f, g € QSym and P, @) € Sym

(f,PQ)=(v/,P®Q),
(fg,P)=(f®g,AP),
(0f,P®Q)=(f,P*Q),

where x s the internal product of Sym.

1.4 Descent algebra of G,

Solomon [31] established the existence of subalgebras of the group algebra of Coxeter
groups which now bear his name. After Solomon’s pioneering work little progress
was made until Garsia and Reutenauer [11], which gave a concrete realization of
the Solomon’s descent algebra of the symmetric groups and a decomposition of its

multiplicative structure.

Let I be a composition of n. Define the descent class A; by

A[: Z .

€6,
C(m)=I

20



The descent classes A; span a subalgebra 3, of the group algebra K[G,], i.e.,
ArA; =) Ak,
K

for some constants 7{7( ; € K, where the product on the left is the linear extension of
compositions of permutations. The descent algebra ¥, is also spanned by elements

of K[G,] defined by

For a given h x k matrix M = (m;;) of non-negative integer entries, we let (M) =
(r1,...,r), where 7; = > .my;, j = 1,2,... .k, and ¢(M) = (c1,...,cn), where
¢ = Zj mij, 4 = 1,2,...,h, and w(M) the word obtained by reading the entries of
M row by row starting from the top, with zero entries dropped. There is a simple

combinatorial rule for the multiplication of By by Bj.

PrRoOPOSITION 1.4.1.  For any two compositions I, J of n, we have

BBy = > Buas)-

c(M)=I,r(M)=J

Now define a vector space isomorphism a: ¥, — Sym,, by sending B; — S’,
and by linear extension. A comparison of the multiplication rule for ¥, (Proposi-
tion 1.4.1) and that for (Sym,, *) (Proposition 1.2.6) shows that « is an algebra

anti-isomorphism.

1.5 Descent algebra of B,

After the paper of Garsia and Reutenauer, much interest was garnered in decom-
posing the descent algebras of other Coxeter families. The most notable progress
made in this direction was Bergeron, Bergeron, Howlett, and Taylor [6], in which the

descent algebra of the dihedral groups was studied, Bergeron and Bergeron [4], and
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Bergeron [3], in which the descent algebra of the hyperoctahedral groups of type B
was examined. The two papers by Bergeron and Bergeron are in the same spirit of

Garsia and Reutenauer’s.

Let p = (p1,p2---,px) be a composition of m < n. The composition p is in

bijective correspondence with subsets of [0, n — 1], that is,

p(p1,p2--+ ,pe) < S() = {pospo +P1,--. 00+ +Dk-1},

where py = n—m. A signed permutation 7 € B, has a descent at position i € [0,n—1]
if m; > 711, where mp = 0. Denote by Des(w) the descent set of 7. Define the descent

class in the group algebra K[B,] by

Ay, = Z .

Des(m)=5(p)

The collection of A,, as p runs over all compositions of m < n, form a basis for the

descent algebra of B,,, denoted ¥B,,. Another natural basis for X B,, is

B, = Z ’/T:ZAQ,

Des(m)CS(p) asp
where ¢ < p iff S(q) C S(p).

Let k,1 > 1. Consider templates M of the following form

(aoo Qo1 Qo2 - Qo
bii bip --- by
Gip Aann a2 -+ a4y
)
b bro - by
\ako Qg1 Qg2 - Qg )

22



where a;;, b;; are non-negative integers. Define the reading word w(M) to be

agy - - - agrbyy - - -biyaroasy - -ay - * Ak,

that is, we read the rows of M from left to right on a lines and from right to left on

b lines, with zeros ignored. The row sum word ¢(M) to be ¢(M) = q1¢ - - - @k, Where

N
N

k
¢ = Gio + Z(aij +bij), 1
=1

The column sum word p(M) to be p(M) = pop; - - - pi, where
I

pj = aog; + Y (aji+bz), 1

i=1

N
.
N
oyl

The multiplication rule for B, is given in Theorem 1 of [4], as follows.

THEOREM 1.5.1.  For two compositions p = mi; < n, and q = mg < n, one has

B,B, = g Bw(M).
p(M)=p
a(M)=q
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Chapter 2

Quasi-Symmetric Functions of

Type B

In this chapter we develop the theory of quasi-symmetric functions of type B. The
theory developed here parallels much that of ordinary quasi-symmetric functions. The
first section gives a generalization of ordinary P-partitions [32], namely P-partitions of
type B, the generating functions of which are the quasi-symmetric functions of type
B. The algebra structure of the quasi-symmetric functions is examined in section
two. The coproducts of QSym extend to endow BQSym with a coalgebra and a
comodule structure, whose discussion constitutes section three. Two specializations

giving interesting identities are studied in section four.

2.1 P-partitions of type B

In this section, we introduce the P-partitions of type B. Our approach is similar to
that of Gessel [16]. For the theory of P-partitions of type B from a Coxeter group

perspective, see Reiner [27].

Let P be a poset with partial order <p.

DEFINITION 2.1.1. A B, poset is a poset P labelled by 0, £1,+2,... ,£n such

that if 7 <p j then —j <p —1.
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Figure 2-1: A Bj; poset.

An example of B3 poset is given in Figure 2-1. From the definition of a B,, poset,
it is enough to specify half of the poset including the element labelled 0. To recover
the whole poset we join the specified half with its dual poset with negated labels at
the point labelled 0. We will follow this way of specifying a B, poset in the sequel.
Denote by +[n| the interval of integers {—n,—n+1,...,-1,0,1,... ,n—1,n}.

DEFINITION 2.1.2.  Let (P, <p) be a B, poset. A B, P-partition is a function
f: £ [n] — Z that satisfies

(i) f(i) < FG) i <pj;

(i) f(@) < f(j)ifi <pjand i > j;

From the above definition we see that a B, P-partition f is a P-partition with
the added condition (iii). It is immediate from (iii) that f(0) = 0. We denote the set
of B, P-partitions by A(P).

If 7 is a signed permutation of [n|, we may identify 7 with the total order

(1) <z 7(2) <z - <z 7w(n—1) <, 7(n)
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2 2 2 2 3
-3 1 1 3 2
1 -3 3 1 1
0 0 0 0
-1 -3 -1 -1
3 -1 -1 -3 -2
-2 -2 -2 -2 -3

Figure 2-2: Linear extensions of the B; poset

in which 7 (i) <, 7(j) if and only if 1 <9 < j < n. It is convenient to extend 7 to £[n|
by defining 7(—i) = —m (i), 0 < ¢ < n. Then A() is the set of functions f: £[n] - X
satisfying f(—1) = —f(z) for all i, and f(7(0)) ~o f(7(1)) ~1 f(m(2)) ~a -+ ~na
f(m(n)), where ~; is < if (i) < w(i+1), and ~; is < if w(3) > w(i+1),0 <i < n—1.

Define L(P) to be the set of signed permutations of [n]| extending P to a total
order, that is, 7 € L(P) if and only if i <p j implies 77 (i) < 77(j).

ExAMPLE 2.1.3. The Bj; poset P in Figure 2-1 can be extended to one of the
chains shown in Figure 2-2. Thus, L(P) = {132,312, 312,132, 123}.

The connection between L(P) and A(P) is given in the next theorem.
THEOREM 2.1.4. A(P) = H A(m), where [] denotes disjoint union.

w€L(P)

Proof. Induction on the number of incomparable pairs of elements in P. If there
is none then we are done. Otherwise, let 7 and j be incomparable in P. Let B,
be the poset obtained by adding the relation ¢ <p j and —j <p —i, and let Py

be similarly defined. Then F;; U P; has one less pair of incomparable elements,
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L(P) = L(P;;) U L(Pj;) and A(P) = A(P;j) U A(Pj;). The theorem now follows by

induction. N

Let X = {xg, 21,2, ...} be an alphabet of commuting indeterminates, with x_; =

z; for all 4, and f: + [n] — X. Define the monomial z/ by

ol = zpyaie) - Tpm).

Let I'(P) be the generating function for P. By Theorem 2.1.4,

where

['(7) = Z ! = Z fo(i)
)

fEA(m fEA(T) i€[n]

So, it is crucial to study I'(n), which is the subject of the next section.

2.2 BQSym

Let m € B,,. Then 7 can be represented as a signed permutation,

1 2 --- n
m =
7T1 7T2 DRI 7rn
where |7| = |m||m2| - - - |7, | is a permutation in &,,. A signed permutation = is said to
have a descent at position i, 2 =0,1,2,... ,n — 1 if m; > m;11, where my = 0. Denote

by Des(m) = {i: m > 11,0 < i < n — 1} the descent set of 7.

Define a pseudo-composition p = (p1,pa, . -- ,Pk) of n to be an ordered sequence
of non-negative integers such that p; + ps + -+ px = n with p; > 0, p; > 0,
i = 2,3,...,k. We shall write p = n or |p| = n to denote that p is a pseudo-
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composition of n. Since similar notations are also used in other work to denote

compositions of n. We shall indicate explicitly when the latter is intended.

To each p = n, we can associate a subset S(p) of [0,n — 1] ={0,1,2,... ,n — 1},

namely,

S) ={p,pr +p2s---,p1 + P2+ -+ P}
Conversely, for any subset A = {ai,as,...,ar}< of [0,n — 1], we can associate a
pseudo-composition C'(A) of n by
C(A) = (ar,a2 — a1, ... , a5 — Qp_1,1 — ag).
The pseudo-compositions p of n can be partially ordered by reverse refinement, i.e.,
p < ¢ if and only if S(p) C S(q).

Let X = {xo,x1,Z2,- -} be an infinite alphabet, and p = (p1,pa,- .. ,0x) E n-

DEFINITION 2.2.1.  The fundamental quasi-symmetric function F,,(X) of type B,
of alphabet X, also called quasi-ribbon, is defined by

F(X)= > wuTy--T,
0<21 <2< <Kin
jeS(p):>ij<ij+1

where 7o = 0.

ExAMPLE 2.2.2. Forn =2,

F(2) = Z Z;Zyj, F(1,1) = Z TiZj, F(o,z) = Z ZiZTj, F(O,l,l) = Z Zilj- 0

0<i<y 0<i<j 0<i<y 0<i<j

DEFINITION 2.2.3.  The monomial quasi-symmetric function MP(X) of type B, of

alphabet X, is defined by

My(X)= ), afaly---aff.

0<in <<
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ExAMPLE 2.2.4. Forn =2,

Mgy =g}, M= Zﬂfol"i, Mz = Zl"“ Mo, Z Ty

0<1 0<s 0<i<y

It is clear from these definitions that B, quasi-symmetric functions involve the
indeterminate xg, which is absent in the ordinary quasi-symmetric functions. In the
sequel, we shall drop the specification of underlying alphabet in the quasi-symmetric

functions unless circumstances demand the contrary.

LEMMA 2.2.5.  F, =Y M, and M, =) (-1)P7HIF,
P<q P<q
Proof. 'The first assertion follows by regrouping terms, and the second from the first

by inclusion-exclusion. W

Let m = mymy---m, € B, and let Des(m) be the descent set of 7. We denote by
C(m) = C(Des(m)) the descent composition of 7.

Let u, v be words with no letter in common. A word w is said to be a shuffle of u
and v if the letters of u and v appear in w in the same order as in v and v, and when
the letters of u in w are deleted, the word v remains. Denote by v UJv the shuffle

product of u and v, which is defined as the formal sum of all shuffles of u and v.

Let S be a set of positive integers. Denote by Bg the set of signed permutations of
S. Like the ordinary quasi-symmetric functions the products of B,, quasi-symmetric

functions are determined by shuffles, as the next proposition shows.

PROPOSITION 2.2.6. Let 0 = 010, € By and 7 = 717y € Bpmyti,min]-

Then
FowFom =Y Fow

where the sum s over all shuffles of the two words o and T.
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Proof. Let P be the disjoint union of the two chains o1 <, --- <, 0, and 71 <,
-+ <; Tp- Then T'(P) = FC(U) FC(T). On the other hand, L(P) is exactly the collection

of shuffles of o and 7. The proposition follows. N

EXAMPLE 2.2.7. Let 0 = 12 € By, 7 = 534 € Bz so that C'(0) = (1,2) and
C(r) =(0,2,1).

cUJr = 12UU534
= 12534 4+ 51234 + 53124 + 53412 + 15234 + 51324 + 53142 + 15324
+51342 + 15342
so that

F(I,Z)F(O,Q,l) = F(1,1,3) + 2}?1(0,2,2,1) + F(0,2,1,1,1) + Fusn + F(0,3,1,1) + F(0,2,1,2)
+F(1,2,1,1) + F(0,3,2) + F(1,2,2)- g

DEFINITION 2.2.8.  Let BQSym, = K-span{E,: p = n} be the homogeneous

component of quasi-symmetric functions of type B of degree n, and BQSym =

@ BQSym,,.

n>0

Proposition 2.2.6 says that BQSym is an algebra naturally graded by the weight
function wt(BQSym,,) = n.

Since Fp (resp., ]\pr), as p runs over all pseudo-compositions of n, form a basis for

BQSym,,. There are 2" pseudo-compositions of n. So, we have

LEmMmA 2.2.9. dimBQSym, = 2".

2.3 Coproduct of BQSym

There are two naturally defined coproducts on QSym [24]. As BQSym is obtained
by adjoining zq to the alphabet of QSym, we can obtain coproduct(s) on BQSym by
suitably extending those for QSym.
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Let X = {xo,21,Z2,---}, Y = {y1, 92, ...} be two infinite alphabets of commut-
ing indeterminates, totally ordered by z; < z; iff © < j, and similarly for Y. We
shall denote by F,,(X), M,(Y) the corresponding B, quasi-symmetric functions with
alphabet X and Y, respectively. Denote by X + Y the disjoint sum of X and Y in
which z; < y; whenever z; € X, y; € Y, and z;, y; respect their total order in X and

Y, respectively.

In QSym, the map v: f(X) — f(X +Y), f € QSym, defines a coproduct, called
the external coproduct, where if f(X +Y) = > ¢g(X)h(Y) then v(f) => g ® h.

In BQSym, the same map y: f(X) — f(X +Y) is not a coproduct. It is only a
map vg: BQSym — BQSym ® QSym. For explanation of this choice of extension of
v, see Remark 3.2.4.

ExAaMPLE 2.3.1.  Consider the monomial quasi-symmetric function M) (X) =

2
Zo<i2 ToTis-

Moy (X +Y) = (0xi, + 20yin) = M,1)(X) + Mzy(X) My (V).

0<i2

so that
’YB(M(Z,I)) = M(2,1) QK1+ M(Q) ® M. O

The external coproduct 7 for QSym has a counit € defined by e(F) = constant
term of F'. This counit readily extends to BQSym with the same definition.

PROPOSITION 2.3.2. We have (IQ~)ovp = (ys®I)ovyp, and (I Q¢)oyg =1, where
1: BQSym — BQSym Q K s the map sending f € BQSym to f ® 1 € BQSym QK.

Proof. Let n > 0 and I a pseudo-composition of n. Then

(I®7)oyp(My) = Z M;®vy(Mg)= Y M;®Myg® M,

J-K=I J-K-L=I
(@D ovs(M) =Y ve(M;))@M,= > M;®Mg®M,,
J-L=I J-K-L=I
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and the first assertion follows. The second assertion holds because y5(1) = 1 ® 1.

Let C = (C,A¢,ec) be a coalgebra over a field k. A right C-comodule [25] is a
pair (M,), where M is a vector space and ¢: M — M ® C such that (I ® Ag) o
v =(w®I) oy and (I ® ec) o = i, where i: M — M ® k is the map sending
meMtom®l e M®Ek. So, for C = (QSym,~,¢), and (M,) = (BQSym, vz),
Proposition 2.3.2 says precisely that BQSym is a right QSym-comodule.

Now let X = {zg,2z1,%9,...} and Y = {yo, y1, %2, ...} be two infinite alphabets
of commuting indeterminates with the identification that z_; = z;, for 0 < 7, and
similarly for Y. Denote by XY = {z;y,: z; € X,y; € Y} the alphabet obtained from
X and Y, where the pair of indices (4, j) are in lexicographic order, i.e., (i,7) < (k,)

ifand only if 1 < kori =4k and j < [.

In QSym, the map 6: f(X) — f(XY), f € QSym, defines a coproduct, called the
internal coproduct, where if f(XY) = > g(X)h(Y) then 6(f) => g ® h.

In BQSym, the same map 6: f(X) — f(XY) generalizes to a coproduct. A simple

example follows.
ExAmMPLE 2.3.3.

M(Zl)(XY) = Z (xoyo)z(mz’zyjz)

(0,0)<(¢2,52)

= Z ToTi, Z YolYi, + Z LoTiy Z YoYj2

0<i2 0=t2 0<g2

— Z TyTs, (yo +2 Z yoyn) + 3 Z Y2y,

0<i2 0<7j2 0<j2
= M (X)(M@)(Y) +2Mp1(Y)) + M) (X) M@ (Y),

so that 5M(271) = M(le) ® (M(3) + 2M(271)) + M(g) ® M(271). O

There is a description of the internal coproduct in terms of descent sets of permu-

tations in B,.
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THEOREM 2.3.4. Let m € B,,. Then

0Femy = Y Fow) ® Fo.

TO=T

Proof. By definition,

5FC(7T) = Z Tiy - T, Y1 Yjns (2-1)
(60,30)<(é1,51) <+ < (n )
s€Des(m)=(1s,Js) <(fs+1,s+1)
where the inequalities are in lexicographic order, and 7o = jp = 0. Let 0 < s < n — 1.
If my < msy1, then (is,js) < (4541, js+1), which is equivalent to

(1) is < Z.s—f—l and js < js—l—l:
(11) is < is—f—l and js > js+1-

Note that (i) and (ii) are mutually exclusive. If w3 > 75,1, then (is, js) < (is41,Js541),
which can be decomposed as
(iii) is < 7;8+1 and js 2 js—Ha

(IV) Z'S < 7;3_}_1 and js < js_|_1,

which are also mutually exclusive. Since there are n lexicographic inequalities, each of
which can be decomposed into 2 mutually exclusive cases, there are altogether 2" mu-
tually exclusive sets of inequalities, of which the inequalities in 7, are non-decreasing.

So, it is convenient to index these inequalities in ¢, by pseudo-compositions of n,

so that if L = (Ly, Lo, ..., L) is a pseudo-composition of n, then 45 < i3 < -+ <
i, < tpy+1 < o0 < iny4n, < ---. Consider now the B, poset P, of n + 1 elements
labelled consecutively by 0 = mg, 71, ... ,7,, and with k£ increasing runs of elements

of respective lengths Lq,..., Ly, i.e.,

To <p, T1 <Py "+ <P, MLy 2P, TLi+1 <P, """ <Py TLi+Ly 2Py TLi+Lo+1 <P, """ -
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So, ms <p, Tsy1 (vesp., ms >p, TWsi1) is the same as saying that i < is41 (resp.,
is < isy1). Let f: +[n] — Z be a function defined by f(ms) = j,, for 0 < s < n,
and f(—s) = —f(s). If 7y <p, ms41 and 75 < wey1 (vesp., ms > mey1), then (i) (resp.,
(iv)) implies that f(7s) = js < Jst1 = f(7s11) (vesp., f(ms) = Js < Jst1 = f(Ms41))-
If 7 >p, msy1 and 75 < g1 (resp., ms > mgi1), then (ii) (resp., (iii)) implies that
f(ms) = Js > Jsy1 = f(mesr) (vesp., f(ms) = Jjs 2 Jss1 = f(7e41)). But these
conditions say exactly that f is a P-partition of P;. So, the right hand side of (2.1)

can be written as

S F(X)-T(P)(Y), (2.2)

|L|=n

where T'(Pr) = 32 c1(p)) Fomy- A signed permutation 7 € L(Pr) means 77 (1) <
<o <77 7g,) > 77 (7, 41) < - -+, which is the same as saying that C(77'7) = L.

Let now 0 = 77!, so that 7o = 7 and C(0) = L. Then (2.2) becomes

Yo D Fe(X) Y Forn(Y) =Y Fow(X)Fom(Y),

|L|:n C(o’):L TO=T TO=T

proving the theorem. M

EXAMPLE 2.3.5. In By, 21 = (12)(21) = (12)(21) = (12)(21) = (12)(2]) =
(21)(12) = (21)(12) = (21)(12) = (21)(12). Thus,

§Fo2) = Floz® Foy+ Fo) ® Floa) + Flog) ® Flog) + Fluny ® Fuy
+F(1,1) ® F(0,1,1) + F(0,1,1) ® F(1,1) + F(o,z) ® F(1,1) + F(1,1) ® F(O,Q)- 0

We may as well consider the internal coproduct 8 M7 of monomial quasi-symmetric

functions which has a simple combinatorial rule.
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Let k,1 > 0. Consider templates M of the following form

(000 ap1 Qo2 - aoz\
bii by -+ by
Gip a1 a2 --- 4y
)
bpr bro o+ by
\ako g1 Qg2 -~ Qg )

where a;;, b;; are non-negative integers. Define the row sum word p(M) to be p(

Dop1 - * Pk, Where
l

Po = Qgo + ZCLOJ',

=1

!
Di = Gio + Z(aij +bi;), 1<i<k.

=1

Define the column sum word g(M) to be q(M) = qoq1 - - - q;, where

k
Go = Qoo + E a;o,
j=1

k
qi:a(),-—l—Z(aji—i—bji), 1 glgl
=1

Define the reading word w(M) to be

agoQo1 * * * Aorbg - - - br1ai0a11 - - - @y - - - agg,

M) =

that is, we read the rows of M from left to right on a lines and from right to left on

b lines, with non-leading zeros ignored.

010

EXAMPLE 2.3.6.  The template M = 1 0 | hasrow sum word p(M) = (1, 3),

2 00

column sum word ¢(M) = (2,2), and reading word w(M) = 0112.
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Figure 2-3: Lattice points (0,0) < (4, 7) in lexicographic order

the (leading) 0 at the upper left corner is kept while other (non-leading) 0’s are
dropped. O

REMARK 2.3.7. The templates M just defined are closely related to, but differ
slightly from, those defined by Bergeron and Bergeron [4] for computing products
of descent classes in the descent algebra of B,. The difference lies in the ways in
which B, quasi-symmetric functions and the descent classes of B, are indexed as
well as the order of operands. More precisely, Bergeron and Bergeron index descent
classes by compositions p = m < n while we index B,, quasi-symmetric functions by
pseudo-compositions of n. However, we can convert Bergeron and Bergeron’s indexing
composition p = m < n into a pseudo-composition of n by simply prepending n — m

to p.

With the row sum word, column sum word, and reading word defined, we can

describe the combinatorial rule for computing 5 M.
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1t

Figure 2-4: Lattice points (0,0) < (4,7) in lexicographic order reflected with respect
to the z-axis

THEOREM 2.3.8.  Letr = (ro,71,...,1t) =n. Then

oM, = Myary ® My(an),
w(M)=r
where the sum ranges over all templates M with reading word w(M) = r and row

sum word p(M) < r.

Proof. By definition,

M(XY)= Y apal ey eyl
(i0,50) <(i1,51)<---<(i¢,J¢)
where iy = jo = 0. The inequality (is,7s) < (is4+1,Js+1) IS equivalent to i5 < is,; or,
1s = 1541 and js < Js11, s =0,1,...,t— 1. So, the chain of lexicographic inequalities
for indices (i, jo) < (i1,1) < -+ < (i, J¢) can be represented by points in Z? with
ascending order as depicted in Figure 2-3. Since y_; = y;, those points in the lower-
half plane can be reflected with respect to the z-axis, giving a folded path, as shown

in Figure 2-4. Let k,[ be respectively the number of distinct i; > 0 and |[js| > 0,
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and ug =0 < u; < --- < wu, and vy =0 < vy < --- < v be their values. We can
represent the summation configuration by a template M with a;; (resp., b;;) equal
to the exponent of y;, with i, = u; and j, = v; (resp., —js = v;), for 0 < i < k,
0 < j <, and 0 otherwise. The reading word w(M) of M is clearly r, and p(M) < r.
Conversely, a template M with reading word r and column sum word p(M) < r

clearly corresponds to a summand of M,(XY). W

EXAMPLE 2.3.9.  Consider §M(; 5. Those templates with reading word (1,2) and

row sum word < (1,2) are

1 10 10
: ol, 2,(12)
5 0 2 00

Thus,
5M(172) = M(l,z) ® M(g) + QM(LQ) X® M(l,z) + M(g) ® M(l,z)- O

The internal coproduct § for QSym has a counit ¢ defined by &'(F;) = Fy if
[(I) = 1 and 0 otherwise. This counit extend readily to BQSym with the same

definition.

2.4 Two specializations

Let X = {x¢, 1, ...} be an infinite alphabet of commuting indeterminates. Denote by
BQSym(X) the algebra of quasi-symmetric functions of type B of alphabet X. Define
a homomorphism A,,: BQSym,(X) — K[m] by setting, for each f € BQSym,(X),

z =1 for |k| < m, and zx = 0 for k > m.

In particular, if |I| = r, then

Am(F)= Y 1L (2.3)

0<i1 < <ir<m
JESI)=i;<ij41
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Recall the “double-choose” notation [32],

©)-(77)

which is equal to the number of 1 < 4; < i < --- < 7, < m. Thus, the sum in (2.3)
<

is the number of 0 < 4; < -+ < 4, < m with [(I) — 1 strict inequalities. But this is

exactly the order polynomial of type B, Qg(m), defined as

Qp(m) = number of B, P-partitions f: + [r] = +[m]

_ <<m+2—l(1)>> _ <m+1+r—l(1)).

Let 7 € B, with C(m) = I. Denote by 7] ; the number of pairs (7,0) € B, x B,
such that 7o =7, C(7) = K, and C(0) = J. Theorem 2.3.4 can be restated as

Fr(XY) =) 7} Fs(X)F(Y),
JK
with the sum ranges over all pseudo-compositions J, K of r.

PROPOSITION 2.4.1. Let m € B,. Then

<2mn+m+n+r—d(7r)) _ Z <m+r—d(a)) <n+r—d(7')),

TO=T

where d(m) is the descent number of m.

Proof. Let k = 1(C(n)). Apply Ay ® A, to 6Fgq. It is easy to see that (A, ®
An)((SFC(w)) is equal to the number of (an) < (’il,jl) < - < (lka]k) < (m’ 7’1,)
in lexicographic order with &£ — 1 inequalities strict, with |is| < m, |js| < n, for

s =1,2,...,k. This number is equal to

T T

<<2mn+m+n+1—d(7r)>) _ (2mn—|—m+n+r—d(7r))’

whence the proposition. M
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By replacing m by (m — 1)/2, and n by (n — 1)/2, Proposition 2.4.1 becomes

(%1+r—d(7r)> s <mTl+r—d(a)> (nT—lJrr—d(T))'

TO=T

Now define an element of the group algebra K|[B,] by

o = 3 (7T (2.4)

PROPOSITION 2.4.2. The element ¢(m) satisfies ¢(mn) = ¢(m)o(n).

Proof.  Just compute

somim= 3 (mT—1+r—d(a)) (%w-d(ﬂ)w

r T
o, TEB,

- Y=y (m71+:—d(a)) (”Tl+:—d(7))

w€EB, TO=T

S (%%Lr—d(w))ﬂ

wEB,
= ¢(mn). A
Now define elements e; of the group algebra K[B,| by ¢(m) = Y m’e;.
i=0

THEOREM 2.4.3.  The elements e; are orthogonal idempotents.

Proof. Equating the coefficient of m*n’ on both sides of
Y mieiy nlej=d(m)g(n) = d(mn) =) (mn)'e;,
i=0 =0

we get that e;e; = §; je;, as desired. W

In chapter 5 we will study a subalgebra of the group algebra of B, containing
¢(m).

40



Let I = (i1,49,.-.,ix) is a pseudo-composition of n. Define the major index,
maj(I), of I to be the sum of all elements of the subset S(I) of [0,n — 1] associated to
I. More precisely, the subset S(I) associated to I is {1,491 +i2,... ,91 + ...+ ik 1},
so that

k—1

maj(I) =iy + (i1 +iz) + - + (i1 + - +iemt) = 3 (k= 5)ij.
j=1

Define now a homomorphism A% : BQSym — K(q) by A% (z;) = ¢/ if 0 < |i| < m
and 0 otherwise, and extend algebraically to all of BQSym. We can describe A?n(ﬁc)
by generating function, as follows. The proof is in the same spirit as the corresponding

result for QSym, considered in [17].

PROPOSITION 2.4.4.  Let C = (cy,... ,cx) be a pseudo-composition of r. Then
L 01 gmai(©)
D AL (Fo) = a

Proof. From the definitions of A, and Fe,

Sean =Y Y g

m>0 m>0 0<i1 <-<ir<m
s€ES(C)=1s<is41

Now set js =541 —is — €5, 50 = 0, €, = x(s € S(C)),0< s < r—1, and j, = m —i,.
The conditions 0 < 43 < -+ < 4, < m and 45 < i541 if s € S(C) are equivalent

to js = 0, 0 < s < r. Solving for 7,, we have iy = le:_ol(jl +¢), 1 <s<r and
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m=j,+i, = jo+-+jr+e+--+e_1. Thus,

E g tqul‘i“i‘zr
m>0 01 <<ir<m
$ES(C)=is<is+1

— E tj0+"'+j7“+50+"'+5r—1q""(]’O’f‘fO)’i‘(T*l)(j1+61)—|—---—|—j7,_1—|-5,,,_1

jO:--- :jr;O
= Z(tq"')JO ... Z (tq)jr—l Z t]'r . t€0+"'+67'_1qr60+(7‘_1)61+"'+57‘—1
o0 Jr—120 jr 20
#1(C)=1 gmaj(C) .
(£ @)r1

We have the following well-known result of Euler [18]:

THEOREM 2.4.5 (Euler).

Z[m—F]O-I m_ 1

m>0[ p Jq (1—1)(1—tq)(1 —tg?)--- (1 — tqr)’

A comparison of Proposition 2.4.4 and Theorem 2.4.5 then yields that

= . m+1+r—1(C
COROLLARY 2.4.6. A% (F¢) = ¢ma(©) (©)
r
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Chapter 3

Noncommutative Symmetric

Functions of Type B

In this chapter we introduce the central object of our study, namely the noncommuta-
tive symmetric functions of type B, denoted BSym. In the first section, the module
structure of BSym is demonstrated by giving the multiplication rules for two bases
of BSym. A coalgebra structure of BSym, which is dual to the algebra structure of
BQSym, is discussed in the second section. In the third section, the internal product
is defined to endow BSym an algebra structure. In the fourth section, a rule which
facilitates the computation of internal products is given. This chapter is closed by
a discussion of the connection between BSym and the descent algebra of type B,

studied by Bergeron and Bergeron [4], [3].

3.1 BSym

In this section we define the noncommutative symmetric functions of type B.

Let S; be, as in the case of Sym, noncommuting indeterminates homogeneous of
degree ¢ > 0 with Sy = 1. Let S’i be another set of noncommuting indeterminates with
Sy = 1. Here S;’s play the role of complete homogeneous symmetric functions. Define

the noncommutative symmetric functions BSym to be the free right Sym-module
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with a set of basis elements of the form
§7 = 55j, S

where J = (ji, jo,- .. ,Jx) ranges over all pseudo-compositions. Note that if j; = 0
then S/ = S, ---Sj, € Sym. Thus, Sym sits right inside BSym as a submodule.
The product in BSym is defined on basis elements by

S§Igd =81 8T e BSym, S’ e Sym,

and by linear extension to all of BSym, where I - J denotes the concatenation of

pseudo-composition I and composition J.

Moreover, BSym is naturally graded,

BSym = EB BSym,,

n>0
where BSym,, is the right Sym-submodule spanned by S7 with J = n.

Also define the ribbon Schur function R; by

5 =Yk,

JSI

It follows from inclusion-exclusion that

B = Z(_l)l(I)fl(J)gJ‘

J=I

We can describe the above relations between S! and R; in terms of transition ma-
trices. We first note that the poset of pseudo-compositions of n is in bijective corre-
spondence to the poset of compositions of n+ 1. The poset of pseudo-compositions of
n, ordered by reverse refinement, can be obtained from that of compositions of n + 1

by subtracting 1 from the first part of each element of the latter. This operation
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is clearly a bijection, the inverse being that which adds 1 to the first part of each

pseudo-composition of n.

We shall order the pseudo-compositions in reverse lexicographic order. For in-

stance,
3) < (2,1) < (1,2) < (1,2) < (0,3) < (0,2,1) < (0,1,2) < (0,1,1,1).
~ o~ o~ ~ ~ S(O’l) ~ R(O,l) ~ o~
When n =1, M;(R,S)R =S, where S = | _ S, R=1| _ ,and M;(R,S) =
S(1) Ry
11 R A y
. The inverse of M;(R,S) is , which is precisely the transition
0 1 0 1

matrix Ml(g , For n > 1, the transition matrix M, (R, S) is simply the Kronecker

).
product of M;(R,S). For instance,

—_
=]
—

My(R, 5) = My(R, ) =

o o o
o O

It is clear that the transition matrix is integral upper triangular with 1’s on the main

diagonal and is thus invertible. Therefore, R;’s also form a basis of BSym.

Let I = (i1,149,...,4,), and J = (j1, jo,--- ,Js). Let us define
DEFINITION 3.1.1. I <9J = (41,92, .- ,ir + J1,J2,-- - ,Js)-

In words, I < J is the pseudo-composition obtained by adding the head of J to
the tail of I. As we saw from above that the product S’S” is described by the

concatenation of I and J. With I <1.J defined, we can describe the product of R;R;,

as follows.
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LEMMA 3.1.2.  Let I be a pseudo-composition and J a composition. Then R;R; =

RI<]J + RI.J.

Proof.  Write I = (iy,...,4,) and J = (j1,...,Js). Then

Ry + Rray = Z (= 1)ITD-UK) K 4 Z (= 1))~ UK) GK

K<I.J K=<IJ

Note that S(I <1J) G S(I-J) since 4y +---+4, € S(I-J)\S(I < J). So, K I-J
and K LI Jiff iy +---+14, € S(K). Since I(I-J) =1(I)+1(J) =1I < J)+1,

the part of the first sum with K < I < J exactly cancels the second sum, leaving

RI_J+RI<]J — Z (_1)l(I)+l(J)—l(K)SrK'

K<I.J
KZIJ

Now, for K = (ki,... ,k;) < I-Jand K £ I < J, let g be such that ky +---+ k, =
iy+---+i,. Then K = P-Q, where P = (ky,... ,k;) < T and Q = (kg41,... , k) < J.
Thus,

R+ Riay = Z(—l)l(l)_l(P)S'P Z(—l)l(J)_l(Q)gQ =R;R;. W

P<I Q<J

ExAampPLE 3.1.3. We have R(g’g)R(z,l) = R(3,2,2,1) + R(3,4,1). O

Let I be a composition. We shall write (0, I) for the pseudo-composition (0) - 1.

LEMMA 3.1.4.  Let I be a composition. Then R; = R(O,I) + Ry.

Proof. By inclusion-exclusion,

R(o,z) + RI = Z (_1)l(1)+1_l(J)5vJ + Z(_l)l(1)+1—l((])§,]‘

J=(0,1) J=<I
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For J < (0,1), J is of the form either (0, J') or J’, where J' < I. So, the part of the

first sum with J < I exactly cancels the second sum. Thus,

R+ Rr = Z (_1)l(I)+1—l((0,J))5v(O,J) — Z(_l)l(I)—l(J)SJ —R,. ®H

(0,7)<(0,1) J<1
J=<I

In the sequel, we write R; as a short hand for R(O,I) + RI, with I a composition.

3.2 Duality

There are certain dualities between the products in Sym and the coproducts in
QSym. Similar dualities exist between BSym and BQSym and are made precise in

this section.

Define a pairing (-,-): BQSym x BSym — K by requiring
<MIa §J> - 5[.]5

ie., M 1 is dual to ST As F T and M 1 are also related by inclusion-exclusion, it is not

surprising that

LemMA 3.2.1.  (Fy, R;) = 01y.

Proof. By inclusion-exclusion,

(Fr,Ry) = <Z Mg, Z(_l)l(J)—l(L)S'L> _ Z Z(_l)l(J)—l(L)éKL

I<K LgJ ISK LRJ
— Z (_1)l(J)—l(L) — Z (_1)#5(J)—#T_
ISL=J S(I)CTCS(J)

Let i = #S(I), and j = #S(J). There exist (*.") subsets T of S(J) such that

47



S(I) CT and #(T'\ S(I)) = k. The above sum is then equal to

i (T =1 » - 0 ifj>i
St (V) =m0
k>0 1 ifj=1

which is equal to 6;;. M

Recall the coproduct A: Sym — Sym ® Sym defined by

ASn = i Sz ® Snfia

=0

and extended algebraically to all of Sym. This coproduct is readily extended to a
coproduct A: BSym — BSym ® BSym by defining

A=Y G @8,
=0

A(S;,Sj, -+ i) = (AS},)(AS;,) - - (AS;,),

and extended linearly to all of BSym.
Recall also the map vp: BQSym — BQSym ® QSym defined by v5(f) = f(X +
Y), for f € BQSym.

PROPOSITION 3.2.2. We have

(i) (f®g9,AH) =(fg,H), f,g € BQSym, H € BSym;

(ii) (v8(f),G® H) = (f,GH), f € BQSym, G € BSym, H € Sym.

Proof. Tt suffices to show that (i) and (ii) hold for f = M;, G = S”7. The general

case follows from linearity.

(1) Let f = M[, g = MJ, and H = SK Write MIMJ = ZKBILJMIM where ﬁ[[f’]

can be combinatorially interpreted as the number of ways of obtaining K by adding
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J to I, with first parts left justified and with insertion of zeros after the first part
allowed. See Example 3.2.3. The right hand side of (i) then becomes

<MIMJ7 §K> = ZﬂILAML: SK) = ZﬁILJ(SLK = ﬂf]
L L
Write K = (ky,..., k).

ASK = (Agkl)(ASkz) T (ASkr) = Z S;DlSm T Spr ® S(IIS(D Tt Sq

T

Pitai=k;
= Y S§'ese,
P+Q=K
where the sum is over all pseudo-compositions P = (p1,...,pr), @ = (¢1,--- , ),

with p;,¢; > 0, and P + (Q = K partwise. Now,

(MI®MJaASK>: Z <M1agp><MJ7§Q>a
P+Q=K
where (M 7,87 ) = 1if I can be obtained from P by dropping the zeros after the first
part of P, and 0 otherwise, and similarly for (]\Zf 75 S‘Q> But these conditions together
with P + @Q = K say exactly that the sum above is equal to 8%, proving (i).

(i) Let f = My, G =S/, H = SX. Write y5(M;)= Y Mp® Mg. Then
P-Q=I,I(P)>1
(ve(Mi), 57 ® %)= Y (Mp,57)(Mq,S"),
P-Q=I,I(P)>1

whichis1if P=J,Q = K and P- @ = I, and 0 otherwise. On the other hand,
<MI,SJSK> = (MI, gJK> = 01,7k,

where J - K is the pseudo-composition obtained by concatenating J and K. (ii)

follows. N
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ExAamMPLE 3.2.3.  The right hand side of

M12M011 E 330-7/' E Tk

0<i 0<j<k

can be expanded as a linear combination of monomial quasi-symmetric functions by
extending the disjoint union of the two chains 0 < 7 and 0 < j7 < k to a total order.

It is easy to see that the resulting chains of inequalities are
0<ji<k<i, 0<j<k=1 0<j<i<k, 0<j=1<k, 0<i<j<k,

for which the corresponding monomial quasi-symmetric functions are

Muaz), Mans, Maipy, Masy, Magi,

which can in turn be represented as the results of left justified addition of (1,2) and

(0,1,1), listed below.

1 2 1 2 1 2
+ 011 , + 011, + 0 1 1,
1 11 2 113 1121
1 2 1 2
+ 011, + 0 11 O
1 31 1 211

REMARK 3.2.4. The external coproduct v: QSym — QSym ® QSym was extended
to just a map vg: BQSym — BQSym ® QSym. This choice of extension allows the
duality as in Proposition 3.2.2 (ii). If 7 were extended to a coproduct by allowing
the second tensor component of v5(f) to be in BQSym, then the module structure of

BSym would be more complicated, as we would have to keep track of the occurrences

of gz in SI.
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The coproduct A has a counit ¢, defined by ¢(G) = constant term of G, where
G € BSym. Now, we have the right to say

PROPOSITION 3.2.5. The triple (BSym, A, ¢) is a coalgebra.

3.3 The internal product

We shall define in this section an important operation, namely the internal product
*, in BSym. Recall the internal coproduct ¢ defined in BQSym by §(f) = f(XY),
f € BQSym. We now define the internal product *: BSym,K x BSym, — BSym,,
to be dual to the coproduct 6 on BQSym,,, that is,

(6(f),G® H) = (f,G+ H), feBQSym,, G,H eBSym,.

We can extend * to all of BSym by defining G¥H =0if G € BSym,,, H € BSym,,
m # n. We shall write xg in the sequel to indicate explicitly the internal product for

BSym, in contrast to %4 defined in Sym.

Since *p is defined to be dual to 4, the multiplication rule for x5 follows from that
for 6 in a dual manner. See Chapter 2 for the definitions of templates M, reading

words w(M), row sum words p(M), and column sum words g(M).

THEOREM 3.3.1.  Let p = pop1-- Pk, ¢ = Qoq1 - - - q be compositions of n.
qP *p §e — Z wa(M)’
p(M)=p,¢(M)=¢g

where the sum ranges over all templates M with p(M) = p, q(M) = q.

ExampPLE 3.3.2. Let j() + -+ jk = n. Then S'n *p gjosjl cee Sjk = gjOSjl te Sjk

because there is exactly one template M whose column sum word and row sum
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word are n and joji - - - jg, respectively. The reading word w(M) of M is precisely

Joji---Je- O

ExampPLE 3.3.3.  Let jo+---+ jr =n. Then
Sn *p Sjosjl Tt Sjk = Z Spk U Spl‘sjoSQ1 T S‘Ik’
where the sum ranges over all integers p;, ¢; > 0 such that p;+¢; = 5;, 1 <i < k. U

Example 3.3.2 and Example 3.3.3 are noteworthy. In Sym, the S, are identity
elements with respect to 4. However, is it not the case in BSym:; the S, serve as

identity elements instead.

3.4 Mackey formula

We obtained the combinatorial rule for computing the internal product xg of BSym
in the previous section. In the present section we give a rule, called the Mackey

formula, which facilitates the computation of internal product of BSym.

Recall the generating function for S;, o(t), defined in Section 1.2. We define
similarly the generating function for S;, denoted by 7(t). We showed in Lemma 1.2.4

that o(t) is group-like, and we can show similarly that the same is true for ().

Recall that the reading word of a template M for xg is obtained by reading the
top line from left to right and subsequent lines from right to left and then left to right,
with non-leading zeros dropped. In contrast, the reading word of a template for x4 is
obtained by reading each line left to right, with zeros omitted. This difference of the
definition of reading words suggests defining the “straightening” map ©: BSym —
Sym by

O(Sy) = Sn,

0(S,) = zn: SiSn_i.
1=0
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and if F € BSym and G € Sym, then O(FG) = ¢/(0(F) ® AG) where ¢//(A® B®

C) = BAC, and F — F is reversal, i.e., the anti-automorphism sending S,, — S,,.

EXAMPLE 3.4.1. AS;=S;01+5,®85;+51®S5,+1®S; and O(S5,) = S, imply
that @(SQS;;) = 5352"‘5’25251 +§15252+5253 = 5352+525251 +515252+5253. D

ExampLE 3.4.2.  (cf. Example 1.2.3) A(®,) =@, ®1+1Q @, and ®,, invariant
under reversal imply that ©(®,) = 2®,. A(¥,) = ¥, ® 1 +1® ¥, implies that

O(¥v,) =¥, + ¥, because ¥, is not invariant under reversal. []

Let J = (jo, j1,--- ,Jjr) be a pseudo-composition, with all j; > 0. Multiplying the
monomial S’ = S,S, ---S;, by #°#)' ---#/» and and summing over all .J, we obtain

the generating function for monomials, namely

G(to)o(t)o(te) - = #1755, S;, -+ ;..

Ji=0

Since &(tp) and o(t;) are group-like and A is an algebra morphism, it follows that
G(to)o(t1)o(te) - - - is group-like. This property of G(to)o(t1)o(ts) - - - will be exploited
in the proofs that follow.

The map © and the iterated coproduct A" satisfy the following “commutation

relation.”

LEMMA 3.4.3. A"0© = 0%"oc A",

Proof. The generating function for all monomials S;,.S;, - - - S;, is &(to)o(t1)o(ta) - - -.

By Lemma 1.2.4, Ao (t1)o(t2) -+ = o(t1)o(tz) - - Q@ o(t1)o(ts) - - -,
O (to)o(tr) ) =---0(t1)O(o(to))o(tr) - - - = - - o(t1)o(fo)o(tr) - --
A" o O(a(to)o(tr)o(tz) ) =:--o(ti)o(to)o(tr) - ® - ®---o(t)o(to)o(tr)---
n times

93



On the other hand,

0% o A"(5(tg)a(t1)---) = O%"(G(te)o(t1) @ - @ 5(ty)o(tr)---)
= ---o(t)o(b)o(tr) - @---®---a(ti)olto)o(ts) -

~

n times

and the lemma is proved. W

Let C = (C,Ac¢,e¢), and D = (D, Ap,ep) be coalgebras. A coalgebra map [25]
f: C — D is a linear map such that (f ® f) o Ac = Apo f,and ep o f = ¢, where
Ac¢, and e¢ are coproduct and counit of C, and similarly for D. So, for C = BSym,
D = Sym, and f = O, Lemma 3.4.3 expresses that O is a coalgebra map (the second

condition is trivial because ©(1) = 1).

LEMMA 3.4.4. For G € BSym,, S, x5 G = O(G).

Proof. It suffices to consider S, *p §j15j2 -+ S5;, with ji1 + -+ 4+ jr = n. By the

multiplication rule

Sp*p S}, - ngk.. Ser - Sqp

where the sum ranges over all p;, ¢; > 0 with sum 7;, 2 < 7 < k. On the other hand,

A(sz"'sjk) = ( Z Sp2®‘sq2)"'( Z Spk®SQk)

2+q2=j2 Pr+ax=Jk

= Zspz ’ Pk q2"'SQk

where the sum ranges over all p;, ¢; > 0 with sum 7;, 2 < ¢ < k. Thus,

®(§j15j2"'sjk) = ZSID Spk@(s )S -+ Sq,
= Zspk"'spzsjlqu"'SQk

and the lemma follows. W

Recall that S,, serves as identity element for % 4. From the proof of Lemma 3.4.4,
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what © does is “straightening out” the template to give a template for computing * 4

in Sym. Complete reduction of the computation of xg to * 4 is also possible, that is,

PROPOSITION 3.4.5. If F € Sym then F xg G = F x4 O(G), where x4 is the

internal product in Sym.

Proof. It suffices to prove this when F' = S;, ---S;,. The proof proceeds by induction
on k. The case £k = 1 is simply Lemma 3.4.4. Assume it is true for £ — 1. Let
AG = Z(G) G1) ® G(2) in Sweedler notation. Then by the induction hypothesis and
Lemma 3.4.3,

(Sj <. Sjk—l)Sjk xp G = N2((Sj1 e Sjk—l &® Sjk) * (I ® 6) © AG)
- Z(SJ T Sjk—l *B G(l))(Sjk *A @(G(z)))
= (Sjy +++ Sju_y ¥4 O(G (1)) (S, ¥4 O(G ()

)
= MQ((Sjl o Sjk—l & Sjk) * (9 ® @) © AG)
= MQ((Sjl o Sjk—l & Sjk) * Ao @(G))

= (Sj -+ Sjy_1)Sj, ¥4 ©(G). W

Jk—1

The main result of this section is

THEOREM 3.4.6 (Mackey Formula). Let Fi,G € BSym, F,... ,F, € Sym. Then
(FlFQ"'Fr) *BG:ILLT[(F1®F2®®FT)*(I®®®®®)OATG],

where . is the r-fold multiplication F1 ® --- ® F, — Fy--- F,, and * s the internal
product induced to BSym ® Sym®" 1),

Proof. We first consider the case F| = S'jl, F,=25,,2<k<rand G= ST =
S;,S;, -+ S,,. In this case (3.1) is equivalent to the multiplication formula for calcu-

lating S7 x5 S7. Next, let I*) = (igk),igk), . ,i,(ﬁ)), 1 < k < r. In Sweedler notation,
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A'G = Z(G) Gy ® G ®---®G(). Then

NT((S’;[(I) ® 51(2) R ® S[(r)) % (I® ®®(7‘—1)) o ATG)

= /iy (Z(Slm +5Gw) @ (" ¥4 0(Gw)) @ ® (5" %4 G(G(r)))>

(@)

= tir | Dt ((Sin ® Syn @ -+ Sy0) + (18 ©°7Y) 0 A Gy
(@)

Biny (S0 ® -+ @ S;0) ¥ A 0 O(G(2)) ® - -
Btin, (S0 @ -+ @ 5y) ¥ A™ @(Gm)))

= iy © (pny ® * -+ ® pin,.) ((Sign @ ®5mOSm®- - ® i)
(I ®RO®Mm-1) 908 @ ...R @@nr) o An1+nz+---+m@>

= (gigl) oSS Si) +8 G
_ (5,1(1)51-(2) L SI(T)) 5 G

by the associativity, coassociativity and Lemma 3.4.3. N

EXAMPLE 3.4.7.  We compute S&Y x5 S23) By Theorem 3.4.6,
GUD 4 5O = 11(8, @ 81 + (1 ® ©) 0 AGE). (3.1)

In AS®3) = (5,145, ®5+1®5,)(S35®14+5,®8,+51 ®S,+1®Ss), only
the two terms S»S> ® S; and 5155 ® S give non-zero contributions to the internal
product being computed. Noting that ©(S;) = 25; and ©(S;) = S, the right hand
side of (3.1) becomes

(54 xpB SQSQ)(Sl * 4 251) —+ (5'4 *pB 5153)(51 * A Sl) = 25125251 + 5’15’351

251(2,2,1) + 51(1,3,1)‘ 0

LEMMA 3.4.8.  G(to) *B 0(ug)o(ur)o(ug) - - - = &(toug)o(tour)o(toug) - - - .
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Proof.  &(to) #p 6 (ue)o(u)o(uz) -+ = Y t0Sm #5 6 (ug)o(ur)o(us) - - -

m>0

- Z o' (ug)o(ur)o(ug) - -+

m>0

= 5’(t0U0)0(t0U1)0’(t0U2) R |

LEMMA 3.4.9.

o(ti)o(te) - *a (- o(ur)o(ug)o(ur) )

= (-~ o(tyur)o(true) o (tru) - - - ) (- - - o (baur ) o (batig) o (bgtig) - -+ ) - - - .
Proof.  Since the o(t;)’s are group-like,
A+ o(ur)o(uo)o(u) - --) = (- o(ur)o(uo)o(u) -+ +) ® (-~ o(ur)o(ug)o(ua) - - ).
By Theorem 1.2.7,

o(t1)o(ts) -+ xa (-0 (ur)o(u)or(ur) )
= (o(t2) %a (-~ o) uo)o(wn) =) (0(ts) -~ (-~ o) (o) () - )
= 3t oo (u)o(u) ) (o(t) - (- o (m)o(uo)o(m) -+ )

= (- -o(tiur)o(tiug)o(tiuy) - -+ )(o(t2) - - %a (- - o(ur)o(uo)o(ur) - - -)).

Since the second factor on the right hand side is the first on the left with indices
shifted by one. Iterating the above argument, the result follows. W

With the above two lemmas, we can prove the more general

PROPOSITION 3.4.10.

(@(to)o(tr) - +) x5 (0 (uo)o(ur)---)
= ( (t()’U,()) (toul)O'(t()Uz) te )( .. O'(tlul)O'(tl’U,())O'(tlul) < )
(- -+ 0 (tour ) (ta110) o (Epur) - -) - -

o0 o0
= & (touo) [ [ o(tows) [T TT o(tsum)-
=1

]:1 k=—o0
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Proof. Let Fy = d(ty), Fo» = o(t1)o(ta)---, and G = G(ug)o(uy)---. Since G is a
product of group-like elements, G is also group-like, i.e., AG = G ® G. Also,

I®RO)c AG=GRO(G)=GQ (---0o(ur)o(ug)o(ur) - --).
Theorem 3.4.6 with r = 2 yields

FiF+p G = p((F1® Fy)* (I ®06)0AG)
= (Fixg G)(Fo*a (---o(ur)o(ug)o(uy)---)).

The proposition follows from Lemma 3.4.8 and Lemma 3.4.9. W

As a causal application of Proposition 3.4.10,
EXAMPLE 3.4.11.  We compute S®*+5S5®3) which is the coefficient of t4t;u2u? on
the left side of Proposition 3.4.10. The monomial ¢3¢;uu? can be factored as either

touo)?(tour)?(trur) or (touo)(tour)?(tiuo), giving 2521 and SU3D, respectively.
2 2 3 . 25(2,2,1) d S31) |
Thus, S&D %5 §@3) = 95221 1§31 O

As a formal application of Proposition 3.4.10,

COROLLARY 3.4.12.  For any k, 1,
(i) 5(1)0(1)F x5 6(1)o(1)! = 5(1)o(1)244,
(i) 5(1)7(1) 5 o(1) = o (124D,
(ii)) 0(1)* #5 6(L)o(1)! = o(1)KE+),

(iv) o(1)k*p o(1) = o(1)2¥.
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Proof. For k,l non-negative integers, setting

bh=t1=-=lh=uw=u1= =y =Lt =tg2=-"=tUp1 =Uyp=---=0,
b=t =--=tg=u1 ==y =1Lu =tp1 =tpy2 =" =Uy1 = Uy =" =
y=h=-=th=u=-=y=Lto=lk1 =t == U1 = Uy = =
h=-=tg=ur=-=uy=1t =ty =tgpyo ="+ =Ug = Uy1 = Uy = -+ = 0,

in Proposition 3.4.10 gives (i)—(iv), respectively. (i)—(iv) also hold for general k£ and

[ because the coefficients on both sides are polynomialsin £ and /. M

In Sym, the 7-fold coproduct A" is a homomorphism A™: Sym — Sym®”, that
is,

AT(F#4 G) = A'F x A"G,

where F', G € Sym, and the * on the right is the induced internal product on Sym®”

This result generalizes to BSym and is proved in two steps:

LEMMA 3.4.13.  For F,G € BSym, A(F xg G) = AF « AG, where x on the right

is the induced internal product on BSym®?.

Proof. The generating function for all monomials Sj, S;, - -+ S, is &(to)o(t)---. By
Lemma 1.2.4 and Lemma 3.4.10,

:6'(t0U0)HO' tou, H H 0' t U,|k| toUo)HO’(toUz)H H O'(t]U,|k|)

= A(a(to)o(ty) ) * A(é(u())a(m) ).

It follows that A(F xp G) = AF * AG holds for F';, G monomials. The general case

now follows by linearity. W
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With this special case asserted, we can prove

PROPOSITION 3.4.14. A"(F x5 G) = A"F x A"G, where % on the right is the

induced internal product on BSym®” .

Proof. Induction on r. The case r = 1 is trivial because A' = I. The case r = 2 is
the content of Lemma 3.4.13. Assume that it is true for r. Write A"F = Z(F) Fy®
-+ ® F{;) and similarly for A"G.

A™L(F 55 G)
= (120D @ A) o AT(F 5 G)
— (120D @ A)(ATF % ATG)
= (I®(T_1) ® A) Z (F(l) *B G(1)) Q- (F(r) *B G(T))

(F),(G)

= Y (Fuy*sGa) ® -+ ® (Fyi) *5 Gr=1)) ® A(Fpy x5 G(r)
(F)(G)

= Y (Fuy*sGay) ® - (Fro1) #5 Giro1) ® (A(Fip) * A(Gr))
(7),(G)

= (F® - ®Fr 1) @ AFy) x Y (Gay ® -+ ® G1) ® AG(y)
(F) @)
—AHMF < A™G. B

In Sym, the internal product x4 preserves the primitive Lie algebra L(¥). The

same is true of xp.

COROLLARY 3.4.15.  Let F,G € BSym be primitive. Then F xg G 1s also primi-

twe. In particular, the internal product xp preserves the primitive Lie algebra L(V).

Proof. 'This follows from

A(FxpG) = AF xAG
= (FRI1+1@F)*x(G1+1®QG)
= (F+pG)R1+1Q (FxpG). R
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3.5 Connection with descent algebra of K|[B,]

Let I be a pseudo-composition of n. Define the descent class A; to be the formal sum

of signed permutations of B,, with descent compositions equal to I, i.e.,

AI: Z .
C(m)=I

Also define Bj as the formal sum of signed permutations of B,, with descent compo-

sitions < I, i.e.,

B[: Z .

c(m)%I

It is obvious that A; and B; are related by inclusion-exclusion:

Br=Y A;, A=) (-1)"WB,.
JSI JSI
It is a celebrated result of Solomon [31] which asserts that A, (or By), as I ranges
over all pseudo-compositions of n, span a subalgebra of the group algebra K|[B,] of
B, known as the descent algebra of type B,,. (Solomon actually showed that this is
true for general finite Coxeter groups.) The subalgebra ¥ B,, spanned by A; (or By)
is called the descent algebra of type B.

Bergeron and Bergeron [4], Bergeron [3], and Bergeron and Bergeron [5] examine
the descent algebra Y.B, of K[B,]. We shall establish the connection between the
descent algebra of K[B,| and BSym,, in this section. Let us first make the

DEFINITION 3.5.1.  Define the map a: ¥B,, — (BSym,,, xg) by a(Ar) = R;, and
extend linearly to all of ¥B,,.

LEMMA 3.5.2. The map « sends By to S7, for all pseudo-compositions I.
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Proof. Just compute

oz(BI)=Za(AJ):ZRJ=S’I. |

J<I J<I
We can be more precise about .

ProrosITION 3.5.3.  The map « is an anti-isomorphism.

Proof. The map « is a vector space isomorphism ¥B,, - BSym,, since it sends a
basis to a basis. An examination of the multiplication rules (Theorem 1.5.1 for £B,,
and Theorem 3.3.1 for (BSym,,, *xp)) reveals that « is anti-homomorphic with respect

to the multiplications in Y, and BSym,,. Hence, « is an anti-isomorphism. W
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Chapter 4

Idempotents

We established in Chapter 3 that BSym, and ¥XB,, are anti-isomorphic. The anti-
isomorphism a.: BSym, — X B, enables us to infer properties of one space from the
other. For instance, an idempotent of BSym,, gives an idempotent of ¥,,, and vice
versa. It is the purpose of the present chapter to study idempotents of either BSym,,
or ©B,. In the first section, we investigate how quasi-idempotents of (Sym, *,)
behave with respect to *xp, demonstrate explicitly an idempotent of BSym which
is not in Sym, and show how to construct new idempotents from them. In the
second section, we study the Eulerian idempotents of type A, construct their type
B counterparts, and show how they interact. In the third section, we examine the
images of the idempotents of Bergeron-Bergeron in BSym. In the fourth section,
we give a one-parameter family of Lie idempotents which interpolates interesting
idempotents. In the fifth section, we study the action of a Lie idempotent on the free
associative algebra K (A). In the final section, we show that a Lie-like representation
of B, is obtained by inducing a one-dimensional representation of a subgroup of B,.

A character formula will also be given.

4.1 Idempotents of BSym

Let K be a field, A a K-algebra, and £ € K. An element = € A is a quasi-idempotent

with constant k if 22 = kz, and is an idempotent if k£ = 1.
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Since Sym sits right inside BSym and has a large supply of idempotents with
respect to %4, e.g., ¥,,, ®,, for each n > 0, it is of interest to see how these idempotents

behave with respect to *p. The first result in this vein is the following.

PROPOSITION 4.1.1.  Let F € Sym be a primitive quasi-idempotent of (Sym, *,)

with constant k. Then F + F is a quasi-idempotent of (BSym, *g) with constant 4k.

LEMMA 4.1.2.  Let F € Sym,, be primitive and I = (i1, ... ,ix) =n. Then

0 ifk>1
F ifk=1.

SI*AF:

Proof. By Theorem 1.2.7,

STa4 F = 1up((Siy ® Siy -+ S,) * AF)
= p((Si, ® Siy -+ Siy) * (FOL+1®F))
0 ifk>1
F ifk=1.

Lemma 4.1.2 implies that if F,G € Sym, with F' primitive, then G x4 F' =
([Sh]G)F, where [S,]G denotes the coefficient of S, in G.

We are now ready to prove Proposition 4.1.1. Since F'is primitive, AF = F®1+
1 ® F. This implies that AF = F® 1+ 1® F, and hence ©O(F) = F + F = O(F).
Then, by Proposition 3.4.5,

(F+F)sg(F+F)=(F+F)xsO(F +F)=2(F+F)*4 (F+F). (4.1)

To finish the proof, it is enough to compute the latter internal product. By the above
remark, we have F'xy F = ([S,|F)F. But F x4 F = kF, forcing [S,|F = k. Note that
[Su]F = [S,]F, hence Fx4 F = kF. Replacing F by F, we get F*4F = Fx,F = kF.
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Putting pieces together, we have that
(F+F)sg(F+F)=2(Fs F+FxyF+FxyF+Fx,F)=4k(F + F),

as we wished to prove. W

It is trivial to see that if = is a quasi-idempotent with constant k # 0, then £~ 'z

is an idempotent. Thus we have

COROLLARY 4.1.3.  (4n)~' (¥, + ¥,,) and (2n)~'®, are idempotents of BSym.

Proof. Since in Sym,,, U, x4 ¥,, = n¥,,, and &, x4 ®, = n¥,. The first assertion

is immediate. The second assertion holds because ®,, = ®,,. W

We just saw how quasi-idempotents of Sym gave rise to quasi-idempotents of
BSym. Our next goal is to study quasi-idempotents of BSym which are not elements

of Sym. Towards this end, we first make the

DEFINITION 4.1.4. n(z) =&(z)o(z) /2 = Zﬂnxn-

n>0

DEFINITION 4.1.5. Define

Zi:(_l),.1-3-5---(2z'—1) _ (—%) N, = (—1)1'—1’ i>1.

274!

We also define Zy = Ny = 1 for convenience.

The next lemma records several properties of (1), the second of which says exactly
that (1) is an idempotent of BSym.
LEMMA 4.1.6.  Let n(1) be defined as above. Then

(i) ©(n(1)) =1.
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(ii) n(1) x5 n(1) = n(1).

(iv) n, = Z Zl(I),IS’I, where the sum ranges over all pseudo-compositions of n.
[T|=n

Proof. Since o(1)71/2 is group-like, O(6(1)o(1)"1/2) = o(1) Y20(1)o(1) /2 = 1,
and (i) holds. (ii) is simply Corollary 3.4.12 with ¥ = ! = —3. From (ii), we have

D k8> =Y e

m>0 n>0 n>0

Taking components of weight n, we have (iii). We also have

L)o(1) 2= "5, (_12) Y 5T=>"N" ZyyS
(=i

m=>0 >0 n20 |I|l=n
(iv) is nothing but the components of weight n on both sides of this equation. M

The next lemma shows a way to construct quasi-idempotents of BSym from 7(1)

and from those of Sym.

LEMMA 4.1.7.  If B is a primitive quasi-idempotent in Sym and 3 = (3 then n(1)3

1S a quasi-idempotent in BSym.

Proof. Suppose that 3 x4 8 = k3, for some k. Since A = f®1+1® (. By
Proposition 4.1.6, ©(n(1)8) = B6(n(1)) + ©(n(1))3 = 28. Then by the Mackey

formula,

n(1)B*pn(1)8 = p2((n(1) ® B) * (I ® ©) o A(n(1)B))
= p2((n(1)®B)* (I ®@O)(n(1)s@n(1) +n(l) @n(1)8))
= p((n(1)®@B)* (n(1)B®@1+n(1) ® 28))
= p2((n(1) xn(1)3) ® (B*a 1) + (n(1) x5 (1)) ® (8 x4 25))
= 2kn(1). N
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Let C = (C,A,¢) be a coalgebra, and g a group-like element of C. An element
x of C is called g-primitive [25] if Az =2 ® g+ g ® x. For C = (BSym, A, ¢), and
g = n(1), the calculation

An(1)g=n1)e@n1)(fel1+1®8)=n(1)8®n(1)+n(1) ®n(1)s

shows that 7(1)4 is n(1)-primitive, but not primitive.

4.2 FEulerian idempotents

In Sym,
o(1)® x4 0(1)Y =0(1)", (4.2)

so that o(1)® span a commutative subalgebra of (Sym, *4), known as the Eulerian
subalgebra, denoted by E = @@0 E,, where E,, is the homogeneous component of
degree n. If we let o(1)* =3_ 2" EM then by comparing the coefficients of z™y"

on both sides of (4.2), we obtain the orthonormality relation
EMy, EM =5, EM, (4.3)

where 4, ,, is the Kronecker delta. Equation (4.3) also implies that E" are idem-
potents, known as the Eulerian idempotents of type A (the designation in type is
specifically introduced in order to distinguish the type B counterparts, to be defined
shortly).

With respect to #z, the Eulerian idempotents E™ are still quasi-idempotents and

satisfy an orthogonality relation. This is the content of the next proposition.

PROPOSITION 4.2.1. We have
(i) o(1)**p o(1)? = 0(1)**,
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(ii) EM™ xp Einl = ong,  Eil,

Proof. (i) follows upon setting k = x, and [ = y in Corollary 3.4.12. (ii) follows from

comparing coefficients of ™y™ on both sides of (i). MW

PROPOSITION 4.2.2.  &(1)o(1)® D72 x5 5(1)o(1)¥ D2 = 5(1)o(1)@y-1/2,
Proof. Set k= (x—1)/2and [ = (y —1)/2 in Corollary 3.4.12. N

Proposition 4.2.2 implies that &(1)o(1)@~1/? span a commutative subalgebra E =
69@0 E, of (BSym, *p), called the Eulerian subalgebra of type B, where E, is the

homogeneous component of degree n. We now make the

DEFINITION 4.2.3.  The Eulerian idempotents of type B, denoted E!", are defined
by 5(1)o(1)ED/2 = 32 Bl
n>0

The definition made is perhaps unjustified as far as the idempotency of EM is

concerned. However, this is remedied by the next proposition.

PROPOSITION 4.2.4.  The elements E™ defined above are idempotents.

Proof. Comparing the coefficients of x™y™ on both sides of Proposition 4.2.2, we

obtain the orthogonal relation

Fiml 4y B = 5, i,

which says that E™ besides being orthogonal, are idempotents. M

Not just elements of E, commute, elements of E, and of E,, also commute, as

next proposition shows.

PROPOSITION 4.2.5.  &(1)a(1)® D2x50(1)¥ = 0(1)™ = 0(1)? x5 5(1)o(1)=1/2,

Proof.  Setting k = (x—1)/2 and [ = y in Corollary 3.4.12 (ii) gives the first equality,
whereas setting £ = y and | = (z — 1)/2 in Corollary 3.4.12 (iii) yields the second.
|
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4.3 Idempotents of Bergeron-Bergeron

Let K be a field, and A; the totally ordered alphabet {7 < --- <2<1<1<2<
-+- < n}. As usual, A} and A} denote the collection of all A;-words and all A;-words

of length n, respectively. The free associative algebra K(A;) consists of polynomials

with a finite number of non-zero coefficient ¢, € K. The multiplication for K(A;)
is the linear extension of the concatenation product on A}. Denote by K(A;), the

homogeneous component of degree n.

The free Lie algebra Lie(A;) generated by A; is the smallest subalgebra containing
A; of K({A;) closed under the Lie bracket [f, g] = fg—gf. The elements of Lie(A;) are
called Lie polynomials. Denote by Lie,(A4;) the homogeneous component of degree

n.

The right action of 7 = myme ---m, € B, on an Aj-word w = byby - - - by, is defined

by

b7r1b7r2 ot 'b7rn if k£ 7é n,
wr =
0 if k =n,
where we have identified —¢i = 7, 4 = 1,2,... ,n. This defines by linear extension a

right action of K[B,] on K(A;). We can identify a element of B,, with the corre-
sponding word in A}. With this identification we can identify K[B,], considered as a
right B,, module, with a submodule of K(A;).

A Lie idempotent is an idempotent of the group algebra K|[B,] which acts as a
projector from the free associative algebra K (A;) onto the free Lie algebra Lie(A,)
(for the right action of the hyperoctahedral group B, on A;-words).
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In [4] Bergeron and Bergeron showed that

1 1 (=1)®—1 1
Amy =5 Z By, =5 ZNl(p)Bp
2 2 I(p) 2

pEnR pEN

is a Lie idempotent in the descent algebra X B,,. This gives an idempotent in BSym

via the anti-isomorphism a: ¥B,, - BSym,,.

ProrosiTION 4.3.1. The 1mage of %I(n) in BSym,, s %(I)n.

Proof. Here, in Bergeron-Bergeron’s notation, their p corresponds to (0,p) in our

indexing scheme. See Remark 2.3.7. So,

—1)ip)-1 —1)ip)-1
alglo) =5 3 Ty —alBy) =y Y s = 0,

In [3], Bergeron introduced yet another idempotent, namely

I, = Z Zi() By

pEmMLn
This gives rise to an idempotent in BSym,,.
ProprosiTION 4.3.2.  The image of Iy in BSym,, is n,, as in Definition 4.1.4.

Proof. Here, the sum in Iy, translated into our indexing scheme, is over all pseudo-

compositions I of n. Also, {(p) = () — 1. Therefore,

alo) = Y Zya(B,) =Y Zny-15" = na,
I

pemsn

by Lemma 4.1.6 (iv). H

Taking /() and I as fundamental building blocks, Bergeron [3] then constructed
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quasi-idempotents I,,, indexed by composition p = (pi, ... ,pr) = m < n, namely

Ip = Z Zl(qo)Nl(ql) .- Nl(Qk)B(IOQI"'Qk7

goFEr<n—m
qi=pi

where the subscript ¢oq1 - - - gx of B denotes concatenation of compositions.

PROPOSITION 4.3.3.  Let p = (p1,...,pk) = m < n. The image of I, in BSym,,

i8 Mn-m®? /7 (p), where 7(p) = p1-- - k-

Proof.  Just compute

ally) = Z Zi(go) Nigr) =+~ Nl(Qk)a(BQOQI""Ik)
go=r<n—m
4 =pi
= Y Zig18° Y NignSU -+ Y Nig,)S™
qoFr<n—m aiFp1 ax Epr
T
b1 Pk
P
= MTh-m - u
7(p)

Let A be an algebra with 1. Two idempotents e and f in A are orthogonal if
ef = 0. A sequence of pairwise orthogonal idempotents ey, ... ,e, of A is complete

ifer+---+e,=1.

With I, and I, at hand, Bergeron [3] then constructed a complete family of
orthogonal idempotents {E’)\}, indexed by partitions A = m < n, of the descent
algebra ¥.B,,, More precisely, let A\ = m < n with I[(A\) = k. The idempotent E, is
then defined by

1
E)\ = Qk—]{}' Z Ip7
Alp)=X

with the sum ranges over all compositions p which are rearrangement of the partition

A
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In concluding the study of descent algebras of type B, Bergeron and Bergeron [5]

consider a family of idempotents pt defined by

pm= D, Ex 1<k<n,

AFm<n
I(N)=k

of which the generating function p,(z) is defined by

palz) = Y phat,

0<k<n

The latter can also be expressed in terms of By, that is,

(x—=1)(z—=3)---(x—2r+1)
> o > B
0<r<n gE=s<n
Wq)=r

pn(x) =

The image of p,(z) in BSym,, is easily seen to be

)= 2 (7)) T am =3 (7)) S
i(g)=r

ogr<n g=s<n rzl
lg)=r

Now we make the

DEFINITION 4.3.4.  Define p(z) = an(m).

n>0

The connection between p(x) and &(1)o(1)®=1/2 is clarified by

PROPOSITION 4.3.5.  The image of p(z) in BSym is &5(1)o(1)@1/2,

Proof. 'This follows from

a(pla) = X alpn(e) = X35 (,7 ) 3 5= oo, m

n>0 n>0 r>1
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We have seen in Proposition 4.2.2 that &(1)o(1)*~1/2 span the Eulerian subalge-
bra of BSym, which is commutative. Since (BSym,,, xg) is anti-isomorphic to £B,,,

we conclude that

COROLLARY 4.3.6.  The elements p(x) span a commutative subalgebra of the de-

scent algebra of type B.

We shall denote by &, the commutative subalgebra of the descent algebra of type
B spanned by p(z), and call it the Eulerian subalgebra.

4.4 A one-parameter family of Lie idempotents

Let ¢ be an indeterminate which commutes with all f € BSym.

DEFINITION 4.4.1.  Let I be a composition of n. Denote by I the reversal of I.
Define

1 —1)D=1

L 0 i) 1y,
lfj=n | n—1

I(I) -1

q

where the sum ranges over all compositions of n.

Note that on the right side, R; are the ribbon Schur functions as elements of
BSym. We may replace each occurrence of R; by R; + R(O, 1), thus expressing ¢Z(q)

in terms of R;’s.

ExAmMPLE 4.4.2.  Forn =2,3,4,

©P(q) = i(R + R(o 2) — R(1,1) - R(O,l,l))a
o3 (q) = iQ(QR(?,) + 2R(o 3) — R(Q 1) - R(0 2,1) — R(l 2) — R(o 1,2) T 211?(1 1,1) + 2R(0,1,1,1));
P (q) = %(QR@) +2R (0,4) 1+q+q (R(3 1)+ R (0,3,1) T R(l 3) + R 0,1,3))

RZZ +R022)+ R(211 +R0211 +R(112)+R(0112)

1+q+q ( 1+q+q (
+1+q+q (Raony + Rojo1)) —2Raa01) — 2R01100). O
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The expression for ¢Z(q) looks formidable. However, a comparison of ¢Z(q) with
(1.7) reveals that
_1-q" A - A

on(q) = in (‘I’n(l_q)‘*“l’n(l—_q

). (4.4)

The latter expression for ¢, (q) is preferred over Definition 4.4.1 because the power
sum symmetric functions ¥, are easier to work with as far as the coproduct A (hence
the internal product *p) is concerned. We can say more about the properties of

©B(g), the most important one being the following.

THEOREM 4.4.3.  The element ¢ (q) is an idempotent of BSym,,.

Proof.  First note that by (1.7),

A):n

\Ifn(1
—q 1—-g¢

where ¢,(¢) is a primitive idempotent in Sym,,, so that ¥, (A/(1 — ¢)) is a quasi-
idempotent of Sym with constant n/(1 — ¢™). Proposition 4.1.1 then implies that
U, (A/(1—q))+¥,(A/(1—q)) is a quasi-idempotent of BSym with constant 4n/(1—
¢"). Normalizing ¥,,(A/(1—q)) + ¥,(A/(1—q)) by 4n/(1 —¢") and noting (4.4), the

assertion follows. W

The element ¢”(g) of BSym,, interpolates between interesting idempotents, as

summarized in the following proposition.

PROPOSITION 4.4.4.  We have ¢2(1) = (2n)71®,, ¢2(0) = (4n)~1 (¥, + ¥,,).
Proof. Setting ¢ = 1 and noting that ©2(1) is invariant under reversal, pZ(1) =
(2n) '@, follows. Setting ¢ = 0, the summand is non-zero if and only if maj(I) =

(“DY if and only if I = (1*,n — k), 0 < k < n — 1. Thus, we conclude by (1.5) that

7
L

1 1 -
Bl _ k _
¢, (0) = ™ 0(—1) (Rak i) + Rppiv)) = 4n(‘1’n +Vv,). A

£
Il
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We proved Theorem 4.4.3 by Proposition 4.1.1. Theorem 4.4.3 can also be seen

as an immediate consequence of the more general

THEOREM 4.4.5.  Let q; and g3 be indeterminates that commute with BSym. Then

or(q1) *B 05 (02) = ©F (42)-

A
LEMMA 4.4.6.  We have S, (——) 4 ¥, = .
1—gq 1—qgm

Proof. Let I = (iy,...,ix). By (1.6) and Lemma 4.1.2,

qmaj(I) ]
(]_ - q) A |£ (]_ — qn)(l — q11+12) .. (1 _ q11+...+zk) A
1 ]
Proof (of Theorem 4.4.5). By Proposition 3.4.5, and Example 3.4.2,
08 (1) *5 ©E (g2)

(1—qn)( - g3) A _ A A 4
(4n)? ( (l_q1 1—ql)) B ( (1_q2) 1—q2))

(1—g¢")(1 =) A A A 4
(4n)? ( (1_q1 1—(11)) 4 9( (1_q2 (1_%))

2(1 —g7)(1 = ¢5) A _ A A 4
(4n)? ( (1_q1) (1_q1)) A (1—q2 (1_q2))
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) *a (T4

We compute only \Iln(q

N

A ¥ A

V() (Tl ) + Tl )
- :—:(—ni(n—zmz(l ) Su) a (Wal2) + Tl )
y jz;;(—l)i(n— DA ) ® Sudl ) * AW () + Ta()
- S(—l)’(n — (il ql) Sni(ﬁ))
MO 4861418 () + )
= 1S, (B )+ ()
= o)+ (),
where the last equality follows from Lemma 4.4.6. Thus,
ot sn o) = IO (g, Ay ) )
HO( ) () 4 Tl )
= A () ()
- ) )
= ¢,(q2). W

Setting q; = go = ¢q, we recover Theorem 4.4.3.

Theorem 4.4.5, besides being a generalization of Theorem 4.4.3, also has an im-
plication for the left ideals K(A;)a '(¢B(q)) of K(A;). The commutation rela-
tion @7 (@1) *p @5, (¢2) = ¢r (g2) implies that in XB,, o *(¢7 (¢2))a Her (@) =
a1 (pB(gz)), which in turn implies that K{A;)a 1(p2(g)) C K(A)a HeB(q)).
Interchanging ¢; and g2, we obtain the reverse inclusion. Therefore, the two left

ideals K(A1)a ' (¢B(q1)) and K(A;)a™(¢B(q2)) are identical.
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Since Z(1) = (2n)'®, has image 3l in ¥B,, which projects the free as-
sociative algebra K(A;) onto the space of negative Lie polynomials Lie, (A1) (de-
fined below), the equality of left ideals K(A;)a~!(¢B(q)) for all ¢ then implies that
K(A))a™ ' (¢B(q)) = Lie,, (A;). In particular, K{A;)a"'(¢E(0)) = Lie,, (A;).

4.5 A Dynkin-like idempotent

Recall that the image of ¥, in the descent algebra X, of G, is 6,, whose action on

words of length n is the standard left bracketing, i.e., if w = z1x5 - - - x,,, then

wh, = [[[[331,.%2],.%3], e ]’xn]

The normalized element n~16,, of 3, is an idempotent, called the Dynkin idempotent.
See Garsia [10] for related results. We shall see that the image of ¥, + ¥, in the

descent algebra X B,, also acts on words of length n by some sort of bracketing.

Let K(A;), Lie(A;), and the right action of K[B,] be as in section 4.3. Define an

operation on Ai-words by

§i1ai2 B P— ELZ . 'a/iza/il

in n

and extend linearly to all of K(A;). It is clear that both K(A;) and K[B,] are

invariant under the involutory operation <.

— —

A Lie polynomial P is positive (resp., negative) if P = —P (resp., P = P).
Let Liet(A;) and Lie™(A;) denote the set of positive and negative Lie polynomials,
respectively. Then Lie(A;) admits the decomposition

Lle(Al) = Lie+(A1) (&) Lie™ (Al)

Here, the positive and negative Lie polynomials are the same as those defined in [4],
[3].
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Recall the descent classes A; defined in section 3.5. We now make the

n—1

DEFINITION 4.5.1. 08 = Z(—l)k(A(O’lk’n_k) + Aon—k1k) T Aqk k) T A 1%))-
k=0

PROPOSITION 4.5.2. We have

> Alor, 00, 00] + (1) o1, 00, ., 0]

o€EB,
01<---<0p

where [T1, %o, ... ,x,] = [[[[x1, T2], 3], - - - ], Tn]-

EXAMPLE 4.5.3. The increasing sequences of By are 123, 123, 213, 312, 213, 312,
321, 321. So,

2
Z Ao,k n—k) T An-k1¥) T Ak noi) T A1)
k=0

=[1,2,3]+[1,2,3] + [2,1,3] + [3,1,2] + [2,1,3] + [3,1,2] + [3, 2, 1] + [3,2, 1]
+[1,2,3] +1[1,2,3] +[2,1,3] + [3,1,2] + [2,1,3] + [3,1,2] + [3,2,1] + [3,2,1]. O

Let I be a pseudo-composition of n and A; = > o be a descent class. Define
C(o)=I
refined descent classes AIjE of A as follows:

= > o

C(o)=I
+o,>0

It is obvious that the descent class A; admits the decomposition

Ar = Af + A7

The descent classes in the right hand side of Definition 4.5.1 pair up in the following

manner.
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LEMMA 4.5.4. We have

D>/~\

©,1%n—k) T Ak k) = An—k,1%) + Am—k15),

and

D>/~\

On—k,18) T Ak, %) = A©1% n—k) + Ak nk)-

Proof. Since gy > - >0 > 0511 < < 0p <= 0, < - < Tpp1 >0 > -+ >

a1, it follows that

_ 5= - + -
(0,1Fn—k) T A(l’“,n—k) - A(O,lk,nfk) + A(O,lk,nfk) + A(l’“,nfk) + A(l’“,nfk)

_pt + - -
- A(O,nfk,lk) + A(nfk,lk) + A(O,nfk,lk) + A(nfk,lk)

D;/\

= An-k1%) T Am—k,1%)-

The remaining assertion follows from similar calculation. M.

(_
COROLLARY 4.5.5.  We have 62 = 65.

%
LEMMA 4.5.6.  We have [o1,... ,0,] = (=1)" [51,...,54].
Proof. Induction on n. When n = 2, [01,03] = 0109 — 0901 = 0201 — 0102 =
—[01, 02]. Assume that it is true for k. Then by the definition of [0y, ... ,0%41] and

the induction hypothesis,

[Ula ce s Oky Opq1] = [‘71; co 5 Ok)Okg1 — Opg1[01, ..., O]
N ) Lo Y AUUUT: T SR AT
= (=D*a1,...,0k4). W

Let w = z1 - - - x,, be a word. Denote by w = x,, - - - 21 the reversal of w. When the
letters 1, ... , z, are distinct, two words u and v are called constituent subwords of w

if w is a shuffle of u and v. We need one more result before proving Proposition 4.5.2.
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LEMMA 4.5.7. Let oy < ---< 0, be given. Then

[01,...,00] = Z(_l)d(m---Wn)Trl T,

where the sum ranges over all words 7 - - - m, obtained by concatenating W1 and wo,
where wy, wo are constituent subwords of o, the first letter of wy being equal to o4,

and d(my - - -m,) = #{i: m; > mip1} the number of descents of my - - - mp,.

Proof. 'The proof is by induction on n. The assertion clearly holds when n = 2.

Assume that it is true for k. Then by the definition of [0y, ... , 0x4+1] and the induction
hypothesis,
[017 <o 0k, 0k+1] = [01) s aak]0k+1 - Uk+1[01: s ;Ok]

E : d(nt -t ) 1 ! } : d(m!ml! " "
— (_1) ( 1 k)7r1...7rk0'k+1 — (_1) ( 1 k)0k+17r1 ...fﬂ'k

7rI "

_ Z(_l)d(wl...mﬂ)ﬂ.l T,

™

e

because d(opii7y - 7)) =1+d(n)---7)). N

EXAMPLE 4.5.8. Let a < b < ¢. Then [a,b,c] = [[a,b],c] = abc — bac — cab +
cba, where in the right hand side, (w,ws) are (&,abe), (b, ac), (c,ab), and (bc,a),

respectively. [

We are now ready to prove Proposition 4.5.2. We shall first prove

n—1
Z [Ula <. 7071] = Z(_l)k(A(lk,n—k) + A(O,lk,n—k))'
0EBy, k=0

01<<0p

Let 0 =0y ---0, € B, be such that 0; < --- < g,. The latter condition is equivalent

to saying that 0; < o; if and only if 1 < j. If wy = 0y, --- 05, and wy = 0103, --- 05,
are constituent subwords of o, where j; < --- < jy, and 1 < 45 < -+ < 9, then
Wwe = 0y, -+ 05,0104 -+ 0;_, = 7 has descent composition C(7) = (1¥,n — k) or

(0,1%, n— k), depending on whether o;, > 0 or not. Also, d(m) = k. Conversely, given
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a signed permutation m € B, of descent composition either (1*,n—k) or (0, 1%, n—k),
ie, m > -+ > M > M1 < --- < m,. There is exactly one way to interlace
T < --- <m and mg4q < --- < 7, to give an increasing word m;, < --- < m; of B,.
Thus, the correspondence just described is bijective. Summing over all o7 < - -- < 0,
the above assertion follows. Now, applying <— to what we just proved, by virtue of

Lemma 4.5.4 and Lemma 4.5.6, we have that

n—1
S ()" o0 =D (DA prr) + Apkar))-
ocEB, k=0

01<<0p
Summing the two displayed equations, Proposition 4.5.2 follows. M

Now, let K = Q, and w = 0 € B,. Then wf? € Lie, (4;) N Q[B,], so that
Q[B.]((4n)7168) C Lie, (A1) N Q[B,], as B,-modules. To show that the inclusion is
indeed an equality, we resort to a dimension argument. We have the following result

from Reutenauer [29].

THEOREM 4.5.9.  Let K be a field, and G a finite group with identity element 1. Let
P = veq G0 be an idempotent of the group algebra KG. Then dim KGp = |Gla,

where ay 1is the coefficient of 1 in p.

Take G = B,. The coefficient of 1 in (4n)7'05 is easily seen to be (2n)~'.
Therefore, dim Q[B,]((4n)163) = 2"n!(2n)~! = 2"71(n — 1)!. But this is precisely

dim Q[B,](31(n)), as computed by Bergeron in [3].

4.6 A character formula

Let A, be the alphabet {1,2,... ,n}, and K{A,) the free associative algebra generated
by As. It is clear that the group algebra K|[G,] is a vector subspace of K(Ajy). The

right action of ¢ € &,, on the Ay-word w = x1x5 - - - x) is defined by

. ifk=n,
0 it k #n.

55013302 SRR
wo =
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By linear extension this defines a right action of &,, on K(A,), and hence on K[&,,].

Let p be a Lie idempotent of &, i.e., an idempotent in the group algebra K[&,,]
of G,, such that

K[&,]p = Lie(42) N K[G,], (4.5)

where the right hand side is the multi-linear part of degree n of the free Lie algebra
Lie(As) generated by Ay. The left action of &, on the left ideal K[S,]p is the Lie

representation of &, the character of which [29] is given by

XLie = Z 0,00’1.

c€G,

It is well-established that the Lie representation of &,, can be obtained by inducing
the one-dimensional faithful representation y,: 7v* — w’ of the cyclic subgroup C,
generated by the n-cycle y = (nn —1---21) to &, where w is a primitive nth root

of unity, i.e.,

) 1 _ 1 _
V=m0 = e 3w = 2 3
n Ween WEGn

See [10] or [29].

In view of Lemma 4.5.6, it is natural to consider the element of the group algebra

of B,,, namely

p= %(p +(=1)"""ep),

where € = 12---7, and p is a Lie idempotent of &, satisfying (4.5). Note that
€ commutes with all ¢ € B, hence with p (because p is a linear combination of

o€ By,).

LEMMA 4.6.1.  The element p is an idempotent.
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Proof. Since €p = pe and p? = p. We have

(p+ (=1)""ép)(p + (—1)""€p)
(p* + (=1)" " pép + (—1)"""ép* + €pép)
(p+(-1)*'ep)=p. W

N N

It is a standard result in representation theory [29] that the character of the action

of B, on the left ideal K[B,]p is given by

Since K[B,]p = Lie, (A1)NK|[B,], pis thus the character of a Lie-like representation of
B,,. We now show that p is also obtained by inducing a one-dimensional representation

of a subgroup of B,,. Let

~

Co=(1,8={Fy:0<j<1,0<i<n—1}
Define x,,: C,, = K by

I W' if j =0,
Xo(87') = .
(—1)" Lt if j =1.

It is straightforward to verify that yx, is a representation of C,.

THEOREM 4.6.2.  We have p = indg: Xeo-

Proof. Extend Y, to B, by setting x,,(0) = w' if ¢ = w* for some 4, and 0 otherwise.
Then ¥, (0) = Xu(0) + (=1)""'x,(0€). Let 7,7s,...,Ton be a transversal of &, in
By, ie., B, =116, + 16, + -+ 1:.6,. We write 7,7 !(c) to mean X, (ror™1);

the argument o will be omitted for clarity. Since € commutes with all 7 € B,, we
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have

Cn Z

TEBy,

Denote by type(o) the cycle type of a permutation o of &,. The character of the

Lie representation of G,, at ¢ is given by

1 n
Zn/p 0N ; — /P
. p"P(=)u(p) if type(o) =p
Xiie(0) = indg" xu(0) =4 ™ P : (4.6)
0 otherwise

where p is the number-theoretic Mobius function.

Stembridge [35] studied the ordinary representations of B,. Consider B, as a
finite Coxeter group having a set S of generators given by S = {s¢, s1,S2,--- ,Sn_1},
where s; = (17 + 1), 1 < i < n — 1, are the simple transpositions, and sy = (11).
For any element 7 of B,, m can be written as a product of cycles. Conjugating
m by s;;, 1 <17 < n— 1, preserves the sign inventory in each cycle, On the other
hand, conjugating 7 by sy changes the sign of two entries in some cycle. Hence a
conjugate class must have a prescribed number of cycles with even parity and odd
parity. So, the cycle type of 7 € B,, denoted by type(w), consists of a pair of
partitions (), p) such that |A| 4+ |u| = n, where A, u denotes respectively the lengths
of positive, negative cycles of m. The (), u)-class has 2"n!/(2{V+1) 2y 2 ) elements,

where if A\ = 1"12™2 ... then z), = 1"™12™2 ... mqlmy!---.
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5
ExAMPLE 4.6.3.  The signed permutation m = of B; has cycle

type (3%,2Y). O
We have an analogous character formula for p, as follows.

COROLLARY 4.6.4.

(14 (-1 N@p)MP(2)up) if type(r) = (p*?, @) and p=0 (mod 2)
sy = L (2p)"7 () 1u(p) if type(m) = (p"?,@) andp=1 (mod 2)
20| (=1)m1(2p)"/? (2) ! u(p) if type(r) = (&,p"?) and p=1 (mod 2)

0 otherwise.

Proof. Let m € B,. Then

e () = %(217)”/;0(%)!#(])) if type(ﬂ-) = (p”/P’ Q)
(ZTzXLle 1 )( )— 0

otherwise,

where the factor 2™/? arises from sign changes. If type(m) = (p™/?,@) and p = 0
(mod 2), then type(né) = (p™?, &) and

[1+ (—1)”‘1](2p)”/p(%)!u(p)_

1 _ nl
‘§<Zn><men- ) (+ (—1)" me) = 7

If type(m) = (p/?, @) and p=1 (mod 2), then

(2p)™/2(2)!u(p)

1 -
T2 (Z TiXLieT; 1) (m) = 27117
2

If type(r) = (@, p™P) and p = 1 (mod 2), then type(mé) = (p™?, D) so that

(=)™ (2p)"/P(2)!u(p)

71 !
() - CIEEND
%

plr) =
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In [2], Bergeron considers a hyperoctahedral analogue of the free Lie algebra.
Amongst other things, Bergeron proves an induction formula similar to Theorem 4.6.2,
and gives a character formula similar to Corollary 4.6.4. The difference between
Bergeron’s results and ours lies in that the Lie polynomials in our case are invariant
under signed reversal, whereas Bergeron’s Lie polynomials are invariant under sign

change only. The sign factor (—1)"! in p reflects this little twist.
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Chapter 5

Noncommutative Generalizations

of Numbers of Euler

Two classical classes of numbers of Euler which are of combinatorial significance are
the Eulerian numbers A,, 5, which count the number of permutations o € &,, with k
runs, and the Euler numbers F,,, which count the number of alternating permutations
o € &,. It is shown in [13] that these Euler’s numbers admit noncommutative
generalizations, defined as the image of the formal sum of permutations, prescribed
by the number concerned, in Sym. The purpose of this chapter is to generalize further
these noncommutative Euler’s “numbers” to the hyperoctahedral groups of type B.
In the first section, we give a noncommutative analog of the Eulerian numbers of type
B. Several bases of the Eulerian subalgebra are also discussed. In the second section,
noncommutative Euler numbers of type B are studied, and from which formulas for

the Euler numbers of type B as well as refinements of them are derived.

5.1 Eulerian polynomials of type B

The noncommutative Eulerian “numbers” generalize readily to BSym. We may as
well define the noncommutative Eulerian polynomials. The definitions are as natural

as one would expect.
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DEeFINITION 5.1.1.  The FEulerian number of type B is defined by

and the Fulerian polynomial of type B by

Aat) =Y ADTR =Y " A(n, k)", n> 1

[Il=n k

For convenience we set A(0, k) = A(n,0) = 0.

EXAMPLE 5.1.2. ;1(3, 2) = R(o,g) + R(le) + R(LQ); jlg(t) = R(3) +t(R(0,3) + R(g,l) +
R(1,2)) + tZ(R(O,Z,l) + R(o,1,2) + R(l,l,l)) + t3R(0,1,1,1)- U

The exponential generating function for A, (t) becomes

R 1 tl(I)—lRI
PropPOSITION 5.1.3.  5(1)[1 —to(1)]"! = Z Ao
I
Proof. 'We have
Z tl(I)RI — Z ey Z l(I) —I(J
I|=n I|=n J=<I
= Z (—1)4D g7 Z(_t)l(l)
|J|=n JI
- Z (_1)l(J)§J Z (—t)#T+1 -
|J|=n S(J)CTC[0,n—1] (5.1)
= Z (=1)4D G Z <n + 1]; l(J)) (=)D +k
|J|=n k>0

J|=n
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Therefore,

s —te(1)] ' = 1_tZS (1—1—_1:ZS>

m>0 j>1
tk ~
_ (m,J)
- Z (1_t)k+1 Z S
m,k20 1(J)=k
tk =1
- Z (1 — ¢k Z S
n,k>0 |I|=n,(I)=k+1
1
_ n+1—1(I —1aI
- Z(l_t)n-l—l Z(l_t) S
n>0 [Il=n
1 -
= D g 2 by (5.1)
n=0 [Il=n

_ Z fm;lﬁil, =
— (1-1)

We can obtain an explicit expression relating A(n, k) and the Eulerian idempotent

F(1)o (1)1,

- zHl Loy — k
PROPOSITION 5.1.4.  &(1)o(1)®V/2 = ZA(TL, k)( 2 . )

Proof. 'The left hand side of Proposition 5.1.3 can be written as

L —to()] =D t"5(1)o(1)

m>0

whereas the right hand side can be expanded as

tl(I)—lR 1 B B
;W= ZWZA(”ak)tk 1
n—i—l) . b1
_ #5" A(n, k)t
o ()

_ ZthA(n,k)<n+m:1_k).

m>0  nk
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Equating the coefficients of t™, we get

n

F(Do()™ =" A(n, k) (” Fm - k) (5.2)

Since the coefficients of A(n, k) in the right hand side are polynomials in m, (5.2) still
holds for any m. Replacing m by (z — 1)/2, the proposition follows. N

The next corollary, the B,, noncommutative analogue of Worpitzky’s identity [7],

is an immediate consequence of Proposition 5.1.4.

= pn—k
COROLLARY 5.1.5. meE ZA n, k) < )

n
m=>0 k>0

Proof.  On noting Definition 4.2.3 and taking components of weight n on both sides
of Proposition 5.1.4, the result follows. W

The element ¢(m) defined by (2.4), which after renaming m by z, and r by n, can

be rewritten as

¢(x):2<—+n— ) Z 7r_Z<z+1+n— ) _

k>0 k>0 UC(m))=k

But the right hand is easily seen to be the image of that of Corollary 5.1.5 in X B,,.
In other words, ¢(m) is nothing but a disguised form of the Worpitzky’s identity, and
the elements e; defined preceding Theorem 2.4.3 are the images of ED in ¥.B,.

Besides A(n, k), there are other bases for the Eulerian subalgebra E,. One of
which is the following:

DEFINITION 5.1.6. M = Z Sr.

[T|l=n
I(I)=k

PROPOSITION 5.1.7. Y 2*7'(1+ )" * A(n, k) Zx’“M K,
k
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Proof. Setting t = /(1 + z) in (5.1), we get

k i) g1
T
A = —_.
S0k (155) = X e

[I|l=n

Multiplying both sides by (14 z)"*! and rearranging the sum on the right, we obtain

Zfl(n,k)(l n—|—1 k ok Zx Z S — Zkagd
k k

k [|=n
l(I):Ic

We can also derive a relation between E and M

I_—l -
PROPOSITION 5.1.8. meE => (k 1>M,[L’“].
k

Proof.
Fm] (2-1)/ = &I =\ prim
m m| _ =~ rz—1 2 _ 2 m
n§mja: ElM = 5(1)o(1) ;m: (m > 1) l?: ST = n§m: (m a 1) MY
b ) l([);m b

Taking components of weight n on both sides, the proposition follows. W

Yet another basis for the Eulerian subalgebra can be given. Define S to be the

term of weight n in 6(1)co(1)P~'. More precisely,

N —1\ -
LEMMA 5.1.9. We have S,[f’] = Z (1]: 1>M7[Lk].
k>1

Proof. Setting (x — 1)/2 = p — 1 in Proposition 5.1.8, the result follows. M

The relationship between S’ and A(n, k) is clarified by

PROPOSITION 5.1.10.  We have S¥! = Zﬁ(n, k) (n TP- k)

n
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Proof. Upon setting p = (z + 1)/2, Proposition 5.1.4 becomes
; —k
=3 A, k) (““’ )
n,k n

Taking the term of weight n on both side, the proposition follows. .

Proposition 5.1.10 expresses 52! as a linear combination of A(n, k). The inverse

relation is given in the next proposition.

k
. . 1\ -
PROPOSITION 5.1.11.  We have A(n,k+ 1) = E (—1)° <n+ )S[k“ 1,

, 1
1=0
Proof. Taking the component of weight n of

> g - )] = Y s

p21

we have

> = ey

n>1 p>1

Multiplying both sides by (1 —¢)"*! and expanding by the binomial theorem, we get

n+1
St Amk+1) = Y @15 Z ("': 1)(—1)th

k>0 p=>1
n+1\ -
tlc _1\T [k—|—1—r]_
DY 1>( E
k>0 r=0

The proposition now follows by equating the coefficients of *. W

In [13], a similar quantity S for the Eulerian subalgebra of type A, is defined as

the term of weight n in ¢(1)P. A formula of SP is also given, namely

=y s

[I|l=n
Un<p
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This formula, as stated, is misleading. For example, if n = 3 and p = 2, then
according to the formula, S¥! = S0 1 521 1 §6). However, in o(1)2 = (14 S +
So4+--)A+S1+S2+--+), SE[,,Q] =25G) + 8012 1 51 A more precise formula for
S is
o] _ p I
=3 (4) X s
k1 I=n
(I)=k
The commutative Eulerian polynomials of type B are well-known. See Reiner [28]
and Steingrimsson [34]. The exponential generating function for the commutative
Eulerian polynomial A, (t), as given in Steingrimsson [34], is
N n 1—1¢ z(1—t)
Y A% = ﬂ‘
al T 1= e D

n>0

2z(1—t

By expanding the denominator as a power series in te ), followed by expanding

the exponentials, and then equating the coefficient of 2" on both sides, we obtain

Au(t) = (L=t 2k + 1), (5.3)

Expanding (1 — #)"*! by binomial theorem we have the following formula for the

Eulerian numbers fln,k of type B.

k

~ 1

An,k=§ (—1)J(n;r )(Zk—2j+1)”, k=0,1,2,...,n.
=0

The first seven A, (t) are listed in Table 5.1.

The Eulerian numbers A(n, k) and polynomials A, (t) are the noncommutative
analogues of the Eulerian numbers A, ; and polynomials A, (t) for the hyperoctahe-

dral groups B,,.

In the case of Sym, the “normalized” Eulerian number A, ;/n! can be obtained

by the specialization S,, — 1/n!, which was adapted from Foulkes [9] for commutative
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An(t)

1+t

1+ 6t + 2

1+ 23t + 2312 + 3

1+ 76t + 230t% + 7613 + t*

1+ 237t + 1682t% + 16823 + 237t* + t°

1+ 722t + 10543t% + 235483 + 10543t* + 722t° 4 16

1+ 2179t + 606572 + 259723t2 + 259723t* + 60657t> + 2179t6 + ¢7

O Uk W~ S

Table 5.1: Eulerian polynomials A, (t) of type B, forn =1,2,...,7

symmetric functions. A similar specialization can be given for BSym.

DEFINITION 5.1.12.  Define ¢: BSym — K by ¢(S,) = 1/n!, ©(S,) = 2"/nl,
and extend algebraically to all of BSym.

Call a signed permutation o = 0109 -0, € B, increasing if 01 < 09 < - -+ < 07y,.

LEMMA 5.1.13.  There are 2™ increasing sequences in B,,.

Proof. Let w, be an increasing sequence in B,,. Then w,, is of the form either w,,_n
or nw,_1, where w,_; is an increasing sequence in B,,_;. Thus, if I,, is the number of
increasing sequences in B,,, then I, = 21, ;. It is clear that I, = 2. Hence, I,, = 2".

The purpose of Lemma 5.1.13 is to pave the way to proving

PROPOSITION 5.1.14.  Let I = (41,42, ... ,ix) be a pseudo-composition of n. Then

n!cp(S’I) 18 the number of signed permutations o of B, with descent composition

Co)=x I
Proof. By the definition of ¢,

i ~ ot Fig | ) 4 n
AR 7;177;2,-.. ;ik
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n
There are ways of choosing disjoint subsets S, Sa, ... , Sk of [n] whose

7;1’7;2:"' 72'10
union is [n|, with #S; = ¢;. There is only one increasing sequence in g, (Sy

consists of the empty sequence only); there are 2% increasing sequences in Bs;, 2 <
J < k. By concatenating these increasing sequences, we obtain signed permutations
whose descent composition < I. But, from the above equation, the number of signed

permutations so-formed is precisely nl¢(S?), proving the proposition. M

ExAMPLE 5.1.15.  For I = (2,1), the pair of subsets (Si,Ss) of [3] can be either
({1,2},{3}), ({1,3},{2}), or ({2,3},{1}); the sequences formed as in the proof of
preceding proposition are 123, 123, 132, 132, 231, and 231, which have descent com-

positions < I. [
By inclusion-exclusion, we have

COROLLARY 5.1.16.  Let I = (iy,19,... ,1) be a pseudo-composition of n. Then

n!g@(RI) 18 the number of signed permutations o of B, with descent composition

C(o)=1.
As an immediate consequence of Corollary 5.1.16, we have

PROPOSITION 5.1.17.  The image of A(n, k) under ¢ is (n!)~! times the Eulerian

number fin,k for B,.

Proof. 'The proposition follows from

. Z #{O'EBnIC(O')II}:An,k

O B
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5.2 Euler numbers of type B

A permutation o in &, is said to be alternating (or up-down) if 01 < 09 > 03 < 04 >
-+, and reverse alternating (or down-up) if o1 > 09 < 03 > 04 < ---. The number

E, of alternating permutations has a nice generating function [1], namely,

x'ﬂ
Z E,— =tanz +secx. (5.4)
e
Steingrimsson [34] gave a generalization of this result to the so-called indexed per-

mutations, a disguised form of the wreath product, which was also studied by Poirier

[26], a special case of which is the hyperoctahedral group B,,.

We shall define alternating and reverse alternating permutations ¢ in B,, in the
same way as in &,,. Here, the sign of o; is unrestricted. It is easy to see that
alternating signed permutations and reverse alternating signed permutations of B,
are equi-numerous, as the map ¢ = 0y---0, — 0 = 01 ---0,, Where 5; = —0;, is
clearly a bijection sending an alternating element to a reverse alternating one, and

vice versa.

Denote by E, the number of alternating signed permutations of B,. The first
ten values of E, are given in Table 5.2. It is convenient to record E, by means of a

generating function, namely

E Enx—, = tan 2z + sec 2z. (5.5)
n!
n>0

This result has a noncommutative generalization, as we shall see shortly.

Noncommutative sine and cosine functions are defined in [13] as

COS = (=1)'Sy, SIN = (=1)"Sais1,

i>0 i>0

and other noncommutative trigonometric functions are then defined in terms of them.

For example, the noncommutative secant SEC = (C0OS)~!, and the noncommutative
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tangents TAN, = (COS)™!- SIN, and TAN, = SIN -(COS)~!. Motivated by (5.4),

the noncommutative Euler “numbers” are then defined by
Ton = R TV =R TV =R (5.6)
2n (27)>  Lontl (1,27),  font1 (2,1)- .

This choice of symbols by the authors of [13] is defective, in the sense that the letter
T apparently stands for Tangent numbers; but the secant number counterpart is
unfortunately missing, as the letter S is already in use to denote the homogeneous

functions.

The noncommutative generalization of (5.4) is given in Proposition 5.23 of [13],

recollected below.

PROPOSITION 5.2.1.  One has the following identities:

SEC =1+ Ty,

n>1
TAN, =Y T¥.,, TAN, =3T3,
n>0 n2>0

LEMMA 5.2.2. We have

) SEC =Y (=1)"MDS where 2T = (24, ..., 2ix) if I = (ir, ... ,ix),
I

(11) TAN[ = Z m i SQI Z SQ]+1;

I 7=>0
(iii) TAN, = Z(_l)j52j+1 Z(_l)lllfl(I)SQI;
320 1

with sums range over all compositions I.

Proof. (i) follows from

SEC = (1 — Z(—l)i_152i> 7 = Z (Z(—l)i_ISQz)

i1 n>0 \ix1
Z Z |1| —I(1) g2T _ Z( )m —U(1) g2T
n>0 I(I)= I
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(ii), (iii) follow from (i), TAN, = SEC - SIN, and TAN, = SIN - SEC. W

We already have the trigonometric functions in S; in place. It is natural to intro-

duce their S; counterparts, as follows.

DEFINITION 5.2.3. The noncommutative trigonometric functions of type B are

defined by
COS = Z(—l)i§2i, SIN = Z(—l)igmﬂ-

i>0 i>0

We shall not introduce the B-analog of T. Instead, we use the ribbon Schur
functions R; with I of the form (0,2%), (2%), (0,27, 1), (2%,1), (0,1,2%), or (1,29, to
denote the corresponding noncommutative Euler number. The leading 0 in I, if any,
indicates the presence of descent at position 0, thus offering a refinement of the E, in
(5.5). The generating functions for the Euler numbers R; can be expressed in terms

of trigonometric functions in S; and S’i. This is reported in the

PROPOSITION 5.2.4. We have
@) Y Ry = (1 COS) SEC.
i>1

(i) Y Rygpry = COS - SEC — 1.

i>1

(iii) Y Ry = SIN + (1 — COS) TAN,.

i>0

(lV) ZR(O’%’U = ab-g . TANl - gj]JV

>0

(V) ZR(LQi) = ;Sf'ﬁ/\f . SEC

>0

(Vi) )" R, = (SIN —SIN) SEC.

>0

98



Proof. (i) By inclusion-exclusion,

ZR(W — Z Z(_l)i—l(I)S@I‘

i>1 i>1 [1]=i

IfI= (il,... ,ik), then let I = JK, where J = (7:1), 11 > 0, and K = (ig,... ,ik),
possibly empty. It is obvious that I(I) = 1+1(K) so that i — () = i1 — 1+ |K|—I(K).

By Lemma 5.2.2 (i), the above equation becomes

Zz‘>1 R(w‘) = Z Z |J\+|K\ I(1)-UK) §2T g2K

i>1 6y +|K|=i
11>0
— _§ : 1152 § : 1)|K\ (K SZK
11>0 K

= (1- COS) SEC.

Thus, (i) holds. Since T, = R9i) = R(O,Qi) + R(Qi). (ii) follows from (i) and the first

identity of Proposition 5.2.1. For (iii), by inclusion-exclusion,

YRy =X 3 (0

i>0 20 1<(24,1)
Note that if I = (4,...,4) < (2,1), then either I = (2§ + 1), 5 > 0, or [ =
J - 2K - (25 + 1) for some composition J, K, with J = (2k), & > 0, K possibly
empty, and j > 0. It is easy to see that 2: +1 = |I| = 2|J|+ 2|K|+ 25 + 1 and
I(I) =1(J)+1(K)+1imply that i+1—1(I) = |J|—I(J)+|K|—1(K)+j. Incorporating

these changes in the previous line, and using Lemma 5.2.2 (ii), we conclude that

ZR(zi,l) = Z(_l)j§2j+1 + Z(_l)k_lg% Z(_ |K| 10 52K Z JSZHI

i>0 30 k>0 K §>0

= SIN + (1 - COS) TAN,,

which is (iii). For (iv), using (iii) and the second equality of Proposition 5.2.1. To
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34816
354560
4063232
51733504

S © 0o otk w S
w
O
S
=~

Table 5.2: Euler numbers E,, of type B, forn=1,2,...,10.

prove (v), we invoke the inclusion-exclusion again, obtaining

ZR(l 2i) Z Z z+171(1)§1.

i>0 i20 1(1,20)
We can write I = (2j + 1) - 2K, where j > 0, K a composition, possibly empty. The
conditions |I| = 2i +1 = 2j + 1+ 2|K]| and {(I) = 1 + I(K) yield that i + 1 — I(I) =

Jj+ | K| —I(K), so that the preceding equation becomes

3" Ruony = 3 (—1)8y0 3 (~1) K9 $2K — SIN - SEC,

i>0 §>0 K

where the last equality holds by Lemma 5.2.2 (i). Finally, (v) and the last equality
of Proposition 5.2.1 together give (vi). W

Recall the map ¢ as in Definition 5.1.12. Let z be an indeterminate commuting
with BSym. We can extend ¢ to a homomorphism ¢,: BSym — K|[z| by defining
©,(S,) = 2" /n! and ¢,(S,) = 272" /n!, and extending algebraically to all of BSym.
It is clear that ¢,(37) = ¢(87)21. Clearly, ¢,(COS) = cosz, ¢,(SIN) = sinz,
©,(COS) = cos2z, ¢,(SIN) = sin 2z, and ¢,(TAN,;) = ¢,(TAN,) = tan2z. So,

COROLLARY 5.2.5. We have
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i) ng(ﬁ{(zi))z% = (1 — cos z) sec 2z.

i>1

(ii) ng(R(o 0iy)2”" = cos zsec 2z — 1.

1>1

(iii) Z @(R(gi’l))z2i+1 =sinz + (1 — cos z) tan 2z.
i>0

(iv) Z @(R(0,2i.1))2* " = cos ztan 2z — sin 2.

i0

(v) Z SO(R(in))ZQiH = sin z sec 2z.
i>0

(vi) Z QO(R(O 1,2i1)2° = (sin 2z — sin 2) sec 2z.
120

Simple algebra will show that the right sides of (iii) and (vi) are equal, and so are

those of (iv) and (v). The sum of (i)—(iv) of Corollary 5.2.5 is

z{[ga ) + @(R(O 22))],2 + [p(R (2i1)) + (p(R(O 9 1 ))]22”1} = sec 2z + tan 2z,

>0

the right hand side of which is the same as that of (5.5). Thus,

o(R2)) + p(Re2) = )"

E2z'+1

—_—  =0,1,2,...
(22-‘1-1)" ? 3 Ly 4y

o(Rein) + o(Roain) =
ShOWing that R(21) = R(Ql) + R(O’Qi) and R(Qi’l) = R(Qi,l) + R(O,Zi,l) are the noncommu-
tative generalizations of E, /nl. Since TAN, and TAN, have the same image under

¢, we may as well form the sum (i)+(ii)+(v)+(vi), which gives the same result.

EXAMPLE 5.2.6.  We have

~ ~ ~ ~ 3904 E
(P(R(272,2) + R(0727272)) — ¢(5(0,2,2,2) _ 5(0,4,2) _ 5(0,2,4) + 5(0,6 ) 6

6 6
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ExAMPLE 5.2.7. We can obtain the number of alternating signed permutations
of B, in which 0 is a descent, denoted Eo,n, from Corollary 5.2.5. For example, the

series expansion of the right side of Corollary 5.2.5 (i) is

122 n 23 , 1141 ¢ n 103823,28 n 15151981,210

12
21 T 8l 10! +0(=7),

from which we obtain that E’O,Q =1, E0,4 = 23, Eo,f; = 1141, etc. O

Formulas for @(R(zi)), @(R(O’Qi)), ga(f%(mi)), and QO(R(O’LZi)) can also be given. Let

us first give two useful formulas, adapted from Sachkov [30], namely

_ g2k
sec 2x = ZE%@,
k0
£2k—1
tan2z = Y (—1)F7" By 271 (2% — 1) Ok
k>1 ’

where By is the kth Bernoulli number, and Ej is the kth Euler number of type B.
By equating the coefficients of 2% /(2k)! in the series expansion of 1 = sec 2x cos 2,

we have the recursive formula for Eo:

where Fy = 1.

PROPOSITION 5.2.8. We have
. ¢ 9%\ -
0 (R = 3 (-1 (51 ) B
k=0

1—

) olz) = 31+ (54) B

k=0

e ) 3 Z - 2/L + 1 D
(iii) QO(R(l,zi)) = ‘P(R(O,T}l)) = (=1) k( 2k )E%}
k=0
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- _ ! i %+ 1\ -
(vi) SD(R(O,LTJ)) = SD(R(21',1)) = Z(—l) k(22( AR 1)( 2% >E2k-
k=0

Proof.  Since the proofs of (i)—(iv) are of the same spirit, we only prove (i) and omit

others. The right hand side of Corollary 5.2.5 (i) can be expanded as

(1 —cosz)sec2z—1= Z l+1 =

!

>1 k>0
l—HE
- Ty G-
= 2 1
>0 k+l=1 (ZZ)
— Z ' z k+1< )EZk-
i;l

Equating the coefficients of 2%, (i) follows. M
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