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ABSTRACT

Polytopes, Permutations, and the Bin Packing Problems

A dissertation presented to the Faculty of the
Graduate School of Arts and Sciences of
Brandeis University, Waltham, Massachusetts

by Marguerite Ann Eisenstein-Taylor

We consider the NEXT FIT and DUAL NEXT FIT algorithms for the one-dimensional
bin and dual bin packing problems. We introduce polytopes derived from these
algorithms in such a way that each polytope corresponds to an arrangement of objects
into bins produced by one of the bin packing algorithms. In the case of a continuous
uniform distribution on object sizes, the volume of this polytope is the probability
that the corresponding arrangement occurs.

In the dual bin case, we calculate the expectation and variance for the number
of bins used and calculate a (three-variable) generating function for the probability
that a given number of objects uses a particular number of bins. We furthermore
introduce a map on the unit hypercube that transforms the problem into a question
of permutation enumeration. In the process, we generalize the hook decomposition [5]
of Gessel and provide a combinatorial explanation of why the generating function for
the dual bin case specializes to the generating function for derangements.

We proceed to calculate the continuous and discrete generating functions in the
threshold k dual bin packing problem, and generalize the restatement as a question
of permutation enumeration, introducing the k-hook decomposition of permutations.

The techniques we have introduced for the dual bin case can be modified for the
bin packing problem. We do this and reduce computation of polytope volume to
enumeration of permutations according to their numbers of maximal runs or peaks
and valleys. As a result, we directly recover the expectation and variance results of
Hofri [10, 9] as well as Hofri’s generating function for the capacity 1 bin case.

We introduce the notion of a “k”-marked permutation shape in order to generalize
the combinatorics for the capacity 1 bin case to the capacity k situation. As a result,
we are able to explicitly calculate the capacity 2 generating function.
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CHAPTER 1

Introduction and Preliminaries
1.1. Introduction

Previous considerations of the one-dimensional bin and dual bin packing prob-
lems ([10, 9, 1]) have concentrated on examining the efficacy of different packing
algorithms, analyzing them via probabilistic methods. In this dissertation we ex-
amine the inequalities derived from the simplest algorithms, NEXT FIT and DUAL
NEXT FIT. We use these inequalities to define polytopes, then calculate generating
functions, expectations, and variances by examining the volumes of (or number of
lattice points in) these polytopes. To do so, we make use of transformations similar
to those discussed by Stanley in [14] and [13], thereby either expressing the volumes
in terms of Eulerian numbers or converting the problem into one of permutation
enumeration. We then apply enumeration techniques developed in [2], [6], [12], and
[8].

We first directly calculate the generating function for the threshold 1 continuous
and discrete dual bin packing problems. We accomplish this by calculating the
volume of the polytopes corresponding to single bins, and then considering a dual
bin arrangement to be an element of a free monoid whose primes are full bins,
followed by a leftover bin. A similar method gives the generating function when the

object sizes follow a discrete distribution.
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We use the generating function to derive a closed form for the generating function
for the expectation of how many bins a sequence fills. We give an explicit formula for
the expectation as well as an asymptotic approximation together with a bound on
the error. We use the techniques of Wilf [15] to find an asymptotic approximation
for the variance, as well as a bound for its error term.

We then convert the problem into one of permutation enumeration. We introduce
the hook-shape decomposition set, generalizing a construction of Gessel in [5]. We
then define a function that bijectively takes polytopes corresponding to dual bin
arrangements to polytopes corresponding to hook-shape decomposition sets.

We next consider the threshold & case of the dual bin problem. We calculate the
continuous distribution generating function via manipulations involving the Eulerian
numbers, and the discrete distribution generating function by counting the number
of compositions that we can view as a certain dual bin arrangement. We generalize
the threshold 1 situation by defining k-hook-shape decomposition sets, and relating
polytopes corresponding to threshold k& dual bin arrangements to polytopes corre-
sponding to these sets. We briefly explore a few identites involving the number of
permutations whose shapes are k-hook-shapes.

We analyze the continous bin packing problem by converting it into one of per-
mutation enumeration; instead of finding the volumes of polytopes corresponding to
bin arrangements, we merely need to count permutations according to their numbers

of maximal runs or peaks and valleys. This interpretation leads to a direct method
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of calculating the expectation and variance. Similarly, this approach allows us to
explicitly restate the discrete bin case as yet another enumeration problem.

We provide three different methods of deriving the continuous bin generating
function found in by Hofri in [10] by probabilistic methods. (In [9], he uses this func-
tion to determine the expectation and variance.) First we use methods of Goulden
and Jackson describe in [8], then we count certain barred permutations motivated by
work in Gessel [6]. Finally, we combine and apply techniques discussed in [12, pp.
241-243], [6, chs. 4, 6], and [2] to count permutations whose patterns of maximal
increasing run lengths are encoded as paths in a digraph with weighted edges.

For the capacity k case of the bin packing problem, we “k-mark” permutation
shapes. The volume of a particular capacity k£ bin arrangement is the number of
permutations whose k-marked shapes have marked letters occurring in certain posi-
tions. Finally, we explicitly calculate the generating function for the capacity 2 case
using the digraph method developed for the capacity 1 situation, and we set up the

corresponding calculation for capacity 3.

1.2. Polytopes and the Bin Packing Problems

In (one dimensional) bin packing problems a collection of objects (pickles, rolled
oats, freight) of varying sizes is placed into bins (pickle jars, oat boxes, freight con-
tainers) of a fixed capacity. In essence, the problem looks at how to fit the objects
into the bins. Considerations include finding the most efficient algorithms for bin

packing, determining whether the algorithms are practical for real-time applications,



4

maximizing the number of bins a collection of objects can fill, or minimizing the num-
ber of bins they will fit in. The distributions of the sizes of the objects can be varied,
as well as the capacity of the bin relative to the object sizes.

We will always assume that the size of our objects follows a uniform distribution,

sometimes continuous, sometimes discrete.

1.2.1. The Bin Packing Problem. In the (ordinary) bin packing problem,
one wishes to minimize the number of bins that the objects fill. So the constraining
factor is the maximum amount that each bin can hold.

We formalize this as follows. The objects correspond to a set of items {1,2, ... ,m},
each of which is assigned a numerical size. We let z; be the size of ¢ and require that
0 < z; < 1. The bins correspond to sets B into which {1,2,... ,m} is partitioned.
Each bin has the same capacity, which we will take to be some positive integer k.
Since the constraining factor is the maximum that each bin can hole, we require that

for any bin B, .5 x; < k.
Definition 1.1. A bin arrangement of size m is an ordered partition of {1,2,... ,m}.

For example, the following shows two different bin arrangements of five objects

into two bins.

A Bi=[123] By=[45]
A Bi=[12] By=[345]

If we take k = 1, then arrangement A implies that the inequalities z1+zs+2x3 < 1 and

x4+ x5 < 1 hold. Similarly, arrangement A’ implies that the inequalities x1 + x5 < 1
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and x3 + x4 + x5 < 1 hold. Note that the sequence of objects having weights
(.25,.25,.25,.5,.1) is compatible with either bin arrangement.
Perhaps the easiest (real-time) algorithm for placing a sequence of objects into

bins is the NEXT FIT algorithm which we describe following [10].

Definition 1.2. The NEXT FIT bin packing algorithm is as follows.
Set 1,7 :=1

Place 7,1+ 1,... ,l € Bjaslongas x; +---+x; < k

If x; + -4+ x;,1 >k then

Reset 1 :=1+1, j := j 4+ 1, and continue with the second step.

Remark 1.1. The algorithm NEXT FIT places the objects in order into the current
bin as long as possible, then starts on the next bin. It sequentially splits the objects
into bins; if 7 is in the jth bin Bj, then ¢ + 1 must be either in B; or in the j + 1st
bin B;.;. Hence we can consider each NEXT FIT-compatible bin arrangement with

m objects and n bins as a composition of m with n parts.

If the bin arrangements A and A’ shown above were obtained using NEXT FIT,
then arrangement A would require the additional inequality 1 + z9 + 23 + x4 > 1,
and A’ would require that x; + z3 + 3 > 1 holds. The sequence (.25,.25,.25,.5,.1)
mentioned above would then under NEXT FIT only yield bin arrangement A. In
particular, given a sequence of objects, NEXT FIT will determine a unique bin ar-
rangement it satisfies. Henceforth we will assume that all bin arrangements are

obtained from applying NEXT FIT to some sequence of objects.
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1.2.2. The Dual Bin Packing Problem. A variation of the ordinary bin

packing problem is what [1] calls the dual bin packing problem. Instead of minimizing
the bins necessary, we wish to maximize the number of bins that the objects can fill,
while still requiring that each bin contains at least a certain amount k. We call this
amount the threshold of the bin. For example, given a sequence of pickles, we may
wish to fill as many jars as possible while still making sure that each jar contains at
least 10 oz. of pickles.

We require that the object sizes x; satisfy 0 < x; < 1. We wish the amount in
each bin to exceed the threshold. Hence in order for a bin to be full, .., x; > k.

This motivates the following definition.

Definition 1.3. Let B be a dual bin with threshold k. Then we call B a full bin

if Y .cp®; > k and a leftover bin if »,_p x; < k.

Note that, since the object size is strictly less than the threshold of a bin, a full

bin must necessarily contain at least two objects.

Definition 1.4. A dual bin arrangement is a partition of labeled objects into
labeled sets, with the added information of whether the sums of the weights of the
objects in the last set exceeds the threshold of the bin. If so, we call it a full dual

bin arrangement. If not, we call it a leftover dual bin arrangement.

Note that in a dual bin arrangement, all the bins are full bins except the last bin

of a leftover arrangement.
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We call the dual bin problem’s equivalent of the NEXT FIT algorithm DUAL NEXT

FIT.

Definition 1.5. We define the DUAL NEXT FIT algorithm as follows.
Set 7,7 :=1
Place 7,1+ 1,... ,l€ Bjaslongas z; +---+a; < k
Ifx; +---4+x1 >k then
Place 741 into B; and

Reset ¢ := 1+ 2, j := j 4+ 1, and continue with the second step.

Remark 1.2. Similar to NEXT FIT, DUAL NEXT FIT places objects sequentially
into the current bin until the threshold is reached, placing the subsequent object
in a new bin. We thus can consider a DUAL NEXT FIT-compatible full dual bin
arrangement of m elements into n bins to be a composition of m with n parts, each
part at least two. A leftover dual bin arrangement is a composition of m with n

parts, the first n — 1 of which must be at least two.

Henceforth we consider all dual bin arrangements to arise from applying DUAL
NEXT FIT to a sequence of objects. We also will frequently refer to a leftover dual
bin arrangement with n bins as instead having n — 1 bins plus one leftover bin.

For example, consider the two sequences of objects v = (.5,.75,.125,.125,.25)
and w = (.5,.75,.75,.125,.25). If we take k = 1, DUAL NEXT FIT will partition both

of them into the sets

112]  [345].
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Since the last three object sizes in v add to .125+ .125+ .25 = .5 < 1, if we append
another object onto v it would still fit in the second bin. Since the last three object
sizes in w add to .75+ .125 + .25 = 1.125 > 1, appending another object to w would

necessarily result in starting a third bin. Thus the resulting dual bin arrangements

are in fact different ones: v yields the leftover arrangement 112] 1345| L

and w the full arrangement 112] 1345| F.

Furthermore, the two arrangements satisfy different inequalities. In the leftover
arrangement arising from v, the inequalities 1 + zo > 1 and z3 + x4 + x5 < 1
hold. In the full dual bin arrangement arising from w, the inequalities x1 + o > 1,
r3+ x4 <1, and z3 + x4 + x5 > 1 hold.

To each bin arrangement or dual bin arrangement, we will form a polytope based

on such inequalities.

Definition 1.6. A polytope is a bounded finite intersection of closed and open

half spaces.

Proposition 1.1. Fach sequence of m objects with i having weight x; corre-
sponds to the m-tuple (x1,xs, ... ,Z,) and hence to a point in the unit m-hypercube.
Thus for any m, NEXT FIT and DUAL NEXT FIT partition the unit m-hypercube into

polytopes corresponding to the different bin arrangements.

Proof. The relevent inequalities determining the polytopes are just those arising
from the bin arrangements and dual bin arrangements under NEXT FIT and DUAL

NEXT FIT. U



9

Remark 1.3. Most definitions of polytope require that they be closed. Since NEXT
FIT and DUAL NEXT FIT generate both strict and weak inequalities, we modify the
definition of polytope accordingly. Note that this means the polytopes fit together

to form [0,1)™ or (0, 1]™ with no overlap.

Definition 1.7. If A is a dual bin arrangement with m elements, we define
P4 C [0,1)™ to be the polytope whose inequalities are those derived from A under
DUAL NEXT FIT. If A is a bin arrangement with m elements, we define P, C (0, 1]™

to be the polytope whose inequalities are those derived from A under NEXT FIT.

We will consider the volumes of these polytopes. Note that, if we assume the ob-
jects exhibit a continuous uniform distribution, the volume of a polytope is precisely
the probability that a random sequence of objects will yield the corresponding bin
arrangement (dual bin arrangement) under (DUAL) NEXT FIT. In the discrete case,
we consider the integer lattice points in h times these polytopes, for h an integer
greater than 2.

Finally, we introduce the following notation.

Notation. We let [m] be the set {1,2,...,m}. We let S,, be the symmetric group

on m elements, or the set of permutations of [m]. We denote (hJﬁ_l) by ((:1))



CHAPTER 2

The Threshold 1 Case of the Dual Bin Problem

We examine the dual bin problem first, since it is mathematically simpler than the
bin problem. In the dual bin problem, it is clear when we have finished with a bin;
once we've exceeded the threshold then the next object automatically starts a new
bin. In the bin problem, it is not so clear. We do not a priori know whether an
object will fit in the current bin or not; each time we must explicitly check to see if
it will fit. Only then can we say whether it fits in the old bin or starts a new one.
As a result, the inequalities arising from the dual bin problem are simpler. In
particular, if [ is the last object in a dual bin, then x;,; will appear only in the in-
equalities corresponding to the next bin. If [ is the last object in an ordinary bin, then
2141 appears both in the inequalities for that bin as well as in those corresponding

to the next bin.

2.1. Generating Functions for the Continuous and Discrete Cases

We start by letting the object sizes be uniformly continuously distributed between
[0,1) and by taking the threshold k£ = 1.

We will consider the free monoid whose primes are full bins. For each m > 2,
there is one full bin with m objects. A full dual bin arrangement is an element of

this free monoid. A leftover dual bin arrangement is an element of this free monoid
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followed by a leftover bin. For each m > 1, there is one leftover bin with m objects.

We thus consider the full and leftover bins with m objects.

Definition 2.1. Let Ar_ be the dual bin arrangement that consists of one full
bin with m elements. Let F,, be the corresponding polytope in [0,1)™, and f,, its
volume. Let Ay, be the leftover dual bin arrangement that consists of one leftover
bin with m elements. Let L,, be its corresponding polytope in [0,1)™, and [, its

volume.

1 1
Lemma 2.1. We have fm = W - —' and lm = _| .

Proof. Consider the linear map v, as follows

¢m3{(1’17$2---,$m)!$1+---+xm<1 and O§$i<1}—>

Explicitly, ¥,, takes (x1,... ,xy) to (y1,... ,Ym) Where y; = x1 + - -+ + z;. Since
its matrix is lower triangular, consisting of 1’s everywhere on and below the main
diagonal, its determinant is 1 and 1, is volume preserving. Its inverse 1! takes
(Y1, -+, Ym) to (21,... ,2y,) where z; = y; — y;_1 (letting yo = 0). Hence ,,(ApL,,)

1

has volume —== and thus [, = %

We can write F;, as a set by

{(wl,xg...,a:m)]:c1+---+xm_1<1 and Oﬁazi<1} \

{(1:1,1:2...,xm)|x1+'--+xm<1 and 0§x1<1}.
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We apply ¥,,—1 x I (where I is the identity map) to the first set. The volume

of its image is ﬁ As noted before, the second set has volume % Hence f,, =

(m—1)! ~ ml" 0

This map is similar to the ones Stanley considers in [13] and [14] .

Remark 2.1. Suppose we consider a sequence of m objects, the first m; of which

fill a bin. The polytope F,,,, C R™ is not the same as the polytope

{(ml,... Tm) | T+ o1 < 1 and xl—f—---—l—xlel}:
= Fp, x [0,1)"™ C [0,1)™

Nevertheless, they have the same volume. We will refer to the two interchangeably
when convenient. Similarly, if any subsequence of m; consecutive objects fill a bin,
say starting with the m’ + 1st, we will often refer to F},,, rather than to the polytope
[0, )™ x F,,, x [0,1)™ ™~ Note that we may do so because if i is in a bin B,

then x; will only appear in the inequalities that determine that particular bin B.

Lemma 2.2. The number of integer lattice points in hL,, is ((7]:1)) = (hJﬁ*l).

The number in hEF,, is h ((m’il)) — ((TZ)) =(m—1) ((h_l)).

m

Proof. Similar to Lemma 2.1, we define the function " by

zb,’;:{(xl,@...,xm)|x1—i—~-—|—xm<h and ngi<h}—>

{@v ) [0y < Sy < b}
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Its action is identical to that of 1,,. It takes integer lattice points to integer
lattice points: integer solutions to x; + --- 4+ x,, < h and 0 < z; < h give integer
solutions to 0 < y; < --- < 9, < h and vice versa. The number of integer solutions
to the latter is ((:1)) = (}Hzfl), giving the number of integer lattice points of hL,,.
For counting the lattice points of hF},, we want to count the number of integers
satisfying 0 < y; < --- < 9,,_1 < h minus those satisfying 0 < y; < --- < y,,, < h.
Since ¥, can be any of the h choices in the first set of inequalities, this gives us

((m}il)) h — ((::L)) Finally, a conceptual proof of h ((m}il)) - ((:1)) = (m—1) ((h;l))

follows from the map in Section 2.3. U

Remark 2.2. Suppose, given an integer h > 2, our object sizes are chosen uni-

h—1

formly at random from the set %, %, ..., %5~ Then Lemma 2.2 gives the number of

sequences of such objects that yield the dual bin arrangements Ap and Ay .

Definition 2.2. Weight each point of the unit m-hypercube by x™y"2?, where n
and p are the number of full and leftover bins in the dual bin arrangement obtained
from applying DUAL NEXT FIT to the m-tuple describing that point. Let b,,, , be
the volume of the region whose points are given the weight z™y"2P. Set A(z,y,2) =
Y bynpr™y"zP. Then A(x,y, z) is the generating function for the continuous dual

bin threshold 1 problem.

In this notation, b,, 01 = l, and by, 10 = fin-
Note that the only possible values for p are 0 and 1. Note also that points with

different dual bin arrangements can have the same weight: for example, any points
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giving the arrangements L L or L

will have the same weight.

Theorem 2.3.

1+ z(e* —1)
1—yle*(x—1)+1]

Az, y,z) =

Proof. We first split the leftover and full dual bin arrangements, writing

Z by 7Y 2 = Z bino z"Y" + Z by MY 2 .

Note that a leftover arrangement is a full arrangement followed by a leftover bin, so

bm,n,l = E bi,n,O bj,O,l .
i+j=m
J#0
Since by Lemma 2.1 we know b;; = %, we can rewrite the generating function as

follows.

Alz,y,z) = <Z b0 xmy”> (1 + i bim.01 xmz>
m=1
- (Z im0 xmyn> (1 + Zmzllm xm>

We view the full dual bin arrangement A containing i; elements in the ith bin
as the sequence of full bins Ap, ,Ap, ,...,Ar, , corresponding to the polytopes
F,, x [0,1)™% [0,1)" x F, x [0,1)™ == . [0,1)™ " x F; . Then P4 is the in-
tersection of the above polytopes, with volume H?:l Jfi;- As any full arrangement of
m elements into n bins is a composition of m into n parts, each part at least 2, we

have

bm,n,O = E bil,l,O ce bin,l,O

t14+in=m
1,22
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and to calculate ) by, , 0 we must sum over all such compositions. Thus

2
Z brpno 2"y =1+ Z b 2™y + (Z bim.1,0 fm?J) +oee

1
1— Z bm,l,O xmy

1
1_y2fmxm

m>2
and after applying Lemma 2.1 the generating function becomes

1+ zZle L, x™

Alx,y, 2) = L=y >y o
ke
L=y T (2~ %)
14 z(e® — 1)

1l —vyler(z—1)+1]

Theorem 2.4. Given an integer h > 2, suppose the sizes of the objects in the
dual bin packing problem are restricted to j/h for some j between 0 and h — 1. Let
Az y,2) = bﬁ%mp x™y" 2P, where bfn%p is the number of m-tuples satisfying the

above condition with the weight x™y"2P. Then we have the following discrete dual

bin threshold 1 generating function:

Az, y,2) =

h

Proof. The same argument holds as in Theorem 2.3, replacing bpnp by by, -

Lemma 2.2 gives b, o, = () and b, , o = h (," )= (). Recalling that >0 (/) 2™ =

m m—1

(ﬁ)h, we get
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Alz,y,2) = L2y im () 0

L=y >z [(y) b= ()]

1+ 2 [(ﬁ)hq]
1= yha (25)" v ((25)" 1)

L+2 ()" - 1]

B (ST

To look at the proportion of the counted lattice points to all lattice points, we

replace ™ with (x/h)™. Taking the limit as h — oo results in A(zx, y, z).

2.2. Expectation and Variance

We wish to know the expectation of the number of bins that a sequence of m
objects fills, as well as its variance. We obtain these by examining the generating
function A(z,y, z). For the purposes of this argument, we modify the DUAL NEXT
FIT algorithm slightly. Since we want the number of full bins, if the algorithm ends
with a leftover bin, we consider its contents as being dumped back in the last full
bin, following [1]. Thus we consider A(z,y, 1).

Recall the following:

Definition 2.3. Suppose Y is a random variable that takes on value n with
probability p,. We let E(Y) = > np, be the expectation of Y, and write the

variance of Y by V(Y) = E(E(Y) — Y)2.
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Remark 2.3. Let Y(y) = > pny™ be the probability generating function of the
random variable Y. Then it is immediate that E(Y) = Y’(1). The variance can also

be expressed in a similar form:

- Z n*p, — 2B(Y) Z np, + E(Y)? an
= Z n2pn - E(Y)2

=Y"(1) +Y'(1) - (Y'(1)" . (1)

Definition 2.4. Let b,,,, be the probability that a random sequence of m objects
will fill n bins under DUAL NEXT FIT. In the notation of the previous section,
bn = bmno + bmni. Let By, be the random variable defined on sequences of m
objects that takes on value n with probability by, ., and let By, (y) = > by,y" be

its probability generating function.
Note that E(B,,) is the expected number of bins that m objects will fill.

Proposition 2.5.

m € f+ar—1 —z—i—l

Proof. Note that since A(z,y,1) = > (bmno+bmn1)z"y" = > Bn(y)z™, we can
find > E(Bun)z™ =) B, (1)z™ by taking the first derivative of A(x,y, 1) with

respect to y and evaluating at y = 1. Hence
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;E(Bm)x dy (1 —yle*(z — 1) +1]> y=1
etz —1
T -y

Il
™
T
N’

3
= [ %
+
8
L
~—
—
(7
3
+
—_
"
=

m=0 =0
[o¢] . m ; o + 1
:n;)x {—1—1—;(—1) m z? 1 ]

For example, taking m = 5 we get E(B;) = —1—|—6—5+2—%+%— ﬁ = %,
so the expected number of bins needed for 5 objects is 63/40. (We could of course

also have gotten this by expanding out the generating function > E(B,,)z™.)

Proposition 2.6. With error term |R| < 2/m!, the expectation E(B,,) is asymp-

totically equal to —1 + (m +2)/e.

Proof. We examine the explicit formula for E(B,,).

E(By) = —1+ Z(—w’m _Zf 1
(-1 &~ (1)
:_H(mﬂ)z;( Zﬂ _Z;(E—i)'
=1+ (m+1) Zm: (_Z,!ly s <_Z|1)Z

m—+1 1
:_1+T+R1+E+R2

m+ 2
e

=—1+

+ R,
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Where R = R; + Ry. Since |R;| < Wm—jfll), = L and |R,| < -, the total error |R] is

at most |R| < O

2
m!”

We will use the following in the calculation of the variance.

: et —2 2e~1 4
Corollary 2.7. With error |R| < - + =1 + CIE
2
L 4 2 4
E(Bm) =2 <g—;> —2——+1+R

Notation. We rewrite equation (1) as V(By,) = B/, (1)+B',(1)—(B.,(1))*. Taking
Von = B/ (1) + B!, (1) and Vi ,,, = (B,(1))*, we have V(Bw) = Vo — Vim. We will

denote Y Vo ,a™ by V.

Lemma 2.8. For any € > 0,

Vo = mPe 2 +m(Te ? —3e )+ 10e™? —6e ' + 14+ O(e™) .

Proof. As in the proof of Proposition 2.5, we can get > B/ (1)z™ by taking the
second derivative of A(z,y, 1) with respect to y and evaluating at y = 1. Hence

V_e_z+a:—1+82 e®
0= (1 —x)? Oy?2 \1—yle*(x — 1)+ 1]

(1—2)? =3¢ (1 —x)+ 2%
(1—x)3 '

To calculate the asymptotic behavior of Vj, we use the technique in [15]. Note that
Vo has as its only singularity a pole of order 3 at x = 1. The principal part of the

Laurent series expansion around x = 1 is

—2¢2 —3e 14472 —143e 1 —4e2

R T ) R P ) R o
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If we take Vi — L, we get an analytic function whose coefficients (expanded around

x = 0) grow no faster than €™ for any € > 0. Hence L is an asymptotic approximation

of Vo
L
-3
i ;1( Yoy (7= 5)
S (£(507))
_ ;i o (gel)m ("7 1))
Sv(:m =S, (M) o

= —(=1+3/e—4/e*)+ (m+1)(=3/e+4/e*) + (m+1)(m+2)/e* +O(e™)

=m?/e* +m(7/e* —3/e) +10/e* —6/e+ 1+ O(e™) . O

Proposition 2.9. Given m and any € > 0, the variance V(By,) is equal to

(Be™? —e ) (m+2)+ O(e™) ~ .038126(m + 2).

Proof. We have V(B,,) = Vo.m — Vim. The former is calculated in the preceding

lemma, the latter in Corollary 2.7. U



21

2.3. A Map to Hook Factorizations of Permutations

Consider the generating function A(z,y, z) from before. If we take y = 1 and

z =0, we get

1 e’
A(x,1,0) = =
(z,1,0) (1—z)er 1—x’

the generating function for the sequences that correspond to full dual bin arrange-
ments. It is well known that this is the also the exponential generating function for
the derangement numbers. Recall that a derangement is a permutation that has no
fixed points, so if m € S, is a derangement, then 7 (i) # i for all i € [n].

In this section we introduce a transformation ¢ which relates dual bin arrange-
ments and permutations. Among other things, it will explain the correspondence

between derangement numbers and full dual bin arrangements.

2.3.1. The Hook Factorization. Recall that if o is a permutation of some set
of integers, ¢ is a descent of ¢ if o(i) > o(i + 1) and an ascent if o (i) < o(i + 1). For

example, if 0 = 632145 € S, then o has descent set {1,2,3} and ascent set {4,5}.

Definition 2.5. We define a shape to be a word in the letters a and d. We draw
a shape by representing a as a northeast step and d as a southeast step. For instance,

the shapes adda and da are drawn as follows.

/‘\/ U

We combine two shapes by writing either an a or a d between the two words. For

instance, adda and da combine to form addadda and addaada.
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/\/A/

Note that words do not combine uniquely.
We associate a shape to each permutation in the obvious way:

Definition 2.6. Define a function Sh which takes permutations of m integers to
shapes of length m — 1. If 0 € S,, has a descent in the ith position, then the ith
letter of Sh(o) is d. If o has an ascent in the ith position, then the ith letter of Sh(o)

1S a.

For example, if o7 is 632145 and 09 is 4213756, then Sh(cy) and Sh(oy) are

\/\/

The function Sh is certainly not injective: Sh also takes 654123 to the first

dddaa and ddaada:

shape. However, it is surjective.

Definition 2.7. A hook-shape is a shape of the form d'a, where i may be zero.
We say this is a hook-shape of length i + 1. A hook of length m is a permutation
whose shape is a hook-shape of length m — 1. A tail-shape is a shape of the form
d’, where we permit the empty word (i = 0) to be considered a tail-shape. We say
the tail-shape is of length 7. A tail is a permutation whose shape is a tail-shape. We

consider the empty permutation and the permutation of length 1 to be tails.
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Proposition 2.10 (Gessel [5]). Any permutation has a unique factorization into
a (possibly empty) sequence of hooks, followed by a tail. We call this the hook

factorization.

Proof. If the permutation, say o € S,,, is actually m m—1 ...321 then it factors
into an empty sequence of hooks followed by a tail of length m. Otherwise, say the
first ascent occurs at o(i) < o(i +1). Then o(1)...0(i)o(i + 1) forms the first
hook. Any other initial sequence fails to be a hook. We repeat the analysis for the
permutation o(i +2)...o(m). This gives a unique factorization of any permutation
into a sequence of concatenated hooks «a; taken from left to right, with a tail (3 at

the end. O

Our earlier example 07 = 632145 factors as 0; = a8 with oy = 63214 and
B =5, while 09 = 4213756 factors as 09 = ajas with oy =4213 and ay = 756.

We define the corresponding notion for shapes.

Definition 2.8. Given a (possibly empty) sequence of hook-shapes of lengths
(i1, ..,1;) followed by a tail-shape of length j, we define the hook-shape decomposition
set indexed by (iy,...,4;;7) to be the set of all shapes formed by combining them.
(If the sequence of hook-shapes is empty (I = 0), we say the decomposition set is
indexed by (j).) Following this scheme, we define the sequence of hook-shapes of
lengths (i1, ...,4;) with no final tail-shape to be the hook-shape decomposition set
indexed by (i1, ...,4;—1). The length of the shapes in the hook-shape decomposition

set indexed by (i1,...,4;57) 1841+ -+ i+ 1+ ].
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Notation. We will denote the letters that combine the hook shapes (and tail
shape) by ¢ and . A final ¢ or ¢ will indicate a tail-shape of length zero. We will
draw an additional vertical line after a final hook-shape to indicate a tail-shape of

length —1.

For instance, the hook-shape of length 3 (dda) and the tail-shape of length 1 (d)
combine to form the hook-shape decomposition set indexed by (3; 1), which consists

of shapes ddadd and ddadd:

WARVR

The hook-shape of length 4 (ddda) and the tail-shape of length zero combine to form

the hook-shape decomposition set indexed by (4; 0), which contains the shapes dddad

N

Finally, the hook-shape of length 3 (dda) and length 2 (da) combine to form the hook-

and dddad:

shape decomposition set indexed by (3,2; —1). The relevant shapes are ddaqda| and

A

If 5 > 0, there are a total of 2' shapes in the decomposition set indexed by

ddaddal:

(i1,...,4;;5). If j = —1, there are 2/~! shapes in the decomposition set indexed by

(il, e ,il; —1)
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The following is immediate.

Proposition 2.11. If the permutation o has hook factorization aq --- o8 with
oy of length iy and (B of length j, then Sh(co) is in the hook-shape decomposition set

indexed by (iy —1,...,4, — 1;7—1).

For example, taking o1 = 632145 and 0o = 4213756 as above, Sh(oy) is in
the hook-shape decomposition set indexed by (4;0) and Sh(cs) is in the hook-shape
decomposition set indexed by (3,2; —1). Notice that the hook-shape decomposition
sets disjointly partition the set of shapes.

We associate polytopes with shapes and with hook-shape decomposition sets as

follows.

Definition 2.9. Let S be a shape with m — 1 letters. We define the polytope
Ps C (0, 1]™ by the following inequalities. If the jth letter of S is d we have y;_1 > y;;

if it is @ we have y;_; < y;. Finally, we take 0 <y; <1 foralli=1,...,m.

Definition 2.10. Let H be a hook-shape decomposition set. We define the

polytope Py to be the union of the polytopes Ps for all shapes S € H.

Notation. If H is indexed by (iq,...,17;7), for each k between 1 and [ we set
i =11+ - +ix + k (letting 75 be 0). We say that the coordinates y; ; through
Yi, come from the same hook-shape, and that y; 4, through y,, come from the tail-

shape.
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Note that in Py the coordinates coming from the kth hook-shape satisfy the
inequalities y;; 11 > -+ > yir 1 < yy and the coordinates coming from the tail-
shape satisy yiry1 > -+ > Y

For example, for H = (3,2;1), Py is defined by y1 > y2 > y3 < ya, Y5 > Y6 < Yz
and yg > y9. The coordinates yi, yo2,y3 and y4 come from the same hook-shape, as

do s, ys, and y;. Similarly, ys and y9 come from the tail-shape.

2.3.2. The Functions ¢ and ¢'.

Definition 2.11. Let A be a dual bin arrangement with m elements. We define

the function ¢4 from P4 to [0,1)™ with ¢a(z1,...,2m) = (Y1, .., Ym) as follows:

J J
i=b

i=b

where b is the first element in the bin that contains j.

Proposition 2.12. For each dual bin arrangement A, ¢4 is an affine linear,

volume preserving map.

Proof. We will introduce dummy variables xy = ygp = 1 and show that the action
of ¢4 can be written as an m + 1 by m + 1 invertible matrix M4 with determinant
(=)™,

The first row of M, is [1,0,...,0]. Fix 7 > 1, and let b be the first element in
the bin that contains j. By the definition of ¢4, since y; =1 — g:b T + [Zgzb x;],
the (j + 1)st row of M4 will start with [3>7_, 2] + 1, then will be followed by —1 in

the (b+ 1)st through (j + 1)st positions. The remaining m — j entries of this j + 1st
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row are all zero. Hence M4 is a lower triangular matrix with 1 in the (1, 1) position
and —1 elsewhere on the main diagonal. Thus M, is invertible with determinant

(—1)™. 0

This function is very similar to the one Stanley introduces in [13], which gives

a combinatorial interpretation for slices of the unit hypercube perpendicular to

(1,...,1).

Definition 2.12. Given m > 0, define a piecewise linear, volume preserving map
¢ from [0,1)™ to (0,1]™. Divide [0,1)™ into polytopes P, for all dual bin arrange-
ments A of m objects. Then form ¢ by defining ¢(z1,...,2y) = da(z1,...,z,) for

(X1, ..., Tm) € Pa.

Definition 2.13. Given a hook factorization H, we define a function ¢% by

taking ¢y (y1, ..., Ym) = (z1,...,Ty) as follows:

.

S if y;_1 > y; and y;_; and y; come from the same hook-
Yi-1 = i shape or tail-shape;
_ if y; 1 < y,; and y,_; and y; come from the same hook-
Lj = 9 1+ Yi—1 — Yj, Shg;)el Yi Yi-1 Ui
1 -y, if y;—1 and y; come from different hook-shapes.

We consider yy to be 1. We then construct ¢’ on (0, 1]™ by piecing together the

restrictions of each ¢/, to the polytope corresponding to H, just as we made ¢ from

the d4’s.
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The following theorem provides an alternative combinatorial interpretation for

dual bin arrangements.

Theorem 2.13. Let A be the dual bin arrangement with n full bins and p left-
over bins containing my, ..., my,, Moy elements respectively. Let H be the hook-shape
decomposition set indexed by (my —1,...,m, — 1;mg —1). Then ¢ bijectively takes

Py to Py, and ¢' = ¢'y.

We prove this using the following two lemmas.

Lemma 2.14. Taking A and H as above, ¢(P4) C Pg.

Proof. For 1 < k < n, set m; + --- + my = my, so the kth bin contains the
elements mj_, + 1 through mj. Consider z;, for m;_, +1 <1 < mj. Since 7 is not

the last element in a full bin, we have

% %
E z; < 1, so L E l’jJ =0.
J=mj_+1 j=mj_1+1

Hence
i i1
yi=1- Z r;=1- Z Tj— T = Yi1 — T
j=mj_+1 j=mj_,+1

and y;—1 > y;. Thus ¢ gives us the inequalities Y,y 112>+ 2> Yy 1.

Similarly, for the last element in the bin we have

!

my, my
E xz; > 1, and { E a:jJ =1
j:m;671+1 j:m;671+1
yielding
mj mj—1

Y, =1—= Y mjtl=1— Y a2y =g+ 1= T

j=ml_ +1 j=mj_ +1
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Since @, 1s strictly less than one, we get the inequality ¥, 1 < ymm. Combining
these, we get that
Ym! +1 2 Ymi 42 2 2 Yt 1 < Y, -

But these are precisely the coordinates and inequalities that come from the kth
hook-shape in H.

The same argument as above shows that, for the leftover bin, ¢ gives us the
coordinates and inequalities that come from the tail-shape of H:

Ym—mo+1 = =" = Ym -
Hence, for (z1,...,2,) € P4, ¢(x1,...,2m) = (y1,...,Ym) satisfies all the in-

equalities that define Py and therefore ¢(P4) C Pg. O

Lemma 2.15. Taking A and H as before, ¢'(Py) C Pjy.

Proof. Consider the action of ¢’ on the coordinates that come from the kth hook-
shape. As in the previous lemma, we set m; + --- + my = m}. So the coordinates

from this hook-shape are y,,; 4 through y, . Applying ¢’ gives

Tmj_ 41 = 1- Ymj_ +1

xm§€71+2 = ym§€71+1 - ym;€71+2

xm%—l = ymgc—Q - ymﬁg—l .

If we then take Tyl 41+ T 1, the sum telescopes to 1 — Y, ~1 which,
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since y; > 0, must be strictly less than 1. Hence

/
my—1

2{: z; < 1.

j=mj_q+1

Since Ym, is the last coordinate coming from the kth hook-shape, we have that
Ym), —1 < Y and thus @' gives Tyg = 14 Ymy -1 — Ymy - The sum @y 414+ Ty

telescopes to 2 — ;. Since ypy < 1, this means

!
my

j{: xj;2 1.

j=mj,_+1

These two inequalities are precisely those that say that mj_, + 1 through m; fill a
bin.

The same argument shows that ¢’ applied to the coordinates that come from

m
j=m—mo+1

the tail-shape yields the inequality x; < 1. This is the inequality which
places m — mg + 1 through m in a leftover bin.

Thus, for (y1,...,Ym) € Pu, & (y1,...,ym) = (21,...,2,,) satisfies all the in-

equalities that determine P4. So ¢'(Py) C Pa. O

Proof of Theorem 2.13. Take a point (z1,...,z,) € Ps. By Lemma 2.14 we
know ¢(z1,...,T,) € Py. By Lemma 2.15 we know ¢'¢(x1, ..., x,,) € Pa. A simple
check shows that ¢'¢(xy,...,2,) = Oyoda(zy,...,xn) = (21,...,2,). Similarly,
for (y1,...,Ym) € Py, a simple check shows ¢¢'(y1,...,Ym) = ¢ady (Y1, Ym) =

(y17"'7yﬂJ' U

2.3.3. Examples. We now return to our earlier observation that the special case
of our dual bin generating function A(z,1,0) is the exponential generating function

for the derangement numbers. Note that by taking A(z,1,0) we are determining
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the volumes of the polytopes of the full dual bin arrangements. Under the action
of ¢, this is the same as looking at the volume of the polytopes corresponding to

hook-shape decomposition sets whose indices are of the form (iy, ..., 4;—1).

Proposition 2.16 (Gessel [5]). The derangement numbers are equinumerous

with permutations that have an empty tail under the hook factorization.

An equivalent formulation of this result appears in [3].

Since the volume of the polytopes corresponding to hook-shape decomposition
sets whose indices are of the form (iy,...,4; —1) is just the proportion of permuta-
tions with empty tail to all permutations, ¢ explains why the generating functions
are the same.

We take as another example the dual bin arrangements with five elements, two
full bins, and a leftover bin. Expanding the generating function A(z,y, z) and looking
at the coefficient of 2°y?z gives i.

There is only one dual bin arrangement with 5 elements, 2 full bins, and 1 leftover
bin: the one having two consecutive full bins with 2 elements, followed by a leftover
bin with 1 element. Similarly, there is only one hook-shape decomposition set of
length 4 whose index has the form (i1, 45; 7). Since 4 = iy +is+ 2+ j, the hook-shape
decomposition set must be indexed by (1,1;0). Table 2.1 shows the four shapes in
this decomposition set, as well as the permutations of 5 which have each shape.

There are 30 permutations whose shape is in the right hook-shape decomposition

30

set. If we take % = 135 We get i as needed.
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S [ o [ S [ o |

14253, 14352
24153, 24351
34152, 34251
'//*+\//*+\ 15243, 15342 12354, 12453
25143, 25341 13459 93451
35142, 35241 !

45132, 45231
13254, 23154

45123, 15234

.//«+\///+, 25134, 35124
13245, 23145
14235, 24135 12345

34125

TABLE 2.1. Permutations whose shapes are in the hook-shape decom-
position set indexed by (1,1;0)

Note that we could have made use of ¢ and calculated the generating function
A(z,y, z) by directly counting the number of permutations of m according to which

hook-shape decomposition sets their shapes belong to.



CHAPTER 3

The Threshold k£ Case of the Dual Bin Problem

We now let the threshold be k for general positive integers k.

Note that the same sequence of objects will yield different dual bin arrangements
depending on the actual value of k. For example, the sequence v = (.1, .3,.7,.5,.1,.7)
results in two full bins for £ = 1, one full bin for £ = 2, and one leftover bin for
k > 3. The sequence w = (.7,.5,.8,.8,.5) results in two full bins and one leftover
bin for k£ = 1, one full and one leftover bin for £ = 2, one full bin for £ = 3, and one

leftover bin for k > 4.

3.1. The Generating Function for a Continuous Distribution

Definition 3.1. We define A,, ; to be the number of permutations of [m] with
k — 1 descents, and we define A,,(¢) by setting A,,(t) = >, A xt*. We call A,k

and A, (t) respectively Eulerian numbers and Eulerian polynomials.

Remark 3.1. The following generating function is well known.

St S =S A, S - L @)
m,k m

m! m)! - 1 — tex(1-1)

Definition 3.2. Let F* and LF, be the threshold k equivalents of the polytopes

F,, and L,, in Definition 2.1, with f* and [* their respective volumes.
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We will express these polytopes in terms of slices of the unit hypercube, and their

volumes using Eulerian numbers.

Definition 3.3. Let P be the slice of the unit m-hypercube satisfying the

inequality k —1 <> x; < k.

These are the slices that Stanley considers in [13]. It is well known that the

1
A k.

volume of the slice PY is

Lemma 3.1.

and

1
Form > 1, —
m

=

form > 2, — A -

m 10 — s

k

. 1
ey ol

i=1 i=1
Proof. Since LF, is given by the inequality 0 < Y7 x; < k and PF is given by

k—1<>"" x; <k, we have that
k

k
= UPfﬂ and lfn = Z%Am, )

i=1
Similarly, F* is given by both 0<>m "2; < k and Yo, x; > k. We write this as

{(xl,x2...,xm)]x1+--~—|—xm_1<k and ngi<1}

\ {(:cl,a:Q...,xm)]:c1+-~~+3:m2k and O§x1<1}.

The first set allows z,, to take on its full range of values of [0, 1), so the first set

is JY_,[0,1) x Pi,_,. Note that the volume of [0,1) x P/, | is A,,—1,, and that

1
(m—1)!

the polytopes don’t intersect each other.
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However, to form F* we subtracted off the second set. Hence we need to subtract

off the slices P, ..., P% from |JI_,[0,1) x P!_,. Since each slice P!, is contained
completely in [0,1) x P! _,, we have that
k k
1 1
k
Jn Z_: (m—1)! b ml

=1

Finally, observe that while A;; is defined to be 1, we wish ff to be zero, since

one element cannot possibly fill a bin. Thus we add the restriction that m > 2. [

We generalize Definition 2.2 to the threshold £ case.

Definition 3.4. Given k£ > 0, we weight each point of [0,1)™ by x™y"z?, where
n and p are the number of full and leftover bins in the dual bin arrangement obtained
from applying the threshold £k version of DUAL NEXT FIT to the m-tuple describing
that point. Let b* be the volume of the region whose points are given the weight

m7n’p

xmynzp. Set Ak(x7 y’ Z) — Zbk xmynzp.

m,n,p

Remark 3.2. Note that Ag(z,y, z) is the generating function for the continuous

dual bin threshold k& problem, and should not be confused with the similarly notated

k
me

Eulerian polynomials. We also point out that b}, , , = fF and b, =1

Adapting the proof of Theorem 2.3, we have the following proposition.

Proposition 3.2.

L+2> Ik am
Ak(xayaz): 1_3/2 fk m .



Definition 3.5. Define the functions A(z,y,z,t) = 3200 t*(1+ 23 1%,

Az, y, 2,t) =Yoo 7 (1 —y > f& 2™). Note that
t* Az , 2,1
Ak(l‘ayaz)_[ ] V( Xl )
[t*] Az, y, 2, 1)

where [t*] f(t) denotes the coefficient of t* in f(t).

Lemma 3.3.

00 ) 2 k 1 1

Proof. We have

= m=1 i=1 m=1 k=1 i=1
B i ™ Ap(t)
N m! 1—t¢
m=1
S P f: (@)
1t — m!~ ™"
B 1 1—1¢ 1
1—¢ \1—te*(-1)
1 1

1—ter(0-0  1—¢°
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™) and

Equation (3) follows from the definition of the Eulerian polynomial: since we define

Apn(t) to be >, Ay itk we rewrite Y0 (Zle Am,i> as 7 A (t). Equation (4)

uses the convention that Ao is 1. Equation (5) uses the generating function for

Eulerian polynomials stated in equation (2).

Definition 3.6. We define the functions g(z,t) and gx(z) as follows:

gz, 1) = 1_756;5(1 D) ng

0
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Expanding the first few terms of g(z,t), we get

2
g(x,t) =1+ et + (% — x)e™t* + ((e“” —z)? — %) et 4.

Theorem 3.4. The threshold k dual bin continuous case generating function is

1+ z(gr(x) — 1)
1L —yl(z = Vg(x) +1] 7

Ap(r,y,2) =

Proof. First consider

xy,zt Ztk<1—l—z2lk m)

00 0o k
— Z t* [1 +z Z ™ (Z %A,m)] (by Lemma 3.1)
k=1 m=1 i=1
00 0o 0o k
k=1 k=1 m=1 i=1
1—-t

t 1
= — 4z (1 (i) t) (by Lemma 3.3)
| A(z,y, 2,t) = 1+ z(g(z) — 1).

Taking the coefficient of t* of both sides, we get [t*

Similarly, consider

Az, y,2,t) = Ztk( yiﬂ;xm>
m=1
= i [1 —y Z " (i e 113 %2)} (by Lemma 3.1)
k=1 i=

-3y (5 ()

k=1 i=1

00 o) m k
O MACEDIED EH
k=1 m=1 " i=1

8
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t 1 1
= — €T _
1—t y 1 —tex(=t) 1 —¢

t 1 1
—ﬂ—l—y( _1—t) . (by Lemma 3.3)

1—t 1 — ter(-1)
Again taking the coefficient of ¥ in both sides, we get

[tk] A(.T,y, th) =1- y[(.ﬁE o 1)gk(x) + 1] :

Hence

1+ 2(gr(x) — 1)
1 —y[(z = Dgp(x) +1]

Ak(xa:%Z) -

3.2. The Generating Function for a Discrete Distribution

We now consider the case for the general threshold k£ where the object sizes are

chosen uniformly at random from the set %, %, e %

Definition 3.7. Let 6% be the number of m-tuples which, under the threshold

m?”?p

k version of DUAL NEXT FIT, yield a dual bin arrangement with n full bins and
p leftover bins. Set Al(z,y,z) = > bk amynzP. Then Al(z,y,z) is the

m7n7p m7n7p

generating function for the discrete dual bin threshold & problem.

We write the discrete analogue of Proposition 3.2, obtained using the same ar-

guments.

Proposition 3.5.

1 + 2z Zm b:’lr;{f(),l ™
ko

1- Yy Zm bm,l,O z

Ap(z,y,2) =
Lemma 3.6.

m+1
plk [thk] 1t t(1—t")
ot 1—t 1—th
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Proof. To calculate beO,l, we need to count the number of integer solutions to
the equation Y " x; < hk, with the restriction that the integers are between 0 and
h —1 inclusive. So we consider the number of compositions of 0,1, ..., hk —1 with m
parts, each part of size 0,...,h — 1. Since the number of compositions of j with m

parts, each part in a set S is the coefficient of #/ in (>, _4t*)™, we have the following:

i€S

ha= (X0 + 10 () ++ 1 (X0)

= = =0

hk hk hk—1 1— th "
= [th*] (MR R gt

m

1—t
L— "\ (1 —"\"™
:thk t
() (27)
t 1—t"\"™
B Y R Y I I Y DA (e
1) T =t ) (o
1 — P\ (1 — thh
:[tkh] ( ) D
1—t 1—th

Lemma 3.7.
m—1
e 1—th ht ot (1=t
m,1,0 1—t 1—t 1—t\1—¢

Proof. To calculate bﬁ;ﬁ’o, we need to count the number of integer solutions to the

equations > ' x; < hk and 327 x; > hk, with the integers between 0 and h — 1
inclusive. We can consider the sum of x; through z,,, 1 tobe hk—j (j =1,...,h—1),
forcing x,, to be one of 5,5 +1,...,h —1.

In other words, we want the number of compositions of hk — j with m — 1 parts,
each part of size 0,...,h — 1. Each such composition yields h — j sequences which

exactly fill one bin, one for each of the possible values for the mth object. So given
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m, we have

bhk _ hl{(h j) | [thk_]]<h1 t2>m1}
'm,1,0 p —
h—1

Since

h—1 h—1
: d : 1—th  ph!
it =t — =t —
;‘7 dt <JZO ) ((1—t)2 1—t> ’

after simple calculations, we get

m—1
A 1—th ht ot (1=t
10 1—t 1—t 1—t\1—¢t

as needed. O

We will use the following in the determination of A?(z,y, 2).
Definition 3.8. Set ¢"(z,t) = t[1 —t — z(1 — t")]7! and g}(z) = [t"*] g"(x,t).

Proposition 3.8.
k

gilw) = a f;ﬁzz‘im ((h(kj_ j)» '

=0

Proof. Divide the numerator and denominator of ¢"(z,t) by 1 — z(1 — t*) to get

t
1—t—2(1—th)
t 1

gh(xa t) =
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-t % (i)

1=

i=1

Since we are only interested in the powers of t", we need only look at the cases where

i is a power of h. We thus can restrict ourselves to looking at [t"*] in

> t o (th)i
Z(l—w(l—th)> B 2(1—x(1—th))f‘h'

J=0 J=0

Now take t" = s and look at [s¥] in the following:

g((l —x(i —s))h)j - (1 T —x(i —s))">_
_ (1 —s<1—|- 1:?,2:)11(1 —fﬂ)_h)

I
N
[V
/N
—_
+
—_
|&
®
)
N——
L
—_
|
)
|
>
~_

-3 (g—lvff_l)" <(7))> '

Since we need the coefficient of s*, let i = k — j. Then [s*] in the above is

z’v;(l _(;;);:_J])ﬂ ((h(k:j—j)»

and we have our expression for gi'(x). O

Theorem 3.9.

L+ 2(gr(z) — 1)
1—y[(he = 1)gi(z) + 1]

A(z,y,2) =

Proof. First consider the numerator 1 + 2 bZ:fO,l ™. From Lemma 3.6, this

becomes

1+Zixm{[tkh] (11—_t:>m+1 t(i:i’;k)} _

m=1
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e {(ED R ()
P t(ll—_t:k){_1+ixm(ll—_t:>m}
=1+ 2z-[t""] {1_E:ZTiﬁ)_“ﬂ:T%}

Note that, since we are interested only in [t"*], the part multiplied by #"**! con-
tributes nothing. Using Definition 3.8, we can thus write the numerator of A (z,y, 2)
as 1+ z(gi(x) — 1).

From Lemma 3.7 the denominator 1 —y ) b}gfl,o ™ becomes

1—y2;xmﬁﬁﬂ (ﬂii)mq[f?t‘1f¢(at2)}}:

1oy {1 mflf’" (9"
g [ {_%[—1+;xm( 1__tth>m]}

:1—y¢Wq{ Hhe=1) }.

1—t—a(l—th)  1—t

Using Definition 3.8 we rewrite this as 1 —y[(hz — 1)gl(x) + 1], yielding the formula

1+ 2(gp(z) — 1)

Ap(z,y,2) = 1 —y[(he — D)gk(z)+1]

O

Using Proposition 3.8, we can also express this explicitly as
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e S ()

Aji(w,y,2) = — ]Ij T
R LZ 5= (")

3.3. A Map to k-Hook-Shape Decomposition Sets

We now generalize the function ¢ of Section 2.3 to the threshold k case. Given a

threshold k& dual bin arrangement A, we look at the action of ¢4 on Pj.

Notation. We let T; = Zg:b xj, where b is the first element in the bin containing

the element j.

Using this notation, we recall from Definition 2.11 that ¢(x1, ..., Zm) = (Y1, - Ym)
where y; is defined to be 1 — T} + |T}].

As was discussed in Section 2.3, this results in a hook-shape decomposition set
corresponding to each threshold 1 dual bin arrangement. Within any bin, we get
descents and then an ascent when the running total T} crosses over the integer 1 at
the end, resulting in a hook-shape. In a leftover bin, since the running total never
crosses over the threshold 1, we only get descents and hence the tail-shape of our
decomposition set.

Now suppose we apply this same function in the threshold k case. Within a full
bin, we once again generate all descents save for k ascents, one for each of the &
instances when 7} crosses over an integer. Similarly, a leftover bin will correspond

to a shape with less than k a’s. This motivates the following definitions.



44

Definition 3.9. We define a k-hook-shape of length m to be a shape with m
letters ending with a that includes precisely k —1 other a’s amongst its other letters.
A k-hook is a permutation whose shape is a k-hook-shape. Similarly, we define a
k-tail-shape of length m to be a shape with m letters that has fewer than k of its

letters be a’s, and a k-tail to be a permutation whose shape is a k-tail-shape.

There was only one hook-shape and one tail-shape of length m. Note however

that there are (m*1

k:—l) shapes of length m that are k-hook-shapes. For instance, the

3-hook-shapes of length 5 are aadda, adada, addaa, daada, dadaa, and ddaaa. There
are Z;:OI (") k-tail-shapes of length m.
Just as we could express any shape in terms of a sequence of hook-shapes, we

can express any shape in terms of a sequence of k-hook-shapes.

Definition 3.10. Let iy,...,%, be positive integers and j be an integer greater
than or equal to —1. We define the k-hook-shape decomposition set indexed by
(1,...,1n;7) to be the set of shapes of i1+ - -+1i,+j+n letters that can be expressed
as a sequence of k-hook-shapes of lengths i; through i, followed by a k-tail-shape
of length j. Between any two k-hook-shapes, or between the last k-hook-shape and

the k-tail-shape, there can be either a or d.

We frequently write the a or d that combines two k-hook-shapes as ¢ or . We
keep the same conventions about what a k-tail-shape of length —1 or 0 means as we

had in Section 2.3.
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Definition 3.11. Let H; be a k-hook-shape decomposition set whose shapes
have length m. Then we define a polytope Py, C (0,1]™ by taking the union of the

polytopes Pg, where the union is over all shapes S in the decomposition set Hy.

In order to examine the behavior of ¢ in the threshold k case, we need the

following.

Definition 3.12. Let A be a dual bin arrangement of m elements, with a total
of n full plus leftover bins. Consider a point (z1,...,z,,) € P4. Associated to this

point we define a strictly increasing sequence

U= (V11 VUlhyevsUn11s---sUn—1ksUnls---sUni)
where v;; is the minimum 5 in the [th bin for which 7; > i. If A was a full dual
bin arrangement, then k' = k; if it was a leftover arrangement then & < k. If in
a leftover arrangement our chosen point has 7}, < 1 resulting in &’ = 0, then we
consider the corresponding v as ending with the entry v,,_; ;. Note that v, is the
last element in the [th bin. We define P4, C P4 to be the polytope consisting of all

points with this same 2.

For example, let A be the following threshold 3 leftover dual bin arrangement.

1123456] [789]

Consider the point (.3,.4,.3,.9,.5,.8,.1,.1,.3) € Ps. Since T} = .3, T, = .7, and
T3 = 1.0, we have v1; = 3. Similarly, T, = 1.9 and 75 = 2.4, so v12 = 5. Since
Ts = 3.2, we have v;3 = 6. Now 77 = .1, Ty = .2, and Ty = .5 < 1, so we

ended this v with v; 5. So we can write (.3, 4,.3,.9,.5,.8,.1,.1,.3) € Py On

3,5,6) °
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the other hand, the point (.9,.8,.7,.1,.1,.7,.9,.9,.5) € P4 has the associated v =

(Ul,la 'Ul,g, ’0173, U2,17 ’U2’2> = (2, 3, 6, 8, 9) SO (97 .8, .7, .1, .1, .7, .9, .9, 5) € PA(2,3,6,8,9)'

Proposition 3.10. Given a threshold k dual bin arrangement A, ¢4 is a piece-

wise affine linear, volume preserving map.

Proof. If we subdivide P, into the subpolytopes P4, of Definition 3.12, then ¢
is affine linear on each P,4,. Fix such a v. By introducing the dummy variables
o = Yo = 1, we can write the action of ¢ on P4, as an m + 1 by m + 1 matrix M4,
with determinant (—1)", where m is the number of elements in A. In particular,
suppose v;;—1 < j < v;. Then |T;| =i — 1, so we know that y; = ¢ — 7). Hence we
can write the j+1st row of M explicitly as [i,0,...,0,—1,...,—1,0,...,0], where the
—1’s occur in the v;_; ; + 2nd through j + 1st positions. The first row is [1,0,...,0].

Hence M4, is invertible with determinant (—1)™. O

As before, we define ¢ on all of [0,1)™ by taking ¢(Pa) = ¢pa(Pa).

Theorem 3.11. Let A be a threshold k dual bin arrangement with n full bins

and p leftover bins of sizes myq, ..., my,, mqy respectively. Let Hy be the k-hook-shape
decomposition set indexed by (my —1,...,m, — 1;mg —1). Then ¢ bijectively takes
PA to PHk

The proof is straightforward and we omit it.
If we look at a particular P4, then we can say which particular shape each k-

hook-shape in the decomposition set actually is. A shape in ¢(P,,) will have the
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a’s of the Ith k-hook-shape as the vy — 1st, vio — Ist, ..., and v — 1st letters of
the shape. However, we still have full choice of ¢’s and {’s joining the k-hook-shapes
and k-tail-shape.

For example, if we take the threshold 3 leftover dual bin arrangement

A = [123456] [789]

from our earlier example, and let ¢(P4) = Py, , then the decomposition set Hy will
include a total of 48 shapes. However, if we look at PA s 5 the corresponding shapes

are dadaa@dd and dadaaddd.

v\/\ M\

For Py, , ;. the corresponding shapes are aaddagaa and aaddadaa.

A A

However, aside from the threshold & dual bin problem and the discussion in the
following section, it would be interesting to know whether k-hooks and k-hook shape
decomposition sets have any other combinatorial interpretations.

3.4. Combinatorics of k-Hooks

Theorem 3.12. The number of k-hooks of length m is (m — k)A,;,—1 k.

Proof. By definition, the number of k-hooks of length m is the number of per-

mutations whose shape is a k-hook-shape of length m — 1. By Theorem 3.11, this
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is m! times the volume of the polytope for the threshold £ dual bin arrangement

consisting of one full bin with m elements. Lemma 3.1 calculates this volume to be

Zk A1 — Zle %Amz So the number of k-hooks of length m is

i=1 (m—1)!
k k
E mAm—l,z’ - E Am,i .
i=1 i=1

Using the well known recursion for the Eulerian numbers
Apr=kAn 1+ (m—k+1)A, 141 formk>1, (6)

we get that this is

k k
= Z mAm_M — Z (Z'Am_lyi + (m —1 -+ 1)Am—1,z’—1>
i=1 i=1
k k-1
= Z(m — ) Ap-1i — Z(m — (@ + 1)+ DAn 1 — mAy_1p
i=1 i=1
= (m — k)Am—l,k
as needed. O

It is natural to consider a k-hook o of length m as essentially a permutation of
m — 1 with £ — 1 descents; after all, if one ignores o(m) and hence the final descent,
then the remaining o(1) through o(m — 1) contains & — 1 descents. We can make

this more explicit.

Notation. If 7 is a permutation of [m], we will call 7’ the permutation of [m — 1]
obtained by removing m(m) and relabeling appropriately. In other words, if i < 7(m)

then 7/(71(:)) =i and if i > w(m) then 7/(771(:)) =i — 1.
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Definition 3.13. Let m € S,,. We define the augmented permutation m; € S, 11
by taking m(m + 1) = 4, m(7~'(j)) = j for j < i, and m(n~1(j)) = j + 1 for
j >i. If i > w(m) then 7; ends in an ascent and we say it is an ascent-augmented
permutation. If ¢ < 7(m) then m; is descent-augmented; if 7 had k£ — 1 descents we

say 7; is a descent-augmented (m, k)-permutation.

For example, if m =4312 then 7’ =321, 71 =4321, 7, =4312, 7, =4213,
and 7, = 3214. Only 7] is descent-augmented, and it is a descent-augmented

(3, 3)-permutation.

Proposition 3.13. The set of k-hooks of length m and the set of descent-
augmented (m — 1, k)-permutations are the same. In particular, if o is a k-hook,

/ _
then Oppmy = O-

Proof. By construction, a descent-augmented (m — 1, k)-permutation is a k-hook
of length m. Now we let o be a k-hook of length m. Since we form ¢’ by taking away
o(m) and relabeling, descent-augmenting ¢’ by o(m) merely reverses the procedure.

Definition 3.14. Let A}, |, be the number of permutations € Sy,_; such that

7 has k — 1 descents and m(m — 1) = 4.
m—1
Corollary 3.14. (m — k)Apm—1x = Z QAL g
i=1

Proof. Let  be a permutation of m —1 with £ — 1 descents, and set i = m(m—1).

Then 7 has ¢ descent-augmentations vy, ..., m;, each of which is a k-hook of length
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. . -1 . 1
m. Since every k-hook can be gotten in such a manner, there are > " " i A’ |,

k-hooks. But from Theorem 3.12, this is (m — k)A,—1 k. O

In [4], Ehrenborg et al. relate the mixed volumes of the adjacent slices of the unit

hypercube given in Definition 3.3 to permutations ending in a particular element.

Theorem 3.15 (Ehrenborg-Readdy-Steingrimsson). The mized volume
V(PE m —i; P51 4) is equal to the number of permutations of [m~+1] with k descents

and ending with the element i + 1.
Corollary 3.14 and the above give the following.

Corollary 3.16. > i V(PE\ m —i; Pk

m—1 m—1»

i—1)=(m—k+1)A,.x, which

s the number of k-hooks of length m + 1.

So the weighted sum of the mixed volumes of two adjacent slices of the unit
hypercube is counted by k-hooks.

While the preceeding discussion relates k-hooks to the permutations counted by
Ap1k, it doesn’t give any insight about why the factor of (m — k) in particular

appears in Theorem 3.12. A partial explanation follows.

Definition 3.15. Let Af{%k 41 be the set of permutations of m with £ descents
whose shapes end with a, and let [A . | = A}, . Similarly, let A, be

the set of permutations of m with k& descents whose shapes end with d, and let

AL k1l = A ki
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kg1, We can write Theo-

Since the number of k-hooks of length m is just A
rem 3.12 as (m — k)Apm—1x = Akt
The recursion (6) for the Eulerian numbers can be derived by examining where

m can be inserted in a permutation of [m — 1], and how this in turn affects the total

number of descents. A similar analysis yields the following recursions.
A:z,kﬂ = (k + 1)A:171,k+1 + (m —k— 1>A:171,k + A;zfl,k+1 (7)

A = kAL (m—=R)A A, (8)
Note that if we sum the middle term of (7) with the latter two terms of (8), we get
(m—k — 1)14:171,1@ + (m — k)Ay_nq,k + quzq,k = (m — k)(A:—n—l,k + A;%Lk)
which is just (m — k) Am—1-
We obtained the middle term of (7) by adding an m either to the start of or in

any ascent (save the last one) of permutations o € A;_Lk. This results in the set

Blz{ﬂeAjn’kH : w(l)=m or

(W(ﬂ’l(m) +1)>7w(z ' (m)—1) and =w(m —1)# m)} :

We obtained the first term of (8) by adding an m in any descent of permutations

oce A” This results in the set

m—1,k+1°
By = {7T €Ay s m(m H(m) +1) < m(x ' (m) — 1)} :
It would be desirable to produce an explicit bijection between B; and B and

hence provide a more intuitive proof of Theorem 3.12. This remains an open problem.



CHAPTER 4

The Bin Packing Problem

We now turn our attention to the bin case. Recall that, unlike the dual bin problem,
in the bin problem we wish to minimize the number of bins necessary to hold the
objects. We let the object sizes be chosen uniformly at random from the interval
(0, 1], and require that if éy,...,4, are in a bin, then Z’anl r;; < k where k is the
capacity of the bin.

We will always assume our bin arrangements are obtained from applying the
NEXT FIT algorithm to a sequence of objects. As in Proposition 1.1, we consider
NEXT FIT as partitioning the unit m-hypercube (minus some boundary) of sequences

of m objects into polytopes corresponding to the different possible bin arrangements.

4.1. A Map Between Bin Arrangements and Shapes

In the dual bin case, ¢ related dual bin arrangements and hook shape sequences.
In the bin case, we will define a function v that will relate bin arrangements and

shapes.

Definition 4.1. Let A be a bin arrangement with m elements. Define a function

W from Py to [0, 1)™ with ¥a(z1, ... ,2m) = (Y1, .. , Ym) as follows:

{1 — 37, @y, if jis in an odd-numbered bin;
Yji = j

Yo i, if 7 is in an even-numbered bin.
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where b is the first element in the bin that contains j. For odd bins, y; is just the
remaining space left in the bin, and for even bins, it is just the total amount in the

bin so far.

Proposition 4.1. For each bin arrangement A, 14 is an affine linear, volume

PTESETVING MaAP.

Proof. Similar to the situation with ¢4, we will write the action of 14 as an
invertible m + 1 by m 4+ 1 matrix Ny with determinant +1. We introduce the
dummy variables xy = yo = 1 write the first row of N4 as [1,0,...,0].

Now consider the j + 1st row of N4. Suppose b is the first element in the bin
containing j. If this is an odd-numbered bin, then y; = 1 — Zg:b x; and hence
the 7 + 1st row of Ny will start with 1, then contain —1 in the (b + 1)st through
(7 4+ 1)st positions, with zero everywhere else. If this is an even-numbered bin, then
y; = S0, x; and hence the j + Ist row of N4 will contain 1’s in the (b+ 1)st through
(7 + 1)st positions, with zero everywhere else. So N, is lower triangular with £1 on

the main diagonal. 0

For the odd numbered bins, this function is almost the same as ¢ 4.

Definition 4.2. Given m > 0, define a piecewise linear, volume preserving map
¥ on (0,1]™ into [0, 1]™. Divide (0, 1]™ into polytopes P, for each bin arrangement
A of m elements. Then form ¢ by defining (z1,... ,2,) = Ya(ry,...,2T,) for

(X1,... ,&m) € Py.
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Proposition 4.2. Given the bin arrangement A, the points in 1(Pa) satisfy the
following inequalities.
(1) y; > yj+1 > 0if 7+ 1 is in an odd-numbered bin
(2) yj <yj+1 <1ifj+1isin an even bin

(3)0§y1<1

Proof. Suppose j + 1 is in an odd bin. Then y,4; measures the space left in the
bin, so y;4+1 > 0. If j is in the same bin, then there is less space left after adding in
the size of j + 1, so y; > y;+1. If j was the last element in the previous (necessarily
even-numbered) bin, y; is the total amount in that bin and 1 — y; the space left.
Since j + 1 is in the next bin, it clearly didn’t fit. So 1 — y; < 241, which rewrites
toy; > 1 — x40 = yjt.

Suppose j + 1 is in an even bin. Then similar to before, y;;; is the total in the
bin after adding j + 1, so y;1 < 1. If j is in the same bin, there is of course more in
the bin after adding j + 1, so y; < y;+1. If j is in the previous bin, y; measures the
space left in that bin. But this is less than x;; = y;41, since j + 1 didn’t fit. Hence
Yi < Yjt1-

Finally, 0 < 3; < 1 follows directly from the definition of 1)4(P,) and the fact

that 0 < z; < 1. ]

Recall from Definitions 2.5 and 2.6 that a shape is a word in the letters a and
d, and that the function Sh takes a permutation to a shape by writing an a for an

ascent and a d for a descent.
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It will be convenient to write a shape in the form d'a?2d’ ---d/» (if n is odd)
or da’2d’ - - - =1/ (if n is even). We permit j; to be any non-negative integer,
and require jo, ..., j, to be positive integers. For example, adda is d°a'd?a'. This
sequence (ji, ..., j,) uniquely determines the shape.

We will also sometimes mark a shape. For each link ad and da, we mark the latter
letter with a dot: ad and da. If the first letter in the shape is an a, we also give it a
dot. For example, we will write d°a!d*a3d2a'd? as adaaaddadd and d3a*dad?a as
dddaaaadaadda. I S is a shape, we will denote its marked version by s. Note this
marking is merely a bookkeeping device and adds no additional information to the

shape.

Definition 4.3. Let s be a marked shape with m—1 letters. We define a polytope
P, C [0,1]™ in the following way. If the ith letter of s is d or d, then we write the
inequalities y; > y;41 and 0 <y, < 1. If it is @ or a we write y; < y;+1 and

0 < y;+1 < 1. Finally, we have 0 < x; < 1. These 2m — 1 inequalities determine F;.

Remark 4.1. Notice that we define the polytope P; slightly differently from the

polytope Ps of Definition 2.9.

Remark 4.2. For any marked shape s, the coordinates of the vertices of the

polytope P; are all 0 or 1.

Remark 4.3. The disjoint union of the polytopes Py is all of (0, 1]™. However, the

disjoint union of the polytopes P is certainly not all of [0, 1]". The hyperplanes of
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the form y; = y;,1 are missing, as is some of the boundary. Nonetheless, to calculate
the volume of P, for a particular marked shape s, it is irrelevant which inequalities
forming the facets are strict and which are weak. We merely need to count the

number of permutations o € S, such that Sh(c) =S, then divide by m!.

Definition 4.4. Let s be a (marked) shape containing m — 1 letters. We define

a function, ¢, : Py — R™ with ¢.(y1,...,ym) = (z1,...,2,) as follows:

11—, if the (i — 1)st letter in s is d,orifi=1;
_ Jyi-1 —yi, if the (i — 1)st letter of s is d;
Ty = ( 1
(1—1

Yi, if the (¢

Yi — Yi—1, if the

st letter of s is a;

?

~— — — —

st letter of s is a.

The following provides an alternate combinatorial interpretation for bin arrange-

ments.

Theorem 4.3. Let A be the bin arrangement of m elements whose n bins contain
J1s 92, - -+ Jn elements respectively. Let S be the shape d"ta’? - - d’ if n is odd and
the shape d*~‘a”2d’s ---a’ if n is even. Then 1 bijectively takes Py to Ps, and

vyt =1l
We prove this using the following two lemmas.
Lemma 4.4. Toking A and S as above, Y(Py) C Ps.
Proof. The inequalities described in Proposition 4.2 define P;. O

Lemma 4.5. Taking A and S as before, . (Ps) C Py.
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Proof. First, we write j; = ji1 + ja + -+ + jr. We take jj to be 0.

Consider the sums

Jr. g1
E T and E T; .
i=jl_ +1 i=jl_ +1

For k odd (in other words, jj is the exponent of a d), the first sum becomes

(1- yj,;_1+1) + (yj,;_1+1 - yj,g_1+2) ey (Z/j,g—l - le,g) =1- Yj

Since 0 < yj;; < 1, we get that Zgij2_1+1 x; < 1.

Since k is odd, we know the jith letter of s is a . Hence we know that zj ,, =
Yj; +1, making the second sum 1 —yj +y; 1. But k odd also means that y;; <y 11,
SO ZZ’/“:ZAH x; > 1

The calculations for the case where k is even (j,. is the exponent of an a) are
similar. The first sum becomes

Yjr 41+ (yj,g_1+2 - yjlg_1+1) R (?/j,; - yj];—l) = Yj -

Since 0 < y; < 1, we once again have e < 1.
Yii ) i=j

AR
We know if k is even that the jith letter of s is d. Then Tjrp1 =1—yj 41 and
the second sum becomes y;; + 1 — y; 1. But it also means that y;; > y;r 41, so we

Y
. g +1
once again have ) ;* i

Finally, a straightforward check shows that ¢.(Ps) is contained in (0, 1]™.

Since we’ve derived all of the inequalities that determine P4, the lemma is proved.

O

Proof of Theorem 4.3. Take a point (x1,...,%,) € P4. By Lemma 4.4 we know

W(xy,...,2y) € P;. By Lemma 4.5 we know . (z1,...,2,) € P4. Now a simple
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check shows that ¥.i(z1, ..., zy) = (21,...,Ty). Similarly, for (y1,...,ym) € Ps, a

simple check shows Y. (y1, .., Ym) = (Y1, - -, Ym). Hence ¢ = 7" O

Instead of finding the volume of a polytope P4, Theorem 4.3 allows us to count
permutations, a much easier problem.

There are several different ways we can determine which bin arrangement a per-
mutation corresponds to. First, we can take its shape and write it in the form de-
scribed on page 55. We then apply Theorem 4.3. For example, takeoc =134287695.
We write Sh(c) = aadaddad = d°a*d*a'd?a*d". The corresponding bin arrangement
is

9]
For the permutation 7 = 6 32145 we have Sh(7) = dddaa = d*a* which corresponds

to the bin arrangement

11234] [56].

Definition 4.5. Let ¢ be a permutation and suppose the ¢th through i + jth
letters of Sh(o) are all a’s. Then we say o(i) < --- < o(i +j + 1) is an increasing
run. If the ¢ — 1st and @ + j + 1st letters of Sh(o) are both d’s (or do not exist),
then we say the above run is a maximal increasing run. We define decreasing and

maximal decreasing runs similarly.

Corollary 4.6. Given a permutation, the number of bins in the bin arrangement
it represents is the number of its maximal increasing and decreasing runs, with the

stipulation that we consider the first run to be necessarily decreasing.
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The number of items in the first bin is the length of the leading decreasing run.

Subsequently, if the ith maximal run has length j, the ith bin contains 7 — 1 items.

Proof. Because Theorem 4.3 assumes that a shape starts with ¢/t =1, the first run
must be a decreasing one. The rest is immediate from the previous discussion and
the theorem, keeping in mind that an increasing (decreasing) run of length j results

in ! (d@’7') in the shape. O

For example, we split ¢ into maximal runs as follows: 1, 134,42, 28,876, 69,
and 95. (Note that 1 is a decreasing run of length 1.) We of course get the same bin
arrangement as before. We split 7 into maximal runs 632 1 and 145, again yielding

the desired bin arrangement.

Remark 4.4. 1f we consider all runs as necessarily increasing, we slightly modify
the definition of ‘run’. It should be clear from context which interpretation we
assume. Let the i — 1st through i + jth letters of a shape Sh(c) be ad’a, for j > 2.
Instead of having a decreasing run, we view o(7) as part of the maximal increasing
run ending with o(i—1) < o(i) and we view o(i+7) as part of the maximal increasing
run starting with o(i + j) < o(i + 7 + 1). We then have j — 1 consecutive maximal

increasing runs of length 1: o(i +1),..., and o(i +j — 1).
It thus suffices to consider only increasing runs.

Corollary 4.7. If a permutation with i mazximal increasing runs of length at
least 2 ends in an ascent, then the number of bins it counts is 2i. If it ends in a

descent, then the number of bins is 2i + 1.
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Finally, note that in a shape, the links ad and da correspond to peaks and valleys,

as shown below.

N\ N

This motivates the following corollary.

Corollary 4.8. Given a permutation w, define p, to be the number of peaks, v,
to be the number of valleys, and a, to be 0 if m(1) > w(2) and 1 if m(1) < 7(2). Then

the number of bins in the bin arrangement represented by © s 1 + pr + Ur + .

For example, o starts with an ascent, has 3 peaks and 2 valleys for a total of
14+p,+v,+a,=1+34+2+1=7hbins. The permutation 7 starts with a descent,
has no peaks and 1 valley, for a total of 1 +p, + v, +a, =140+ 1+ 0 = 2 bins.

We can also rewrite Corollary 4.8 to read that the number of bins is one more
than the sum of the number of @’s and d’s.

We will use the interpretation in Corollary 4.8 to calculate the expectation and

variance of the number of bins.

4.2. Discrete Distribution of Object Sizes

Similar to the dual bin discrete case, we suppose that our object sizes are evenly

distributed among +, ..., %2,

- for some integer h > 2. We wish to count the

=

number of sequences that result in a bin arrangement A; equivalently, we wish to
count the integer lattice points in the polytope h - P4. Instead of the maps 14 and
Y’ of Definitions 4.1 and 4.4, we consider the maps h -4 : h- P4 — h-[0,1] and

h-. : h-Ps; — h-(0,1] defined in the obvious way. Then the following is immediate.
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Proposition 4.9. The maps h -4 and h -, preserve integer lattice points.

Corollary 4.10 (of Theorem 4.3). The number of integer lattice points in h- Py

is equal to the number of integer lattice points in h - P;.
Corollary 4.11. The Ehrhart polynomials of P4 and P, are equal.

Remark 4.5. Recall from Definition 1.6 that our polytopes are neither open nor
closed, but instead the intersection of both open and closed half spaces. As a re-
sult, the Ehrhart polynomial above is actually the sum of the Ehrhart polynomials
> i(Ps, h), where the summation is taken over each face Py present in the polytope,

and i(P, h) is as in [12, p. 235].

What does an integer lattice point in h - Ps look like? Since under the action of
h-1a, y1 = h—hx, and x is one of %, %, cee %, we have that y; isone of 0,...,h—1
but cannot be equal to h. Similarly, if the ¢th letter of s is not marked, then either
Yir1 = Y; + hxiq or y;vq1 = y; — hriyq. Since we do not permit x; to be equal to %,
we cannot have y;,1 equal to y;. Finally, suppose the ith letter of s is marked. By

i+1

Theorem 4.3, this is equivalent to saying i + 1 starts a new bin in A. So Zj:b x; > 1

and Z;.:b x; < 1, where b is the first element in the bin containing 7. So either
y; = h(1 — Z;:b x;) < hiyy = Yip1 Or y; = h(Zj.:b x;) > h(l — zi11) = yir1, and
once again the inequalities are strict.

In other words, an integer lattice point in h - P, C [0,1]™ is a sequence of m
numbers (yi, . . ., Ym) chosen with repetition from the set {0,1,...,h}, where y; # h,

Y; > i1 if the ith letter of S is d, and y; < y;41 is the ith letter of S is a.
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It thus suffices to count sequences of numbers in [h]| according to their numbers
of maximal runs (or peaks and valleys), with the restrictions that no two adjacent
numbers are equal, and that the first number in the sequence cannot be h. This

enumeration remains an open problem.

4.3. Expectation and Variance

To calculate the expectation and variance for the bin problem, we make use of

Corollary 4.8.

Definition 4.6. We define the following random variables. Suppose m is given.
Let X; be the random variable defined on permutations of m, 1 <¢ < m — 1, where
X; takes on the value 1 if 7(i) > 7(i + 1) (the ith letter of Sh(7) is d) and the value
0 if the ith letter of Sh(r) is a. Let Z be a random variable on permutations so that

Z(m) is the number of bins in the bin arrangement A, where ©(P4) = Psn(x)-
First we express Z in terms of X4,..., X,,_1.

Proposition 4.12. For m > 3,

Z=1+(1-X)+ > X(1-X;).

li—jl=1

Proof. We restate Corollary 4.8 in terms of the random variables X;.
The random variable 1 — X7 corresponds to a,; it takes on value 1 if the first
letter of Sh(w) is a and 0 if it is d. Corresponding to v, we have

1, ifrw(i—1)>n() <m(i+1)
0, otherwise

Xi(1 = Xia)(m) = {
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and to p, we have

L, ifn(t—1)<m()>m(i+1) .

0, otherwise

(1= Xi)Xisa(m) = {

Summing over all the locations where a valley or peak can occur, we get

m—2 m—2
ZXi(l_Xi+1)+Z(1_Xi)Xi+l = Z Xi(1-X5),
=1 i=1 ji—jl=1
the final summand of Z as needed. O

We draw lines showing where a new bin starts after the crest of a peak and the

trough of a valley, as shown below.

2 N

For example, consider the (marked) permutation shape aaddada. This shape counts
6 bins: the automatic one to start with, one due to the initial ascent, two peaks, and

two valleys.

To calculate the expected number of bins under NEXT FIT we need to find E(Z),

the expectation of Z.

Theorem 4.13. Given m > 2 objects, the expected number of bins they use under

NEXT FIT is 2% + . (If m =1, the expected number is 1.)

Proof. As noted in Section 2.2, we find the expectation of a random variable by

multiplying a value it can take on by the probability it does so, and summing over
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all values it can take on. Each summand of Z can only take on the values 0 and 1,
so we need only figure out the probability that each summand takes on the value 1.
If m = 2, then the permutation 12 gives 2 bins and 2 1 gives 1 bin, for an expected
value of % Clearly if m = 1 the expected value is 1.
Now assume m > 3. We had Z = 1+ (1 — Xy) + >, ;- Xi(1 — Xj). The
probability that 1 takes on the value 1 is 1, and the probability that 1 — X; takes on
the value 1 is % (half the permutations start in an ascent). So these two summands

contribute 2 to E(Z). Now consider

doXi(l-X)= ) Xi— > XX;.

i—j|=1 i—jl=1 i—jl=1
The probability th;t X;is 1is (derlote| by P()|(Z |: 1) =3). If i —j| =1,
P(X,X;=1)= %. We can see this by rewriting the requirement as follows. Assume
for example that ¢ = j+1. Then X, X;(7) = 1 means that 7(i—1) > 7(i) > 7(i+1),
which occurs with probability 3. There are 2(m — 2) pairs (i, j) with |i — j| = 1,

80 > ;=1 Xi contributes M to B(Z) and — 3, ;_; X;X; contributes —W.

Summing all the contributions, we get E(Z) =3 4+ m —2 — 22 = 2 4 O

3

D=

Next we consider the variance of Z. As discussed in Section 2.2, the variance of
Z is equal to E(Z*) — E(Z)?. By using Proposition 4.12, we get an expression for

Z? in terms of the X;:

7° =27 -2X,+ X7 -2X1 > Xi(1-X;)

li—jl=1
+2 Y X=X+ Y Xi(1-X)X(1-X) . (9)
li—jl=1 li—j|=1

lk—1]=1
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We use Equation (9) to calculate E(Z?%). We assume m > 4. Note that in the process
of calculating E(Z) in Theorem 4.13, we already calculated E(3_; ;_; Xi(1—Xj)).
Hence only the expectations of the first and third summands of Equation (9) will

require additional calculation.
Lemma 4.14. The expectation E(Xy1 ", ;_; Xi(1—X;)) is equal to (m —2)/3.

Proof. We analyze the probability that X, Z| =1 X;(1—X;) takes on the value
1 for various values of ¢ and j. Note that the presence of X;, X;, and 1 — X; means
that there are descents in the first and ith positions (the first and ith letters of a
shape must be d), and an ascent in the jth position (the jth letter of the shape must
be a). We calculate the probability that a permutation will have these shapes, as
follows:
(1/3, ifi=1,j =2 (Sh(n) starts with da);
0, ifi=27=1;
P{X1X;(1-X;)=1}=<¢1/8, ifi=2,j =23 (Sh(r) starts with dda);

(Sh(
5/24, if i =3,j =2 (Sh(m) starts with dad);
(1/6,  otherwise (Sh(r) starts with d---ad or d- - - da);

™
™

For example, in the case where i = 2,5 = 3, we are concerned with shapes of
length m — 1 whose first three letters are dda. Since subsequent letters do not affect
the result, we need only count the number of permutations of 4 with shape dda.
There are three such permutations: 4312, 4213, and 3214, so the probability that

3 _1

a permutation’s shape will start with dda is 5; = .
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In the final case, the first shape d---ad results when i = j + 1 and 7 > 3. The
peak in the ith position occurs with probability 1/3, and the initial descent with
probability 1/2. Since they are sufficiently separated, these are independent of each
other, for a total probability of 1/6. Since j can be any of 3,...,m — 2, there are
m — 4 such choices of 7 and 7, so such shapes contribute a total of (m —4)/6 to the
expectation. Similarly, d---da occurs when j =7+ 1 and ¢ > 3. Once again, there
are m — 4 such choices of 7 and j, each with probability 1/6, for a total contribution
of (m —4)/6.

Note that there is only one choice of ¢ and j that yields each shape in the first
three (non-trivial) cases, so they contribute 1/3, 1/8, and 5/24 respectively. Adding

this all up gives the desired result. 0

Lemma 4.15. The expectation of the third summand of Equation (9) is as fol-

lows:

4m?  8m 131

E( Y X1 - X)Xe(1 - X ):——— o0

S ( )X 2 9 5 00
e—ti=1

Proof. Table 4.1 lists the possibilities for what X;(1 — X;)X;(1 — X;) can look
like (depending on the arrangement of ¢, j, k and [), together with the corresponding
shape of the permutation in those places, the probability a permutation has that
shape (denoted in the table by P), and the number of such i, j, k, [ so arranged. For
example, the first shape occurs when a =i =k = j —1 =1 — 1, where 7 can be
any of 1,...,m —2. The third, fourth, and seventh listings contain X,1(1 — X,11),

hence can never occur as permutations (you cannot have both a descent and an
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picture of # of such
summand of Z2 shape P summands
(if applicable) in 72
Xa(l = Xos1)Xa(l = Xosr) e 1/3 m—2
(1= Xa) Xorr(1 = Xo) Xata S\ 1/3 m—2
Xall— o)L~ Xo)Xar 0 | 2(m-2)
Xo(1 = Xop1)Xast(1 — Xaro) 0 2(m — 3)
Xa(l= X)) (1= Xert)Xara | NN\ 5/24 | 2(m—3)
(1= X)X Xon(l - Xowe) | N | 524 | 2m-3)
(1= X2)Xas1 (1 — Xas1)Xasa 0 2(m — 3)
Xl = Xep)Xpa(l = Xowa) | NN 16/120 | 2(m —4)
X1 = X)L = X2 X \/-/\ 1120 2(m 1)
(1~ Xo)Xap1Xaso(l — Xops) /\/- 1120 | 2m — 4)
(1= X Xon(1 = Xer)Xars | o/ NN\, |16/120 | 2(m — 4)
Xo(l= Xor) X1 = Xo1) | N o0 N | 19 | m2—9m+20
Xoll = Xor) 1= X)Xpr | N oo N0 19 | m2—9m+20
(1= X)Xair Xp(1= Xp) | N, e N | 1/9 | m2 = 9m +20
(1= X)Xais(1= X)X | N, N 1/9 | m2 = 9m +20

TABLE 4.1. Calculations for determining the expectation of the sum-
mand Y ij=1 X;(1 — X;)Xk(1 — X)) in Z2

|k—1]=1
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ascent in the a + 1st place!) and have no corresponding shape. The third shape
occurs either when =7 =7+ 1=k—1and ¢ =ais any of 1,...,m — 3, or when
l=j=i—1=k+1landi=a+2isany of 3,...,m — 1. (For simplicity’s sake, we
relabel in the table so that a is the minimum of the four subscripts.)

In the last four entries, we assume that a — b > 3. This occurs when 1, j, k, [ are
not all in sequence: there is a gap between the two pairs. For example, the second
to last picture occurs either when ¢ = j+ 1, k+1=1[,and k —i > 2 (so a = j and
b=k)orwhenk=1[0+1,i+1=j,andi—k > 2 (soa =1 and b = i). We can choose
a and b from 1,....m — 2, for a total of (m;Q) However, we have the condition that
a—b > 3, so we must subtract off the m — 3 possibilities for a« —b = 1 and the m —4
possibilities for @ — b = 2. Combining all of this, we get 3(m* — 9m + 20). Since
there are two possible assignments of a and b in terms of the subscripts ¢, 7, k, [ we
get a total of m? — 9m + 20 summands of that shape. The other three shapes are
similar.

As in the proof of Lemma 4.14, given the shape of a permutation one merely
counts the number of permutations with the given shape to determine the probability.
Multiplying the probability by the number of summands of each shape and adding

gives the desired result. 0J

We collect these calculations together in the following.

Lemma 4.16. For m > 4,

4m?  2m 2
B =5 +5 "5
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Proof. We examine the expectation of each term of Equation (9). Theorem 4.13
gives that the expectation of the first term E(2Z) is 4* 4 4. Clearly the expectation
E(—2X,) is —1 and the expectation E(X7?) is 3. Lemma 4.14 finds the expectation
of the following term. The proof of Theorem 4.13 shows the expectation of the next

4(m—2)

term is =——=—. Finally, Lemma 4.15 gives the expectation of the last term. Adding

these all together gives the result. 0

Theorem 4.17. Given m objects, the variance of the number of bins they use

under NEXT FIT is

8m /45 — 13/180, if m > 4;

9 » ) 17/36, if m=3;
V(Z) = B2 - B@P =1 ) iy
0, ifm=1.

Proof. For m > 4, we use Theorem 4.13 and Lemma 4.16:

4m?  2m 2 om  1\2
E(ZH-EB(Z)? = —— 420 =2 (22,
(Z°) () o T3 T <3+6>
B 8m 13
45 180

For m = 3, we look at how F(Z?) changes. The expectations of the first three
terms in Equation (9) are unaffected. The first summand becomes —2[X7(1 — X5) +
X1X5(1 — X)), for a contribution to the expectation of 2. The second summand
becomes 2[X;(1 — X5) + X5(1 — X;)], thus adding 3 to the expectation. For the
third summand, if we examine table 4.1, only the first two lines are consistent with

m = 3, so the contribution is 2. Thus £(Z%) =% and V(Z) =2 — (£)? = L.
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For m = 2, the first, second, and third summands of Equation (9) contribute
nothing, yielding V(Z) = 1/4. Finally, for m = 1, the only permutation of 1 gives

one bin, which is the expectation. Hence the variance is 0. 0

Hofri [9, 10] obtains the same expectation and variance using much different
methods. Note that we did not need the generating function in order to calculate

these, just the transformation ¢.

4.4. The Generating Function

We use Corollary 4.7 to calculate the generating function for the bin capacity 1
continuous case.

In [8, pp. 231-239], Goulden and Jackson provide a method of counting sequences
based on their numbers of “maximal strings”. In particular, we will consider just
those sequences that are permutations, and take the strings to be increasing runs.

We will state and apply Goulden and Jackson’s result in this special case.

Definition 4.7. Let f; be the weight of a maximal (non-final) increasing run of
length ¢, and g; the weight of a final maximal increasing run of length i. We write

F(z) =1+ fiz + foz® + - and G(z) = g1z + g2® + -+

Theorem 4.18 (Goulden and Jackson). Let Y u,z™ = F(z)™! and >, v,a™ =

G(z)F(z)~*. Then the number of permutations of m with iy, mazimal increasing

-1
2" iy i 2"
] (S

runs of length k is
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and the number with i, non-final mazimal increasing runs of length k and a final

maximal increasing run of length j is

[%gjffl - ] (Z uﬁ) (Zun%)

n

where [y'] H(y) denotes the coefficient of y* in H(y).

Corollary 4.19. There are

cosh(zy/1—f) — f  sinh(zy/1— f)
[Ty Y —
cosh(z/1— f) —

permutations of [m] that count 2i bins and

sinh(zy/1 — f) cosh(zy/1—f)—1
|:£fz:| 1—-f a 1—f
cosh(zy/1— f) — smh(zl —1f_ /)

permutations of [m] that count 2i + 1 bins.

Proof of Corollary 4.19. Following Corollary 4.7, we consider the cases of permu-
tations ending in ascents and descents separately.

First note that we only want to count increasing runs of length at least 2, but
that we don’t need to keep track of the exact length. Hence in Definition 4.7 we can
take fi=1and fo=fs3=---=f, s0

fo2 _1-a*(1—f)

F :1 g
(x) +$+1_x T =

and
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— (1-a) i(l %
_ szi ;;_ £ — ZinJrl (1 f)
120 i>0
= Zunx" .

So

(Zunj;—r:)l - (Z (;j;' (1=f) - ;% (1— f)z‘) B

n >0

= (comiey/T—p) - SR (10)

Now consider only those permutations which end in a descent. Then the length of

the final increasing run is 1 (a descent is just an increasing run of length 1). We take

g1 =g and 0 =gy = g3 = --- in Definition 4.7, so G(z) = gz. Then
G(,T)F_l($) _ 9(2 x2i+1 (1 o f)z . Zx%-l-? (1 . f)z)
i>0 i>0

= E v L"
n

and

on Z?i—‘rl ; Z2i+2 ;
;U"H:g;(mﬂ)! (=7 _g;(zwz)! (1=7)
sinh(zy/1—f)  cosh(zy/1—f)—1

T 7 g 1—f ‘

=9

Since the coefficient of gy’ in gH (y) is the same as the coefficient of 3 in H(y), the

number of permutations of m counting 2¢ + 1 bins is
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sinh(zy/1 — f)  cosh(zy/1— f) —1

2 1-f 1-f
[ f} cosh(zy/1 — f) — sinh(zvT—f) "

vi=7

Realizing that the number of permutations ending in an ascent is the total number

minus those ending in a descent, the number of permutations of [m] counting 2¢ bins

is the coefficient of £ f* in equation (10) minus equation (11). This is just
cosh(zy/1— f)— f sinh(zy/1 — f)
) TS

cosh(zy/1— f) — sinh(zl —1f_ )

as needed. O

—

~~

Theorem 4.20. The generating function for the ordinary bin capacity 1 case is

1 —y?*+yy/1—y?sinh(zy/1 — 3?)

(1+y)(1 —ycosh(zy/1 —1?))

where [z™y"] is the probability that a sequence of m objects can fit in n bins.

Remark 4.6. This differs from the generating function that Hofri derives in [10]
by 1 —y. In his base case, an empty sequence needs a bin, while we consider the

empty sequence not to need one.

Proof. We merely combine the two parts of Corollary 4.19 appropriately. In the
first expression, we replace f with y2. In the second, we again replace f with »2, and
then multiply the whole expression by y. We then just add the expressions together
and simplify. In keeping with the notation for the dual bin case, we replace z with

x so that in order to get the volume we consider [z™y"]. U
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4.5. Barred Permutations and Another Derivation of the Generating

Function

In this section, we present a more combinatorial derivation of the bin generating
function. The calculation will require the following decomposition of a permutation

into disjoint alternating decreasing and increasing runs.

Proposition 4.21. Any permutation of [2m] can be split uniquely into a sequence
of disjoint alternating decreasing and increasing runs, each of mazximal even (possibly
zero) length. Any permutation of [2m + 1] can be similarly split into alternating
increasing and decreasing runs of mazrimal even length following an initial decreasing

run of maximal odd length.

For example, consider oy =43217658910. This splits into the decreasing run
4321, an increasing run of length zero, the decreasing run 76, and the increasing
run 589 10. If we take 09 = 432176589, we split it into runs 432, 17,65 and 89.

We split 03 =4567321 into 4 (a decreasing run of length 1), 56 and 7321.

Proof. Let o be a permutation of [2m]. We will mark Sh(¢) by drawing for each
i a line through the 2ith letter of Sh(o) unless the 2i — 1st, 2ith, and 2i + 1st letters
are all the same.

This results in dividing Sh(¢) into subwords of the form o/ and &’ (where j
is odd), separated by ¢’s and ¢’s. Under this division, a subword a/ consisting
of the k + 1st through k + jth letters of Sh(o) corresponds to the increasing run

olk+1) <ok+2) < -+ < olk+j+1). Similarly, a subword & consisting
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of the k + 1st through & + jth letters of Sh(o) corresponds to the decreasing run
ok+1)>0k+2)>--->0ak+j+1).

If two consecutive separated subwords are both of the form a’, we say there is a
decreasing sequence of length zero between them; if they are both of the form d’, we
say there is an intervening increasing sequence of length zero. If Sh(c) starts with
an a, we say there is an initial decreasing run of length zero.

The construction for permutations of odd length is similar. Let 7 be a permu-
tation of [2m + 1]. We mark Sh(7) by drawing a line through the 2i + 1th letter of
Sh(7) (for ¢ > 1) unless the 2ith, 2i + 1st and 2i + 2nd letters are all the same. We
also draw a line through the first letter, unless both it and the second letter are d’s.
Similar to before, this results in subwords of the form d/ and a’ separated by {’s and
¢’s. The first subword has an even exponent, the rest odd exponents. If the first
letter of the marked Sh(7) is ¢ or ¢, the exponent of the first subword is zero and
the initial decreasing run of 7(1) has length 1. Otherwise, we form the increasing

and decreasing sequences as we did before. U

Remark 4.7. Note that the ‘maximality’ does not refer to the runs being as long
as possible, merely to being as long as possible under the condition that all runs are
even length. Take for example a permutation o whose shape is daaad. It certainly
has an increasing run of length 4: ¢(2) < 0(3) < o(4) < o(5). However, in order to
insure all runs are of even length, the algorithm above results in both ¢(2) and o(5)

being part of decreasing runs.
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To illustrate this construction, consider o7 = 43217658910 from above. We
mark Sh(o;) = dddaddaaa as ddddddaaa. The first subword d® means that the first
decreasing run is o1(1) 01(2) 01(3) 01(4) = 432 1. Since the next subword is d, there
is an intervening empty increasing run followed by the decreasing run o1(5) 01(6) =
76. Finally the last subword a® results in the increasing run 58910. We illustrate
this by leaving blank the northeast step for the ¢ and the southeast step for the ¢

as follows.

RN

For 09 = 432176589, we write Sh(oy) = dddaddaa as dddadda.

\/\/ \\/ /

For 03 =4567321 we have aaaddd and hence ¢ad¢ddd.

Definition 4.8. A barred permutation of m letters is a permutation which can

have lines (or bars) drawn in the m + 1 spaces between, before, and after the letters.

For example, ||34/25|||1 and 34 2]||||51|| are both barred permutations of the set

[5] with 6 bars. For more on barred permutations, see [11] and [7].
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We will be counting barred permutations that have additional restrictions on

where the bars may appear.

Definition 4.9. Given a permutation of [m], we decompose it into alternating
decreasing and increasing runs as in Proposition 4.21. We then place a bar after
each run, in the space described by the ¢ or { that marks the end of that run’s
corresponding subword. (An increasing run of length zero has its bar in the ¢ that
splits the surrounding d* subwords, and an empty decreasing run’s bar is in the ¢
splitting the surrounding a’ subwords. The bar for the last run is in the mth space.)

We define P, ,, to be the number of permutations of [m] that have n such bars, and

we write P, (y) = >, Pnay"

In our earlier examples, o7 would have two bars in the fourth place (one for the
initial decreasing run described by d*, and one for the empty increasing run), a bar in
the sixth place, and a bar at the end in the tenth place. We write it 4321||76]589 10|

and draw it as shown below.

\\/

Similarly, we draw the bars in 09 and o3 as follows.

Nawl N
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If a permutation of [2m] starts with an ascent, there will be a bar in the Oth position,

corresponding to the initial empty decreasing run. We show the placement of the

NN

Remark 4.8. We note that for m even, the bars are in the even spaces, and that

bars for 04, =34587162.

for m odd they are in the odd spaces.

Proposition 4.22. The number of permutations of [m| whose shape corresponds

to a bin arrangement with n bins is P, ..

Proof. Each maximal increasing or decreasing run has exactly one bar associated
with it. If the run is of length at least 3, then at least part of it will form one of
the runs described in Proposition 4.21, and hence is guaranteed a bar. If the run
has length 2 (in other words, it is described by a single a or d in the shape) then
either it forms a run in Proposition 4.21, or it becomes an ¢ surrounded by d’s or a ¢
surrounded by a’s. In either case, the construction gives it a bar. Finally, an initial
ascent (the first decreasing run is of length 1) gets a bar as well: in the Oth place for
m even and in the first place for m odd.

From Corollary 4.6, since we assume the first run is a decreasing one, this is the

number of bins. O
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Proposition 4.23. We have

2m

. Pyl x 1
(1+y) Z (1-— y2§J721+1 (2m)! 1 ycoshx (12)

and
p2m+

~ Pyi1(y) ysinhz
1 = . 1
( +y)z (1_y2)m+1 (2m+1)! 1 —ycoshzx ( 3)

Proof. For each equation, the left and right sides describe different ways of con-
structing certain barred permutations. We will let a barred permutation of [m| with

n bars have the weight y

The right side of equation (12) counts alternating even-length labeled decreasing
and increasing sequences, with a bar after each one. We label as follows. Given

sequences of length i1, ..., (for non-negative even integers i;), a labeling is a per-

mutation o € S, 1.4, such that for even j
o(ir+--+ia+)<o(is+--+i1+2) < <o(iv+ - +i-1 + )
and for odd j
o(ir+--+ija+1) >0+ +ij1+2)> - >0(ii+- -+ i1+ 1) .
We will illustrate these alternating barred sequences as shapes of the form d* and a’.

For example, we may have sequences of lengths 2, 4, 0, 2, and 0, as in the picture

below.

N /

Two sample labelings are the permutations 32145768 and 21345678.
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Sequences of lengths 0, 4, and 4 would result in the following picture.

(Whether there is an ascent or descent between any two sequences depends on
the precise choice of labeling. No assumption is made on this in the above pictures.)
All sequences are of even length, each marked by a bar. If the sum of the lengths
of the sequences is m, the labels will be drawn without repetition from [m]. This
results in a factor of (1 — ycoshx)™!.

For the right side of equation (13), we start by drawing an odd-length decreasing
sequence followed by a bar, and then continue alternating even-length increasing
and decreasing sequences, once again placing a bar after each sequence. We label
similarly to before, which gives us (ysinh z)(1 — ycoshz)™1.

On the left side of both equation (12) and (13), the barred permutations discussed
in Definition 4.9 give the factors Py, (y) and Py, 11(y) respectively. We then permit
any number of additional optional pairs of bars in each of the m + 1 even spaces for
equation (12), and in each of the m + 1 odd spaces for equation (13), for a factor of
(1—y*)™*1. Finally, in each expression we wish to allow any number of bars, not just

an odd number, at the end of a permutation. Hence we multiply each summation

by a factor of 1+ y. 0

This analysis is similar to one in [6, ch. 7].
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For example, consider the barred permutation 21[|43||. Since Definition 4.9
places bars in 2143 to form 21{|4 3|, we obtain 21||43|| on the left side of (12) by
inserting an additional bar at the end. On the right, we get it from choosing the

labels appropriately for the sequences of lengths 2, 0, 2, and 0.
Similarly, Definition 4.9 places bars in 1234765 to form 1/2347|65]. We get
1/23][||4 76 5| from the left side of (13) by inserting an extra two pairs of bars in the

3rd space. On the right side we take sequences of lengths 1, 2, 0, 0, 0, 2, and 2 with

the appropriate labeling.
\
./%w/ e SN

Theorem 4.24. We have

ZP nﬁ_1—y2+\/1—y2ysinh(:z:\/l—y2)
T () (U yeosh(ey/T— 7))

Proof. We replace = with z1/1 — y2, multiply equation (12) by (1 —y?)(1 +y)~*

and (13) by /1 —32(1 +y)~ !, and add. O

Since Proposition 4.22 tells us that P,,, “counts” bin arrangements with m

elements and n bins, this provides another proof of Theorem 4.20.
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We can use a similar method to more combinatorially derive the generating func-

tions of Corollary 4.19 as well. We sketch the procedure below.

Definition 4.10. Given a permutation of [m|, we decompose it into alternating
decreasing and increasing runs as in Proposition 4.21. We then place a bar only
after each increasing run, in the ¢ or ¢ that marks the end of its subword. (If the
increasing run has length zero, we place the bar in the ¢ that splits the surrounding
d" subwords.) If Sh(c) ends in an a, we place the bar in the mth space, the one at
the very end of the word. We define R,,; be the number of permutations of [m| with
i such bars. We take R}, ; to be the number of those that end in an ascent, and Rﬁw-
to be the number that end in a descent. We write Ry, = Y, Ry f*, RS = >, Ry, . f*,

and R4, =", R,‘?mf".

In other words, we form our barred permutations as we did before except we omit

half the bars, starting with the first and alternating.

Proposition 4.25. The number of permutations of [m] with i mazimal increasing

runs of length at least 2 is R, ;.

Hence in order to calculate the generating functions in Corollary 4.19 we need
to find >° R (f)z™/m! and Y R2 (f)2™/m!. As we did in Proposition 4.23 we split

each into even and odd parts. It is useful to first do so for > R,,(f)z™/m/!.
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Proposition 4.26 (Gessel [6] ). We have

f: Ronm(f)  2%™ cosh z

= (L= f)m+t (2m)! T 1— fcosh®z (14)
and f: Ry (f)  22H sinh 2 )

(1= f)ym+t (2m+1)! - 1— fcosh’z

m=0

Proof. For each equation, the left and right sides describe different ways of con-
structing the same set.

Similar to before, on the left side of equations (14) and (15), the barred permu-
tations of Definition 4.10 give the factors of Ra,,(f) and Rap11(f). We then permit
any number of additional optional bars in the m + 1 even spaces of a permutation of
[2m] and m + 1 odd spaces of a permutation of [2m + 1], for a factor of (1 — f)~(m+1
in each case.

For the right side of equation (14), we start by writing pairs of even-length
(labeled) decreasing and increasing sequences, with a bar after the increasing one.
For example, one pair may be of lengths 2 and 4, the next of lengths 0 and 2, and

the last of lengths 0 and 0, forming the picture below.

N

(Whether there is an ascent or descent between any two sequences depends on
the precise choice of labeling. No assumption is made on this in the picture above.)
All sequences are of even length, but only one of each pair has a bar. This results in
a factor of (1 — fcosh? z)~'. Finally, we permit a decreasing even-length sequence

(with no bar) at the end, for the factor of cosh z.
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For the right side of equation (15), we start by drawing an odd-length decreasing

sequence for a factor of sinh z. We then continue with pairs of even-length increasing

and decreasing sequences, once again placing a bar after the increasing sequence.

This time however we write the increasing sequence first in the pair. Once again this

gives the factor of (1 — f cosh? z)~'.

Each case is just another way to count these particular barred permutations

according to their length and number of bars.

Proposition 4.27. We have the following.

—~ R{.(f) 2*™  coshz—1
2 (L= /f)m (2m)! 11— feosh®2

m=0
R4 (f)  22mHl  ginhs 4 sinh z(cosh z — 1) f cosh z
—r (1—=f)m (2m+1)! 1 — fcosh?z
i gn(f) 22 _1 (cosh z — 1) f cosh z
= (1= f)™ (2m)! 1 — fcosh?z
i RS 1 (f) z*m+t _ fsinh z(cosh z — 1)
— (I—=f)m 2m+1)! 1 — fcosh®z

O

Proof. As the arguments are all similar to those in the proofs of Propositions

4.23 and 4.26, we will only give the proof of equation (14).

On the left, the situation is the same as in equation (14), save that we no longer

permit any additional bars to be placed in the last spot. Since the permutations we

are concerned with here all end with an ascent, this means that each permutation

ends in exactly one bar.
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On the right, the 1 takes care of the base case (we say the empty permutation,
counted by Rgp is counted by Rj, and not R&O). Otherwise, we construct our even-
length alternating decreasing and barred increasing sequences, as in Proposition 4.26.
We end by requiring the final pair to have a non-empty increasing sequence (with a

bar at the end), for an additional factor of f(coshz — 1) cosh z. O

Corollary 4.28. We have the following.

@m o cosh(zy/1T—f) -1
Z Ry, (2m)! 1 — fcosh?(zy/1— f) 2
Z2m o sinh(2y/T— f) [1 — fcosh(zy/T—f)]
Z Ry (f @m+1! VT=F (1 feosh®(2v/T—f)) .
. 2?1 — feosh(zy/T—f)
ZRQm(f) 11 feosh(zv/T — J) (22)
Z P o ] Y R

2m—|—1). VI=J (1= feosh®(zy/T— 7))

Proof. To get from (16) to (20) we merely replace z with zy/1 — f. To get from

(17) to (21) we use the identity

(coshz —1)fcoshz  1— fcoshz
1 — fcosh?z "~ 1-— fcosh?z

then replace z with z4/1 — f and divide by y/1 — f. To get from (18) to (22), apply

1+ (24)

(24) and replace z with zy/1 — f. Finally, to get from (19) to (23) replace z with

zv/1 — f and divide by /1 — f. 0

If we add (22) and (23) and simplify, we get the first part of Corollary 4.19 . If

we add (20) and (21) and simplify, we get its second part.
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A similar analysis provides another method of deriving the generating function

for the Eulerian numbers.

4.6. Transfer Matrices and the Inversion Theorem Applied to the

Generating Function

In this section we make use of techniques discussed in Gessel’s thesis [6] to provide

yet another derivation of the bin capacity 1 generating function.

Definition 4.11. Let D be a digraph with weights on its edges and with vertices
V1,...,U,. Let w;; be the weight of the edge going from v; to v; (if there is no such
edge, we consider w; ; to be zero). We then define a matrix M by taking M, ; to be

w; ;. We call M the adjacency matrix of D.
The powers of M encode the paths in D, as Stanley discusses in [12, pp. 241-243].

Theorem 4.29. Let M be the adjacency matriz of a digraph D. Then Ml-lfj 18

the sum of the weights of all paths of length k in D that start at v; and end at v;.
The following corollary is immediate.

Corollary 4.30. The sum of the weights of all paths in D starting at v; and

ending at v; is (I — M); ;.

In our case, we will construct a digraph whose edges record the weights of in-
creasing runs of different lengths. Paths in the digraph then correspond to sequences

of increasing runs. For example, suppose an increasing run r; of length [; is recorded
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2,2
tz +
Ct

2,2 31)2

1—z

F1GURE 4-1. The digraph D for the bin capacity 1 case

by the edge v;v;, where it is given weight w; ;;,. Suppose an increasing run ry of
length [, is recorded by the edge v;vi, where it is given weight w;j;,. Then this
sequence of runs 7y is recorded by the path v;v;v, with weight w; i, w; k-

In particular, we recall Corollary 4.7, in which each maximal increasing run of
length > 2 counts two bins, and a terminal maximal increasing run of length one
(i.e., the permutation ends in a descent) counts one bin. If we weight a run of length
k that counts i bins by t2*, we can codify this information by constructing a digraph
D with two vertices. The edge vv; (in which we wish to record non-terminal runs)
has weight z 4+ > .2, t?2%. The edge v1vy (in which we wish to record terminal runs)
has weight zt + >, t?z*. We are only concerned with paths in D that start at v,
and end at vo. We draw D in Figure 4-1.

See Section 5.2 for less trivial examples of such digraphs.

By counting paths in D (or any other such digraph) and recording their weights,
we can count sequences of increasing runs. For example, using doubly indexed ele-
ments xz, let 1y = o < 2 <zl ry =22 ry =23 < 23, and ry = z{ be increasing
runs of lengths 3, 1, 2, and 1 respectively. Then the sequence of runs ryror3ry cor-

responds in D to the path vivv,v1v; with weight t427 and the path v,v,vv,v5 with
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weight t°27. Since we are only concerned with paths that start at v; and end at vs,
only the latter will count ryrorsry.

However, there is an added complication. We have not specified any relation
between the last element in one run and the first in the next. In our example we could
have had ] <2l <zl > a2l <l <ad <aloral <ol <l <a?>ad <2l >af,
to name just two possibilities. But because Corollary 4.7 required that the increasing
runs be maximal, we only want to count those sequences of runs where the last
element of one run is greater than or equal to the first element of the next.

For example, we wish the permutation 1234 to correspond to a single run of
length four for a weight of t?z* instead of, say, a run of length two (12) followed
by a terminal run of length two (34) (weight 222 - t22% = t*21) or a run of length
three (123) followed by a terminal run of length one (4) (weight 223 - tz = 32%).
By requiring that each run be maximal, we guarantee that each permutation gets
broken down into a unique sequence of runs and thus a unique path in D.

We use the techniques of [2] and [6] to deal with this issue as follows.

Theorem 4.31. Let A be an alphabet and A* the free monoid on A. Let L C Ax A
and let AP C A* be those words for which every consecutive subsequence of length
2 isin L. Let L = Ax A \L and let AL A* be those words for which every

consecutive subsequence of length 2 is in L. For w € A*, let [(w) be its length. Then

S ow= (Y ()
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Theorem 4.32. Let D be a digraph encoding a certain pattern of weighted run
lengths, and M its adjacency matriz. Then the sum of the weights of the permutations
of [m] whose mazimal increasing run sequence corresponds to a path from i to j in
D s

2 a1+ My

2]

[

m!

where ® is the linear operator which takes > a;z* to . a;2'/i!.

Proof. In the notation of Theorem 4.31, let the alphabet A consist of increasing
runs, and let L be those pairs of consecutive runs for which the final element of
the first run is greater than or equal to the initial element of the second run. Then
words in AX) are those sequences of runs such that every run is of maximal length.
We wish to count the number of permutations that can be written as words in A%,
weighted according to their corresponding paths in D.

By Theorem 4.31, Y _ ) w = (ZweA@)(—l)l(w)w>_ . We first consider what
form words in A take. They are those sequences of runs in which the last element
of one run is always strictly less than the first element of the next run. Combining a
sequence of runs in this fashion results in a single increasing run. Since in our context
this increasing run is actually an increasing permutation, we apply the operator ®.

We must weight each word w € A by (—1)X®) as well as by the path in D it
corresponds to. Recall however that [(w) is not the number of elements in the single

increasing run, but rather the number of runs that combined to form it. In other

words, if we formed w by taking a sequence of runs of lengths iy, ... i corresponding
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to a path of length k in D, we need to weight it by (—1)*. Since Theorem 4.29 gives
the weights of the paths of length k by M*  we need to replace this by (—1)*M*.
Summing over k, we get >, (=1)¥M* = (I + M)~

So the number of permutations corresponding to words in A(E), weighted accord-
ing to paths in D and multiplied by (—1) to the path length, is ®(( + M)~!). By
Theorem 4.31, the number of permutations corresponding to words in A", weighted

according to path in D, is [®((I + M)™1)]™" as needed. O

This provides us with another method of proving Theorem 4.20.

Proof. We will apply Theorem 4.32 to the digraph in Figure 4-1. We wish to find
the 1,2 entry of [®((1 4+ M)™1)] .

First, we write down the matrix I + M

1222 1222
1+ 2+ tz +
-z 1—2z2
I+ M=
0 1
and calculate its inverse:
1—2z —zt(1 — z(1 —1t))
1—22(1—1?) 1—22(1—1t?)
I+M)"'=
0 1
Since
1—=z2
I+ M) =

1—22(1—1¢?)
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we have

O((L + M)y,

71) _ Z (Zm)zi

(26 +1)!

Similarly,

& . tH(1 — 1) — :
_ Z(ZM)QHA + (1 t2) Z(ZM)21+2
=0 1=0

SO

Further simple calculations yield

-1

[@((I+M)™)] 0=

_t (1+1t)sinh(zv1 —1?) — V1 —t2cosh(zv1 — %) + V1 — 2
1+t V1 —t?cosh(zv1 — t?) — sinh(zv/1 — t2) '

Finally, the transfer matrix method defines M° to be the identity matrix /. Since

we consider all our permutations to start at v; and end at vy, we need to modify the
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function above by adding a 1 for the base case. But after suitable calculations, this

is the same generating function as before. OJ

We can use the techniques in this section to prove the special case of the theorem

of Goulden and Jackson.

Proof of Theorem 4.18. As in Definition 4.7, we let f; be the weight of a (non-
final) maximal increasing run of length ¢, and we let g; be the weight of a final
maximal increasing run of length 7. We construct the same digraph as in Figure 4-1,

and weight its edges as indicated by the following adjacency matrix J.

ooy firt Yoy gt

0 0

J =

Following Theorem 4.32 and using the notation from Theorem 4.18, we take

F(z) G(x)
I+J=
0 1
and
» F(z)™' —F(z)"'G(z) Do UnZt = v 2"
I+J)" = =
0 1 0 1

Applying the operator ® yields
Zn u”% - Zn U”%

0 1

(T +7)") =
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and inverting gives
(Towii)  (Sowi) (Sowi)
0 1

(@((I+)) " =

If we do not choose to distinguish the terminal run, then the (1, 1) entry gives the
first part of Theorem 4.18. The (1,2) entry gives the second part of Theorem 4.18,

in which we distinguish the final run. U



CHAPTER 5

The Capacity k Case of the Bin Problem
5.1. Capacity k£ Bin Arrangements and k-Marked Shapes

We now consider bins of capacity k. As before, we let the object sizes be chosen
uniformly at random from the interval (0, 1], and require that if 4,...,4,, are in a
bin, then Z;"Zl r;, < k where k € N* is the capacity of the bin. We assume all bin
arrangements are obtained from applying the NEXT FIT algorithm to a sequence of
objects, and we consider NEXT FIT to partition (0, 1] into polytopes corresponding
to the different possible bin arrangements.

As we did in the case where k = 1, we will define a function that will transform
polytopes corresponding to bin arrangements into polytopes corresponding to per-
mutation shapes. However, as in the dual bin case, a single bin arrangement will

turn out to correspond to a set of shapes.

Definition 5.1. Suppose (x1,...,x,,) € Pa, where A is a capacity k bin ar-
rangement with n bins. As in the dual bin case, we let T; = Zfzb x;, where b is the

first element in the bin containing j. We define a strictly increasing sequence

u= (U1,07 s ULk—1y -+ Un—1,05 -+ - s Un—1,k—15 Un,0; - - - 7un,k’)

where wu;; is the minimum j in the /th bin for which 7} > 4, and k¥’ = [T,,,] — 1. Note
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that ;o is just the first item in the lth bin. Define P4, C P4 to be the polytope

consisting of all points with this same .

Definition 5.2. For each u, we associate the related sequence

—/ / !/ / / !/ !/ /
U = (U gy U gy oo Uy g gy Ugy gy Uy 1y ey Uy s Uy 1)
where
m — Up s, ifl=nandi=FkK+1;
/ . _
ul,i = U410 — Ulk—1 — 1, if 1 = k’
Up; — Upi—1 — 1, otherwise.

The sequence u lists those objects for which the running total in the appropriate
bin crosses over an integer. The elements of u’ are one less than the differences
between successive elements of u, with the last being the difference between m and
U j -

For example, let A be the following capacity 3 bin arrangement.

11234567 [8910]

Consider the point (.2,.2,.3,.4,.9,.1, .8, .8,.3,.8) € P4. We automatically have that
uo = 1. Since T7 = 2, Ty, = 4, T35 = .7, and T, = 1.1, we have u;; = 4.
Similarly, 75 = 2.0 and Ty = 2.1, so u32 = 6. Now 77 = 2.9 and 17 + 25 = 3.7, so
8 starts a new bin, usg = 8, and Ty = xg = .8. Finally, Ty = 1.1 and Ty = 1.9
SO Upp = Ugy = 9. Hence u = (uyp,u11,u12,u20,u21) = (1,4,6,8,9) and the

associated @' is (u} 1, U] 9, U] 3, Uy 1, Uy ) = (2,1,1,0,1).
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Definition 5.3. Let A be a bin arrangement with m elements. We define 14
with ¥a(21, ..., 2m) = (Y1, ..., Ym) as follows:

T =T, if j is in an odd-numbered bin;
Yi= T; — [T;]1 + 1, if jis in an even-numbered bin.

where 7} is as in Definition 5.1, and [z] is the least integer greater than x.

Note that for k = 1, 14 reduces to 14 from before. Similarly, if we take

(z1,...,Tm) € Pa, then Ya(zy, ..., 2,) € [0,1]™.

Proposition 5.1. Given the bin arrangement A, 14 is a piecewise affine linear,

volume preserving map.

Proof. The situation is the same as in Proposition 3.10. If we subdivide P, into
the subpolytopes P4, of Definition 5.1, then 4 is linear on each P,.. In particular,
if w; <j<uyr theni <T; <i+1 and hence i = [T;] — 1. (If we take i =k — 1
then w1 < j<wppoand k—1<T; <k, sok—1=][T;] —1.) As aresult, we
have the formulas y; = ¢+ 1 — T} if [ is odd and y; = T; — 7 if [ is even. Then, as
in Proposition 4.1, we can easily write the action of ¢ on P4, as an explicit matrix

with determinant +1. O

Definition 5.4. We define ¢ on (0, 1)™ by setting ¥(z1, ..., Zm) = (21, ..., Tpm)

for (xq1,...,2n) € Pa.

The following proposition is straightforward.
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Proposition 5.2. We take a bin arrangement A and fix a sequence u, and con-
sider the inequalities satisfied by the points in 14, . For notational purposes, we will
consider upy, to be equal to wi119. Suppose j is in the lth bin. Then the following
hold.

(1) Ifl is odd, then
() yj <yjr1 if j+ 1=y for somei=1,....k
(b) y; > yj+1 otherwise
(c) 0<y; <1

(2) Ifl is even, then
(@) y; > yjr1 if j+ 1=y, for somei=1,... k
(b) y; < yj+1 otherwise
(c) 0<y; <1

(3)0<y1<1.

In other words, if the bin is an odd one, the corresponding y;’s form a sequence
of descents, with an ascent every time the running total crosses over an integer.
After the kth such cross over, the corresponding ascent marks the start of a new bin.
Similarly, even bins yield descents when the running total reaches each integer, and
ascents elsewhere.

As a result, we introduce another way to mark shapes.

Definition 5.5. Fix k, and let S be a shape. We define the k-marked shape s,

as follows. Starting from the left, we mark the kth a as a, and the kth d after that
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as d. We continue in this fashion, alternating whether we are counting the a’s or the

d’s.

Note that this is consistent with the method of marking in Section 2.3; we just
took k =1 as we would expect in the capacity 1 case.

We thus write each marked word s; in the form
((@a)da(a*d)*~ad) (25)
followed by some truncation of (d*a)*'d*a(a*d)* 'a*d. As usual, if w is a word in

a free monoid, then w* indicates that w appears to some non-negative power.

Definition 5.6. Let S} be the set of k-marked shapes of length m. We define

iy if the first marked letter (an ) in sy is the 4;st

7777777777

letter of s, the second marked letter (a d) is the iond letter after that, the third (an

) is the igrd letter after that, and so on.

For example, take S = dddaadaddaddaa and S" = daddaaddadddad. Then
sy = dddaadaddaddaa (= d*ad®aa’datdd* ad*aat)
s, = daddaaddadddad (= d*ad*aa'da’dd’ad®aa’d)
s3 = dddaadaddaddaa (= d*ad’ad'aa’da’da' dd* ad’a)
and sy = daddaaddadddad (= d'ad?ad®aa’da’da‘dd®ad") .

Both s; and sy are in S}, 5 5. However, s3 € Sgt; ,y and s§ € Syig,) -
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Definition 5.7. Let s; be the k-marking of the shape S. We define the polytope
P, to be equal to the polytope Ps of Definition 4.3. We define PSZ”@

7777777

union of the polytopes P, for all s;, € S,T(

) ilv---ain)'

Definition 5.8. Suppose we have sequences u and @’ as in Definitions 5.1 and
5.2. For [ # n let
=y etk

Then we define a shape s; € S;”(;lm iy 10 terms of the formulation of (25) as
follows. We define the u; oth through w1 ¢ — 1st letters of s to be

dUiadbza . .. dUea for [ odd, I # n;

a“irdatiad . .. a"ied for [ even, [ # n.
Then, for the last truncated copy of (25), we have one of the following:

! / !
d'niq ... d"nK ad" r+1 for n odd;

a“nid. .. q e da e for n even.
Theorem 5.3. Let A be the capacity k bin arrangement of m elements that

contains i, elements in the lth bin for 1 € 1,... ,n. Then 1 bijectively takes Py to

Pgm-—1 . In particular, ¢ takes each Py, bijectively to the corresponding P, .

k(i .., ip—1)

Proof. This follows from the definitions and Proposition 5.2. We omit the tedious

details. O

We note that, as in the capacity 1 case, each @ and d marks the start of a new

bin; if the ith letter of a shape is marked, then ¢ + 1 starts a new bin. Furthermore,
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if we write a k-marked shape in the form given in (25), we can immediately read

off @.

Similarly, given @, we can immediately write the corresponding k-marked
shape. For instance, recall the first example of this section, where we had o' =
(u)y,ul g, 3, uh,u5,) = (2,1,1,0,1). Then the corresponding shape s; will be
d*ad*ad'aa’da = ddadadada.

In the capacity 1 case, one could look locally at the shape of a permutation
and determine information about its corresponding bin arrangement. Each run or,
alternatively, each peak or valley corresponded to a bin. For k£ > 1, this is no longer
the case. In order to determine whether an a or d in a shape is actually marked as
a or d, representing the start of a new bin, one needs to know information about all

the preceeding letters in that shape.

The methods of Section 4.6 allow us to keep track of such information.

5.2. Capacity 2 and 3

We will use the methods of Section 4.6 to explicitly calculate the generating
function for the capacity 2 bin problem. We will set up, but not solve, the same for
the capacity 3 case.

First, we need to write down a digraph that encodes which increasing runs start
new bins in the capacity 2 case. We start by looking at the 2-marked shapes in
terms of the form of (25), and then rewrite in terms of the lengths of the maximal

increasing runs. All 2-marked shapes can be written in the form

(d*ad*aa*da*d)* (26)
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followed by a truncation of d*ad*aa*da*d.

Assume for the moment that the second d* is non-empty (the second d* is of the
form d for some iy > 0). Then a shape starting with d”ad”aa™da*d will start
with 4; maximal increasing runs of length 1, followed by a run of length 2, and then
io Tuns of length 1. The d at the end of the combination @a®®*d ends a maximal
increasing run of length i3 + 2, and the d at the end of the combination a*d ends a
run of length i4 + 1.

We will record this pattern of maximal increasing run lengths by

"21">2 >1
where the last two runs are in bold to denote that they each include a marked letter
(and hence correspond to starting a new bin).

Now suppose the second d* was actually d°. Then we can write such a shape as
starting with dad®aa™da’*d = d" aaa®da’d. Once again, it starts with i; maximal
increasing runs of length 1. Now, however, the d at the end of the combination
aaa®d ends an increasing run of length i5 + 3, and once again the d at the end of
a’*d forms the end of a run of length s + 1. The run pattern then looks like

1" >3 >1

with bold face numbers indicating runs including marked letters as before. We

combine these two cases in the following diagram.
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U3 z 22

B Y =
/

— g ; 1—=z
0 0
1—=z
FIGURE 5-1. Preliminary digraph and adjacency matrix for the bin
capacity 2 case

Starting the pattern (26) again merely restarts the pattern of maximal run lengths
given by (27). This gives us a preliminary version of the digraph, as shown in
Figure 5-1. An edge corresponding to a run of length k& will have weight 2*: it has
weight ¢2* if it marks the start of a new bin. We are interested in paths that start
at the vertex v;.

Now we consider the truncation of d*ad*aa*da*d at the end of a 2-marked shape.
In general, truncating (26) will merely truncate the pattern of run lengths given by
(27). However, the final (bold face) run of length > 1 depends on the d ending the
combination a*d. If the shape ends with d*ad*aa*da*, then while the final maximal
increasing run will indeed be of length > 1, it will not be ended by d and hence will
not correspond to starting a new bin.

To take this into account, we modify the digraph in Figure 5-1 by adding vertex vy
and edge v3v4, which we give weight z(1—2z)~!. This corresponds to a terminal (non-
boldface!) run of length > 1. Note that if the truncation is trivial (i.e., the shape
ends with a full copy of d*ad*aa*da*d, say dilad”aa”da“d), then the penultimate
run is a marked one of length 74 + 1 and the final run is of length 1. We can thus

introduce vertex vs and edge vyvs with weight z, and specify that we will only count



103

} U3
U1

Us

V4

F1GURE 5-2. The digraph D, for the bin capacity 2 case

the paths that start at v; and end elsewhere. (This forces us to count the paths that
end in v3vy or v1vs instead of vsvy or vyv; respectively.)

Our final version of the digraph D, for the capacity 2 bin case appears in Figure 5-
2. Note that each shape, when split into maximal increasing runs, corresponds to
exactly one path in Dy, starting at v; and ending at some other vertex.

We write the adjacency matrix N of the digraph Dj as follows.

tz3
2
0
z 2z T z
t2
0 2 = 0 0
1—2
tz z
N = 0 0 0
1—2 1—=2
0 0 0 0 0
0 0 0 0 0

Notation. We use the abbreviations Ct = cosh(zv/1 +t), ST = sinh(z/1 + t),
C~ = cosh(zy/1 —t), and S~ = sinh(zy/1 —t). In terms of exponentials, we intro-

duce the abbreviations p = e*V!™t and n = e*v1~,
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Theorem 5.4. Taking

f=V1-2 ST =3t)C + —t+2] +2(1-t)**(1+C —Ct - C*C")
+ST[CTE —t) 2+ 262 +t] +2STS VIt (1 —1)

and

g=25"(1-t)[Ct+t] -VI—-t (1=t} [CTC™ +1]

+2V1 -2 ST[CT —t] =3V1+t (1—-¢)STS™

the generating function for the ordinary bin capacity 2 case is 1+ f/g. The coefficient
of t"z™/m! in 1+ f/g counts the number of permutations of m corresponding to n

capacity 2 bins.

Proof. We apply Theorem 4.32 to the digraph D5 of Figure 5-2 and its adjacency
matrix N.

First, it is necessary to calculate the matrix (I + N)~!, and apply ® to its
entries. (Recall that ® is the linear operator that takes > a;2" to > a;2'/i!.) In
order to calculate ®((1 + N)i_’jl), we write (I + N);; in terms of its partial fraction
expansion. Straightforward manipulations then yield expressions in C*, ST, C~ and
S~. See Table 5.1 for the actual expressions. (The fourth and fifth rows of (I +N)~!
are just [0,0,0,1,0] and [0, 0,0, 0, 1] respectively.) Inverting ®((/+ N)~') and taking

the sum

+[@(T+N) ] g+ [T+ N) D]+ [@(T+ )]

-1
1,2

[@((T+N)™)]
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i,7 (I + N);j1 partial fraction expansion of (I + N);j1 O(I+N); )
—(0—2)(1— z)? 1— 1— c+ c—
L1 iy —207) T =20 G-t T
22(1— ) _ 1 —2—t42z(1+t) 2-t—2z(1-t) | -1 (2+H)Cct (2—
1,2 t2z4 (z2-1)2 izt 2t(1+t) ~ ~ 1—22(1+t) + 2t(1—t) = 1—22(1—t) | 1—t2 ~ “2t(1+1) + t\/ﬁ + (1
1.3 t23(1—2) TR S 1—z(1+t) 1 1—z(1-t) + ct st  C-
) 1227 (22-1)2 =2 T 20+1) T 1-22(1+t)  2(0—1) < 1—-22(1—1) — t2 201+t) 21+t 2(1-
—tz? 1 1 1 t ct C-
1,4 t2z4—(zz2—1)2 t2 + (1+t) TT=22(1+t)  2(1-t)  1—2%2(1-1) = T 2(1+t) ~ 2(1-
z(1+z)(1-2) -1 1 1—z(14t) 1 1—z(1—t) _ 5+ C-
L5 227 (22—1)2 izt 2(1+t) ~ 1—22(1+t) + 2(1—t) " 1—22(1—1) izt 2(1+t) — 214t + 2(1-
21 —t223 tz . tz tSt  tS—
) 1227 (22-1)2 2(1—22(1+1))  2(1—22(1-1)) Itt  2v/1-t
B _ 1 1—2(1+4¢) 1 1—z(1-t) ct C-
2,2 | At =2t o =2am T2  T=20-0 =+ 0FD) zm 3
9.3 22(1-22) 1 t I t t et ¢
) 1227 (22-1)2 =2~ 2(14t) ~1-22(1+t)  2(0—1) " 1-22(1-1) 1—2 ~ 201+t~ 2(1-
9 4 —t23(1+2) AT N I+z(1+t) 1 142(1-t) 4 c+ + st cC-
) 1227 (22-1)2 1—2 7 2(14¢) T 1—22(1+t)  2(1-0) " 1-22(1-1) — t2 2(1+t) T 2y/1+t  2(I-
224 —t2 1 t 1 t —t2 tCt tC
2,5 t2z47(§271)2 1—t2 ~ 2(1+1)  1—22(1+1) + 2(1—t) " 1—22(1—1) -2~ 201+ + 2(1-
3.1 tz(1—22) —tz i tz —tSt S~
’ 224 —(22-1)2 2(1—22(141))  2(1—22(1—t)) 2v/1+t 21—
—t23(1-2) —t 1 1—z(1+t) 1—2(1-1) —t ct C-
32| marmie =2 ~ 2040 1=22(+8 T 20-0)  1=22(1—1) = ~ 3070 T avit Tl
—(1+2)%(1—2)* 1 1 t 1 t tC+ tC
3,3 1227 (22-1)2 =t 2(1+t) " 1—22(1+t)  2(1—t) 1—-22(1—1) t2 + 201+t) — 2(1-
34 2(1=2)(142)2 11 424t 1 142(1-1) 1 _¢ct st | _C
’ 1221—(22-1)2 1-¢2 2(1+t)  1-22(1+4t)  2(1—t) 1-22(1—-1) 1-¢2 2(1+t) V1t 2(1-
—tz%(1-2%) —t 1 ¢ 1 t tCt tC
3,9 Tz T 2(1+t) ~ 1—22(1+t) + 2(1—t) " 1—22(1—1) 1— t2 + 2(1+t) + 3

TA(Z1)2

TABLE 5.1. Calculations for determining ®((7 + N)™!

) in the capacity 2 bin case
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yields the desired result, after more calculations. (In particular, we had to multiply
the expression by ¢, since as stated the first bin never got its weight. As in the

capacity 1 case, we must add 1 to conform to our base case convention.) O

In terms of our (abbreviations for) exponentials, the generating function (minus

its base case) has numerator

2(1—t)*(p—1)2(1+n)?+2vV1 — 2(p> = )1 —n®) +t(1 = t)V1 + t(n+1)%(p* = 1)
+VI+t(p* = 1) [2t(n* +1) —4n] + (1 + t)V1 —t(1 — n®)(—t(p — 1)* — 4p)

and denominator

(1= +pn)*+ (p+n)* +3vV1 —2(1 —n?)(1 —p?) +
21—t [(1 —n?)(1+p®) + 2tp(1 — n?)] +2V1 + ¢[(1 —p*)(1+n?) — 2tn(1 —p*)] .

Expanding, the first few terms are

5 1 12 12
1+tz+t2° St =% ) 22 A
+z+z+<6+6 >z+<24+24 z

(2, 8T 6 o (B8 520, 1425
— 1+ — —1" |z — 1+ = —1" |z
1200 ' 1200 ' 120 7200 7200 720
121 2803, 2045, 71\ .,
5040 ' 50400 ' 5040 ' 5040

For the capacity 3 case, we produce the digraph and its adjacency matrix, but
do not explicitly present the generating function.

We write each 3-marked shape in the form given by (25):

(@apdatad?ad) = (@ ad ad ao’da’da’d)
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As we did for capacity 2, we rewrite this according to the lengths of the maximal
increasing runs. We omit the details of the analysis, and present the following pattern
of run lengths. The bold face numbers represent runs that include @ or are ended by

d, and hence result in the start of a new bin.

( )
2 1* >2
2 1
>3
1* >1 >1
30 1% >2
> 4
\ J

We can convert this information into a digraph. As before, we need to consider
how the final truncation of (25) changes which runs represent a new bin, and modify
the digraph accordingly. This results in the digraph and adjacency matrix pictured
in Figure 5-3. Each sequence of maximal increasing run lengths, weighted according
to run length and where the bin lines are drawn, corresponds to a unique path in

this digraph, starting at v; and ending at any other vertex.
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U1 ° ° °

z 22 23 0 0 0 z
1—32
¢
0 2 0 22— 2 o 0 0
1—22
¢
0 0 2 2= 0 0 0 0
1—2z .
O 0 0 0 0 0 0
) 11—z
¢
0 0 0 2= - 0 0 0
tz 1=z z
0 0 0 0 0
11—z 1—=z2
0 0 0 0
O 00 0 0 0 0 0

FI1GURE 5-3. The capacity 3 digraph and its adjacency matrix
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