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ABSTRACT

Applications of Computer Algebra to the Theory of
Hypergeometric Series

A dissertation presented to the faculty of
the Graduate School of Arts and Sciences of
Brandeis University, Waltham, Massachusetts

by Ping Zhou

This thesis consists of two parts which both deal with the application of com-
puters to the theory of hypergeometric series. In the first part of this thesis
we study how symbolic computational software, like Maple, can be used to
generate hypergeometric transformations systematically. Based on the ob-
servation that }_; (Zj aij) =2, (Zi aij), we generate double sums which
both inner sums can be evaluated by known hypergeometric summation the-
orems. In a similar way, we generate transformations for two-variable hyper-
geometric series. In the second part we focus on the WZ(Wilf-Zeilberger)
method. We use a WZ pair to assign weight to a step and derive the path
independence theorem which states that sum of the weights along paths
depend only on the endpoints. We derive the change of variable theorem.
Then we give some applications of path independence theorem. We also
extend the WZ method to Euler’s and Pfaff’s transformations. We general-
ized the application of the path independence theorem from hypergeometric
functions to symmetric functions in the end.
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Chapter 0. Introduction

In chapter 1 we look at double sums of the form

3 (a1)pritarj i (An)pritan cricyd.
— ily!
0]
We associate such a double sum with a multiset {(p1,41)," - (Pn,qn)}, which we call the partition

associated with the sum. We study the use of Maple to generate all the partitions whose correspond-
ing double sums can be evaluated when first summed on ¢ and when first summed on j. This gives
us transformations for hypergeometric series. In chapter 2, we start with a hypergeometric series
with two variables, say f(z,y) = Y a;;z'y’, then we do a simple transformation on the variables,
like (1 —2)P(1 —y)9f (1%, ﬁ) and express the coefficient of 2%y’ as hypergeometric series. We
then evaluate the hypergeometric series by known hypergeometric summation theorems and obtain

a hypergeometric transformations in two variables.

In chapter 3, we study WZ forms for hypergeometric series. In particular, we derive the path
independence theorem for WZ forms and give some applications of the path independence theorem.
We prove the change of variables theorem for WZ forms which is a straightforward consequence of
the path independence theorem. We show how the change of variables theorem gives the connection
between various forms of a hypergeometric evaluation and its WZ forms. We also extend the WZ
method to Euler’s and Pfaff’s transformations. In the end of chapter 3, we generalize the application

of the path independence theorem from hypergeometric functions to symmetric functions.



Chapter 1. Hypergeometric Transformations from Double Summation

§1.1 Introduction

A hypergeometric series Y .., a; is a series in which the ratio of every two consecutive terms,

Qj+1
a; ’

is a rational function of the summation index ¢. If we define a rising factorial in a to be

ala+1)---(a+n—-1), ifn>0
(a)n = (=

, if n < 0;
0-a). if n
1, ifn=0
then obviously, the following is a hypergeometric series

1) ()i

=0

and we denote it by

Ay, 0n
nFm(b b
1, "y Um

11) . (1.1.2)

We call a4, - - -, a, its numerator parameters, by, - -, by, its denominator parameters, and z its argu-

ment. Note that
T(a+n)

= )

as long as a is not a negative integer. There are some well-known hypergeometric identities such as

a
1Fo <_

o (1) = R e

the binomial theorem

o)==

Gauss’s theorem

where R(c —a —b) > 0, or a or b is a nonpositive integer and Saalschiitz’s theorem

where a+b—n+1 = c+d, and n is a nonnegative integer. In Saalschiitz’s theorem the hypergeometric
series is said to be balanced since its parameters satisfy the relation a+b—n+1=c+d [3, (2.5)].
An identity which transforms one hypergeometric series to another one is called a hypergeometric
transformation. There are many ways to get hypergeometric transformations. One of the most
powerful techniques is based on the observation that

3 (Xe) =2 (Zw)

% 7 J 7



This technique has been used widely in the theory of hypergeometric series and various authors
have studied this method somewhat systematically [3, 4], but have restricted their attention to what
appeared to be the most promising cases, because looking at all possible cases would be too tedious.
However, the computer, more specifically the mathematical symbolic computation software such as
Maple, makes it possible for us to consider all possibilities. It can help generate all possible double
sums, examine each one of them and evaluate it if possible. For example, we can come up with a
Maple program to systematically apply the method of double summation in the cases in which one
side is evaluated by Gauss’s, the binomial or Saalschiitz’s theorem and the other side is evaluated

by one of these theorems as well.



§1.2 Deriving hypergeometric series by double summation

We start with a double sum on ¢ and j of the form

3 (a1)pyitai o (@n)pnitani ey (12.1)
— ilg!

0.

where the p; and ¢; are integers (positive, negative, or zero) with p; and ¢; not both zero. Such a
sum is determined (up to a change of the names of the parameters) by the multiset {(p1,q1),- .-,
(Pns qn)}, which we call the partition associated to the sum and each (p;, g;) is called a part belonging

to the partition. We use P(s1, s2;t1,t2) to represent the set of partitions, which satisfy the following

conditions:
(1) the sum of the positive p; is s1,
(2) the sum of the negative p; is —s3,
(3) the sum of the positive ¢ is 1,
(4) the sum of the negative g; is —to.

For such a partition we defined its cutoff to be [s1, s2,t1, t2]. Now we take an arbitrary double
sum of the form (1.1.1) which corresponds to a partition belonging to P(s1, sg;t1,t2). For such a

double sum if we first sum on ¢ we get a hypergeometric series in ¢

3 ot ol (5 (0 (o ), (1.29)

| |
r 7! - il

Notice that we have

a a+p—1
(a)pi:pm(p)z - ( D )is
when p is a positive integer and
ppi
(@)pi = 1= P
(E2) - (59,

when p is a negative integer. So the number of numerator parameters of (1.2.2) is s; and the number
of denominator parameters is so. If we want v to be the argument of this hypergeometric series we
need to have ¢; = p; ' -+ p,P»v. In particular if we want this summation to be a 1 Fy(v), which
can be evaluated by the binomial theorem, we need to have s = 1,80 = 0 and ¢; = p; ** -+ p, Pro.
On the other hand if we first sum on j and want to have o F} which can be evaluated by Gauss’s
theorem we need to have t; = 2,t5 =1 and c2 = ¢; ©* - - - ¢;,; 9. We summarize what we have here in

the following claim.



Claim 1. The double sum (1.2.1) has the property that summing first on the variable i results in a
1Fo(v), while summing on the variable j results in a o Fy (1) if and only if the corresponding partition
is in P(1,0;2,1) and ¢; = p; "' - p,Prv and ca = g1 * -+ g, .

With this observation we can generate hypergeometric transformations systematically with the
binomial theorem and Gauss’s theorem. The procedure is straightforward. We first generate the
set P(1,0;2,0). Then for each partition we form a double sum of the form (1.2.1) and with ¢; =
p Pt eoppPro and ¢o = ¢p I -+ - g, . Finally, we sum the double sum first on ¢ and evaluate the
summation by the binomial theorem to get the left-hand side of the transformation, then sum the
double sum first on j and evaluate the summation by Gauss’s theorem to get the right-hand side
of the transformation. Here to avoid any convergence problem, we assume that we are dealing with
formal power series, and when applying Gauss’s theorem, we need one of the numerator parameters

to be non-positive for the series to terminate. For example, we take the partition {(1,—1),(0,1),

(0,1)} and form the double sum

(1.2.3)
.9
The sum on ¢ of the summand of (1.2.3) is

(-, (~DIB)); . (" —j’v> ,

4!

which by the binomial theorem may be written as

(a)—;(=1)7(b);(¢);(1 —v) =+,

1-0)

1) . (1.2.4)

Thus (1.2.3) is equal to
b,c
1—a

(1-v)"%F <

If we sum (1.2.3) first on j we get

v(.a)iQFl b,c .
7! l—a—1

This o F converges for all ¢ if and only if b or ¢ is a nonpositive integer. In this case let’s set b = —n,

where n is a nonnegative integer. By Gauss’s theorem (1.2.4) may be written as

i ITl—a—i)fQl-a—i—c+n)
U(a)zr(l_a_i+n)I‘(1—a—i—C).

Thus (1.2.3) is also equal to

F(l—a)F(l—a—b—i—n)F a—n,a+c
I‘(l—a—i—n)l"(l—a—c)2 "Cate—n
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and we get a well known linear transformation

—n,c

(1—v)"%F (

'Nl—a)l(1—a—c+n) a—mn,a+c
1l—v| = 2F1
'Nl—a+n)T'(1—-—a—c) at+c—n

(lfa—c)nzF1 a—mn,a+c o)
(1—a), a+c—n

’)

l1—a




§1.3 Generation of hypergeometric transformations via Maple

As we mentioned before, mathematical symbolic computation software will be very helpful
to get all the transformations which can be derived by the method we described in the previous
sections. Now we are going to see how we can use Maple to carry out the procedures to generate the
hypergeometric transformations. We will always start with a cutoff and a set of parts, and generate
the set of partitions from them. The set of parts should include all possible parts that could appear
in partitions with the given cutoff. One observation is that the double sum formed by a partition
with a part such as (2,0) is a special case of the double sum formed by the same partition with (2,0)
replaced by (1,0), (1,0). Therefore in the parts set there is no need to include parts (p,0), where
the absolute value of p is not 1. A similar argument results in excluding (0, ¢) from the parts set if
the absolute value of ¢ is not 1. Considering that we are only using the binomial theorem, Gauss’s
theorem, and Saalschiitz’s theorem we come up with the following parts set:

{(=2,2), (~2,-1), (~2,1), (~2,2), (=2,3), (—1,~2),

(~1,=1), (~1,0), (=1,1), (~1,2), (~1,3), (0,~1), (0, 1), (1, ~2),

(1,-1),(1,0),(1,1),(1,2),(1,3),(2,-2),(2,-1),(2,1),(2,2),

(2,3),(3,-2),(3,-1),(3,1),(3,2),(3,3)}.
With this parts set, for a given cutoff sy, s2, 1, t2], we call a procedure createpartitions to gener-
ate the set P(sq, s2;t1,t2). The returned partition set is stored in a global variable fullpartitions
which is a Maple list structure. Notice that a partition produces a trivial identity if every part of
it has zero as one of the entries, i.e., it is of the form either (p,0) or (0,q). Such partitions are
eliminated by createpartitions. There is usually some more work needed to refine the partition
set fullpartitions. Such work depends on the theorems we apply later. For example, if we want
to apply Gauss’s theorem twice, the cutoff would be [2,1,2,1]. Here, every partition is symmetric
to another partition (could be itself) in the sense that if we switch the two entries in all the parts
of the first partition we get the second partition. Two partitions which are symmetric to each other
produce the same transformations, so we need to get rid of one of the two. We call a procedure
remove_symmetry for this purpose. On the other hand, if we want to apply Saalschiitz’s theorem
once and then Gauss’s theorem once, then we do not have the symmetry problem since the cutoff is
[3,2,2,1]. Yet, we run into another problem due to the fact that the parameters of the hypergeomet-
ric series that we want to evaluate by Saalschiitz’s theorem have to be balanced, which we mentioned
in section one. We can express one of the numerator or denominator parameters in terms of the

other parameters, but some partitions generate an expression which contains the other summation

7



index. For example, partition ((—1,2),(1,—1),(1,0),(1,0),(—1,0)) has cutoff [3,2,2,1]. We form a

double sum of the form (1.2.1) from this partition and first sum on i we get

(a)—iy2;(0)i—j(c)i(d)i(e)—s(=1)**(2)~%
il 4! ’

If we first sum this sum on i we get

()2, (3) (0)—; (1) b—jcd
> 4j! 3F2<1—a—2j,1—e

1).

In order to use Saalschiitz’s theorem the parameters of 3F5 needs to satisfy the condition

J

b—jt+ctd+l=1-a—2j+1—e.

Since condition is dependent on j it cannot produce a valid variable substitution expression. If the
coefficient of j on the left hand side of the equation is equal to the coeffient of j on the right hand
side, then we can get a variable substition expression independent of j. In fact the coefficient on
the left hand side is the sum of the second tuple for all parts whose first tuple is positive, while
the coefficient on the right hand side is the negative of the sum of the second tuple for all parts
whose first tuple is negative. In general, a partition P from P(3,2;2,1) produces a valid substitution

expression if and only if the terms containing the summation index cancel each other, i.e.:

Yooa= > (-o.

(p,q)EP,p>0 (p,q)€P,p<0

We call a procedure select_balanced to just include such good partitions in the fullpartitions

list. The following is the Maple output when calling some of the procedures we just described.
> cutoff := [2, 1, 2, 1]

> createpartitions(cutoff);

> nops(fullpartitions);

24

> remove_symmetry() ;

[[[=1, 2], [0, =1, {1, 0], {1, 0], [[=1, =1], [0, 1], [0, 1], [1, O], [1, O]},

[[=1, 1], [0, =1], 0, 1], [1, O], 1, O], {[=1, 2], [, =1}, [1, O]}, [[=1, 1], [0, 1], 1, —1], [1, O,
(=1, =], 1, 1], {1, 1), (=1, 0, [0, =1, [1, 1], {1, 1], [[=1, 1, [1, =1], 1, 1],

[[=1, 0], [0, 1], [, =1}, [1, 1]}, [[=1, =1], [0, 1], 1, 0}, [1, 1]],

[[=1, 0], [0, =1], 0, 1], [1, 0], [1, 1], [[=1, 0], [, =1}, [1, 2]], [[-1, =1], [1, 0, [1, 2]},

[[=1, 0], [0, =1, {1, 0}, [1, 2]], [[=1, 2], [2, =1]], [[=1, =1], 2, 2]}, [[=1, 0], [0, —1], 2, 2]]]

8



>nops (fullpartitions);
17

For every partition in fullpartitions, we call a procedure, whose definition depends on
the theorems we want to apply, to generate the transformations. We have written bg_get_iden,
bs_get_iden, gg get_iden and sg_get_iden. The first two letters in these procedures provide the
information about the theorems used to evaluate the two hypergeometric series. Obviously, b is for
the binomial theorem, g is for Gauss’s theorem and s is for Saalschiitz’s theorem. These procedures
are quite similar to one another since they all follow the procedures described in the previous section
to derive the transformation. We now pick one procedure, gg_get_iden, to illustrate how the trans-
formation is derived by these procedures. Given a partition, the first thing gg_get_iden does is to
pick parts which correspond to parameters making the double sum terminating. These parameters
have to be negative integers and are denoted by —n or —m. The procedure to do this is called
lookup-part. In the case that the hypergeometric series obtained by summing on ¢ is evaluated
by the binomial theorem while the other one obtained by summing on j is evaluated by Gauss’s or
Saalschiitz’s theorem, since we assume the series is a formal power series, we only need to pick a
terminating parameter for the second series. In the case that only Gauss’s or Saalschiitz’s theorem
will be applied we need to pick terminating parameters to make both series terminate. Moreover,
we also want the original double sum terminating so that we can switch the order of the summation.
The observation is that if we pick a terminating parameter whose part has both entry positive then
the original double sum terminating. This is the most simple case. Now we look at other choices
we may have. A parameter which corresponds to a part, say (p,q) can make the series which is
obtained by summing on ¢ first terminating, as far as p > 0 and ¢ can be any nonpositive integer.
But to make the series which is obtained by summing on j first terminating we need to pick another
part say (p1,q1) where p; is any nonpositive integer and ¢; > 0. Moreover to make the whole double
sum terminating we need |pqi1| > |p1¢|- With lookup_part we can specify, via passing an argument
opt, if we want the picked parts to make the first series terminate (opt = 1), or the second series
terminate (opt = 2), or the double sum terminate (opt = 0). In gg_get_iden we want lookup_part
to return the index of parts which make the double sum terminate. Here is a Maple output from

lookup_part.
> p:=fullpartitions[3];
p = [[17 _2]v [_27 1]]

> lookup_part(p,0);



[

In this case, we get the following double sum corresponding to p

> (a)i—2;(b) 244522 2%

il !

i,
Since we want to get a terminating hypergeometric series summing first on the first index we need
to set a a negative integer, and we also need to set b a negative integer to make the series summing

first on the second index terminating. So we get something as below

Z (_n)i72j(_m')72i+j22i 22j.
> il 5!

Yet, since these two terminating parts donot satisfy the condition we mentioned earlier there are in-
finitely many of ¢, j which makes the summand nonezero, so the double sum itself is non-terminating.
Therefore there is no way to get a non-terminating series out of this partition.

> p:=fullpartitions[4];

p := [[-1,-1],[0,1],[0, 1], [1,0], 1, 0]]

> lookup_part(p,0);

[[4, 2]]

This means the there is only one way to make the double sum formed from this partition ter-
minating. That is setting both the parameter corresponding to the 4th part and that corresponding
to the second part to negative integers.
> p:=fullpartitions[12];

p := [[=1,0},[0,1], [1, —1], [1,1]]
> lookup_part(p,0);
[r41, 2, 311

This means that there are two ways for the double sum formed from this partition to terminate.
One way is to set the parameter corresponding to the 4th part a negative integer. The other way is
to set both the parameter corresponding to the second part and that corresponding to the 3rd part

negative integers.

For each choice of terminating parameters we call doublesum(L) to form a double sum of the
form (1.1.1) with the terminating parameters represented by —n or —m. In this procedure if the

first entry of a part is negative then we put the rising factorial for that part on the denominator.

10



We then call toF (summand, i) to convert hypergeometric series obtained by ¢ into the form defined
by (1.1.2) and procedure gauss evaluates this hypergeometric series by Gauss’s theorem. We use
hypercombine to convert the summand to rising factorials in j and combine factorials in fractional j,
if such factorials exist, to one factorial in j if possible. In the end tor is called to convert the summand
to be a product of rising factorials in n or m. In this way, we obtain one side of the transformation
and the other side is obtained in a similar manner.

The following shows how all the procedures can be used to generate transformations from a

partition. Note that " in Maple denotes the result of the last calculation.
> var:=[a,b,c,d,e,f,g,h];

> part:=[[-1,0],[0,1],[1, —1],[1,1]]:

> lookup_part(",0);

(41, [2, 311

> doublesum(part) ;

(=1)7(b);(c)i—j(d)ir;
iljt(a);

> d_sum:=subs(var[4]=-n, ");

(=1)7(0);(c)i—j(=n)iy;
il j! (a);

d_sum :=

> LO:=toF(d_sum, j);
(C)z(_n)zF([ba —n+ i]? [1 —Cc— i]? 1)

L0 := ia);

> L1:=gauss(LO);
(@i(-n)iTQl—c—)T1—c—2i—b+n)

= ) T =i =BT —c—2i+n)
> L2:=toF(L1,i):
> L3:=tor(",n);
> RO:=toF(d_sum,i);
RO — (=1)7(b);(c)—j(=n); F([c—j,—n+j],[a],1)

J!

> gauss(");

(=1)7(0);(c)—j(~n);T(a)T(a — c +n)
jT(a—c+j)T(a+mn—j)

11



> toF(",]);

I(a)'(a—c+mn)
I'a —c)T'(a+n)

F([bv_nal _a—n]a [1 —c,a—c],—l)
> tor(",n);
= (s, —n1 —a = nl. -1)
— ,—n,1—a—n|, |l —ca—c|,—
(a)n
So the hypergeometric transformation we got here is

{(_17 0)7 (07 1)7 (17 _1)7 (17 1)}

(l—c—wnﬁ, —n,c+b5—5,5-5+
(1—-0)n s

a—C)p b,—n,1—a—n
_ (=9 3F2<

l1—ca—c

- 1) . (1.3.1)

The hypergeometric transformation we get in the same way from setting the second and third
parameters nonpositive is

{(_17 0)7 (07 1)7 (17 _1)7 (17 1)}

(I+m—d)y, d,—m —n,—F +
k3 d
(I+m), g

12



§1.4 Transformations Generated by the Maple Program

Bailey [3] obtained some hypergeometric identities by considering the product of two hyper-
geometric series. So far our Maple program has produced all the transformations that he got by
applying Gauss’s and Saalschiitz’s theorem and the corresponding formula numbers in his paper
have been attached to each of them.

The following are transformations from Gauss’s and the binomial theorem.

From P(1,0;2,1) :

{(17 71)7 (07 1); (07 1)}

l—a—c), a—n,a+c
e

{(17 1); (07 1)7 (07 _1)}

(c—a), a,1—c+a
(@)n *"\1-c4+a-n

Transformations from Gauss’s theorem.

From P(2,1;2,1):

{(_17 _1)’ (07 1)7 (0’ 1)) (170)’ (L O)}

(a—)m —n,e,a+m—c
——3k
(@)m a+m,a—c

{(_15 1)7 (0’ _1)7 (0’ 1)5 (170)’ (la O)}

b—14+a)y, —n,e,b—1+a+m (a—é€)n -my,l—a—n,1—a-+e
—3F 1) =———3F 1)(1.4.2
(D) m 82 a,b—1+a (a), 2 bbl—a—n+e ( )
{(7130)7(071)5(071%(1571)’(150)}
(1—-d—0¢)m —n,d—m,d+c (a—d)n —m,c,a—d+n
—_ 1) = 3 F: 1 1.4.
I—d)y, 7 a,d—m-+c (@), °°° 1—d,a—d (143)
{(7]%0)7(0771)7(171%(171)}
(b—d), F( -n,d,1-b—n,1-b+d 1)
3 n n n
O P T
(a —d), ( -n,d,1—a—-n,1—a+d 1)
= ——F - 144
@, Peiogagogi-gegogly) 049
{(_151)7(1a_1)7(1a1)}
L nbontoaed,
(1-10), a,l—a+b—n
1 pl_a_mnq_a_mn
——3F: 22 2 2214 1.4.
(a)," 2( 1-bl—a+b—n ) (1.45)




{(_L 0)7 (07 1)7 (17 _1)7 (17 1)}

—1) (1.4.6)

{(_15 1)7 (O’ _1)7 (1’ O)v (17 1)}

b-—1+4a), 7 ¢, —n,1—b—n|
O)n a2 a,b—1+a

] 1 a n ] a n
(a - C)n n, —a + C, 2 - b - 29 - b - bl
473 k 1 a c n ] a c

’ 2 2 2 27 2 2

1> (1.4.7)

{(_L 0)7 (07 _1)7 (07 1)7 (170)7 (17 1)}

(b—c)n d,—n,1—b—n (a—d), c,—n,l—a—n
1) =-—-—"—3F: 1 1.4.
), “*\al-b+c—n (@), " *\bl-a+d—n (14.8)
{(—1,0),(0,—1),(0,1),(1,0),(1,1)}
b—e)m —n,e,1 —b+e (a—é€)n —m,e, 1 —a+e
————3F: 1) = F. 1 1.4.
O)m 2\ \a,1—b—m+e (a)n 2\ b1—a—n+e (14.9)
{(=1,0),(1,-1),(1,2)}
G- o (mB- LR T+LE 1ol
=2, wirhonietoy  |m
(@a—0b)p —no_ngll_a_ny _a_n
_ F 2' 72 T2 727 2 27 2| _4 1.4.1
(a)n s 1-b,1—a+b—n,a—b ( 0)

{(~1,-1),(1,0),(1,2)}
(@=gh2" o ( b, —n F)Z(a;mnﬂ3<_

,—%—l—%,l—a—n
2a—1), > "\ 2a+n-1

—a+b—n,a—0>

=l

Q (1.4.11)

{(_15 0)7 (O’ _1)7 (1’ O)v (17 2)}

(b—3)n2" = c,—m,2—2b—n
2b—1n32 a,2—-b—n
( )

{(713 1)7 (07 71)7 (27 1)}

GLtay p (<hogrhioi-pi-ios
2

(O)n a,
1 n 2 2a n 2a n 4 2a n
_ (a=35)n2 BT Sl PR Sk T5 S S P14
- 2 1 4F3 3 a n 5 a n 32 (]‘ 4 13)
(2a 1), bi-5-2i-3-3
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a—b)n -2, —-24+31—a—n

(®)n +5-%
(a— 3)n2" ¢,—n,2—2a—n|l
= = 1.4.1
2@—1)n32 b3 —a-n |2 ( 5)
n n 1 n 3 n
(b %)”4F3 —5 5t l-b-5,5-b-3]1
R e L
a—131), —no_ngly_ga-n3_4-2|1
= ((2a—21) 13 2 b2§ 72272 §,2g2,ﬂ 2 1 (1.4.16)
n 4T 27 2047 2
Transformations from Saalschiitz and Gauss’s theorem from P(3,2;2,1)
{(71571)7(7171)7(031)7(170)5(170)7(150)}
€l f g ( melogEETACEREECAVECL )
514
(@)m(l—e—f—m), %+£,7g+§+£+%, +m

-n+e+f+1l—-a,—35
e

_(a—e)pla—fn —m,a —
~ e peen (

+
+n,a—f+n,a—e—f
a—e,a— f,a+n

_eret ety (1.4.18)
(—c—e+ %)n(c"" e+ %)n

1 n o m c n € 1 c n € 1 ¢ n € 1 ¢ n € 1
X  F 2 ¢ ’ ’ 2 2 2 4> 2 2 2 47 2 2 2 47 2 2 2 4 1
615 ] (&) n e 1 ¢ n € 1 c n € 1 c n € 1
76772+72+72+?7727727724’74,772772+72+74,772+§772+74

{(_150)7(_131)7(0’ 1)?(17_1)5(170)’(150)}
(1+f_a)m —n,f,d—m
(1—d)m(—f—«—a—m)n?’F2 (a,d—n+f+1—a 1)

B (a —d), —-mya+n—da—f—d
- 5 Fy e 1) (1.4.19)

{(_27 _1)’ (07 1)7 (1’ O)a (170)’ (L 1)}

1 e,d,—n,c+d+1—b
| (PRSP
_(cetdt3)alc—d+5)n (1.4.20)
(c—|—d+%)n
XJB< e e R R e R A RE N R RS S B R R Q
N R R AR R R R e R e e e R A



{(—2, _1)7 (0, 1)7 (17 0)7 (170)7 (17 1)}

(d+%)m(%_d)n(%_d_ _m)n
(d+e+%)m(%_d_m>n
—n,d,e,—n+d+ % +m
X4F3< n d e 1 m n d 62 3 m d 1 1)
B I S R T T A S K )
_(dtets)nld=—ct3)n
d e 1 n d e 1 n d e
« o Fs B A S T das Rl R St Bl Sl R St
—m+d+e+T 2l el 24—+ +EHE+

{(_1’ _1)’ (_170)’ (0’ 1)7 (1’ O)a (170)v (L 1)}

d,e,—n
d+e—n+1—-a,a—c

(a — c)n3Fa (

)

(a—e—d),
{(_15 _1)7 (_170)7 (Ov 1)7 (1’ 0)7 (170)’ (la 1)}
(a — f)mBF2 < —n,e, f 1)

(@)m —n+e+f+1—a,a+m

(@nla—e= """
{(713 0)7 (*13 0)7 (07 1); (17 *1)3 (170)7 (L 1)}

(l—d—c)n5 ( e,—n,d+c,d—2 4241
c
2

(1 - d)n

{(_17 0)7 (_17 0)7 (O’ 1)) (17 _1)7 (170)’ (L 1)}

(—d= N o “nfd-mg L gs
(1 —=d)m ad—n+f+l—ad-myLd

(@nla—f—d)n*”
{(_L 0)7 (_L 1)7 (Ov 1)= (170)7 (27 _1)}

(3 —a)m(=3 +a)n JF —n,—3+n+a,5— 25— % +3
)n a,—n+e+3—a,—3+n+ta-m

(a_g)n(a_ﬁ_fn —m,a—e—l,Qa—
_ 2 E 2) 3F2 2

16

a—d)p(a—e), c,—n,a—e—d
ot

I Qe

_(a’_d)n(a'_f)nF —m,f,a—|—n—d,1—|—f—a
1-d,1-n+f—a,a—d

)

l1-e,2a—-e—-1

d e 1
2 2+Z
n_d__ e
’ 2 272

a—ea—d P) (1.4.22)
a_agf:nl) (1.4.23)
1) (1.4.24)

)
1) (1.4.25)
6_1+2n1> (1.4.26)



{(_L 0)7 (_L 0)7 (07 1)7 (17 1)7 (27 _1)}

Qoc=0y o —ms+55+5rhs-35-3+hi-3+3 |
(= P \amnterd-as+s—F5+5-3+h5+5-3+3
1 1
_lem o5 g g (ermazemgloann N g oy
(@)n(a—e—35)n 1-e,2—2a+e—2n,2a—e—1

{(_L 0)7 (_L 0>7 (0’ 1)) (17 _1)a (27 1)}

(I1-—d—c¢c)n ( +27d+c7,_,’,_§+§7§_§+,
3 d C L
1—-d) a,d— n—&—g—a,;—l—%—

%
_ (-2 4+a),(2a—1-24d), P (c,—n,2a+n—
B 1-d

wlo
I
|3
-+
Wl
wia
+

—2d,2—2a—n

(a—%—d)n(-1+2q), ° -n—a,a—d

{(_25 _1)7 (Ov 1)7 (1’ 0)7 (27 1)}

{(_15 _1)’ (_170)’ (0’ 1)7 (1’ O)a (27 1)}

(a—c)n F dafga*g+%71*a*n
e dfnJr%fa,lfaJrcfn,afc

)

(-3t a)n(a—1-2d), ¢,—m2a+n—1-2d) (1.4.30)
T anciiza, U amd2arae h

{(_15 _1)7 (_170)7 (Ov 1)7 (1’ O)v (27 1)}

i ]
(@)m e -n+e+3—al-a-—m+ea+m
e e 1
— Snla—<— 1), “mye,2a—e—1+2
_ (@=3)nla 212> o e PR RN W O
(@)n(a—e—35)n a+n,2a—e—1
{(=1,-1),(=1,0),(0,1),(3,1)}
(@=n_p “5oFtEo5Eia o8-8 1-5-5 |
(a)n —n+2-a,3—%4+£-21-%4<¢ -2 a—c
(3a—3)2,3™" c,—n,3a+2n—-3 |3
= F 1.4.32
(@a—1),(Ba—2), ?\Bepn_q3a 0 1]y ( )
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§1.5 More Hypergeometric Transformations via Index Shifting
Consider the following double sum
—1VIoF(b) s
Z M (1.5.1)
(a); (k-

1l )|
~ J! )l

If we first sum on j and apply Gauss’s theorem we get

1_
2F1(b7 a+b’—v>.
a

To sum (1.5.1) on k we shift the index by setting k¥ =i + j, and sum first on i. We get a 1 Fy which
can be evaluated by the binomial theorem to be

1 1 1
20,50+ 3
a

(1—v)"byF (

and the quadratic transformation obtained is

b,1— b 1, lp4+ 1
2F1<7 a+ ’_U>:(1_v)—b2F1(2 )2 +2

a a

)

So the observation here is that we can use any partitions from P(1,0;1,1) to form a double sum like

(1.5.1), then evaluate the sum by Gauss’s and the binomial theorem via index shifting,.

Similarly, if we have a double sum such as

3 v (a)r—; (1) (2)~%

1l —29)! ’
o gt (k —235)!

we can first sum on j and apply Gauss’s theorem, to get

We can also set k£ = ¢+ 2j and sum first on ¢ then we get

a 1 0?2
41—v )"’

(1- )" Fy (

We obtain another quadratic transformation

1 a 1 v
“v)=(1-v)" R . .
2”) (1=v) 10( 41v>

Note that this transformation is trivial since both sides can be evaluated by binomial theorem. More

transformations by index shifting are given in the following section.
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§1.6 Transformations Generated by Maple Program via Index Shifting

Transformations from the binomial theorem and Gauss’s theorem by setting k = i + j from

P(0,0;2,1) :

{(07 71)7 (07 1)a (07 1)}

a—c)p -n,c
(=) .
(a)n "1-a-n+ec

’U) = 2F1 <_Z’c

Transformations from the binomial and Gauss’s theorem by setting k =i + j from P(1,0;1,1)

{(17 1); (07 _1)}

1— v) (1.6.1)

a 1
2 T3

(1—@)_a2F1 < b

vl

4v a,l—b+a
= |\ =.F
<1—v>2> : ( b

- v) (1.6.2)
[3,§4.00; 2, §2.11]

{(17 O)a (07 1)7 (07 _1)}

(1-v)"%F <a’cb -1 > U) =, F <a’ Cc* b v> (1.6.3)
Transformations from the binomial and Gauss’s theorem by setting k = i 4+ 25 from P(1,0;0,1):
{(1,-1)} ,
(1—v)"" 1 F (i - 41’41}) =1F (2“ g) (1.6.4)

21)) (1.6.5)

[3,64.18;2, §2.11]

Transformations from Saalschiitz’s and the binomial theorems by setting £k = i 4+ j from

P(2,2;1,0) :

{(_Qa 1)7 (1’ 0)5 (170)}

_1 b, c
1— 2+b+c F 9
( v) 2 1<b-l—c—|—é

1_y RNy -
4,0(1_,0))_2]_71 2 +c 2—’1 c
b+C+§

v) (1.6.6)

v) (1.6.7)

{(_15 0)7 (_1’ 1)7 (1’ O)a (170)}

(3, §2.06]
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{(_L 0)7 (_L 0)7 (17 0)7 (17 1)}

dd 1
(1—v) %3P, ( “33t3 v) (1.6.8)

_ 4uv _.R d,a—c,1—a+d
a,c+d+1—a (1-/1))2 B c+d+1-—a,a
[3,84.12,§4.07, §4.08; 2,§2.11(32), 3]

{(_15 0)7 (_15 0)7 (2’ 1)}

(1 — U)_c 3F2 ( ’

v

4) (1.6.9)

[3,64.05; 262.11(42)]

c,2a—c—1,2—2a+c
=3Iy 3
c+35—aa

Transformations from Saalschiitz and the binomial theorems by setting k = ¢ + 25 from
P(1,2;1,0).

{(_15 0)7 (_15 1)7 (17 0)}

1
-5 —cta,c

2 1
ey — 1l 1_9¢42
(1*0);+ 2 b ( Y ) =oF <a 2 ¢tea

—4+4v 2a—1

. v> (1.6.10)
(3, §4.06]
{(_L 0)7 (_17 0)7 (1’ 1)}

(1—v) “3F <37 3

27 12 19 _
S N R ‘41)) (1.6.11)
4 (=1 +w) 24+2c—5b2a,2a—-1

[3,64.22]
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Chapter 2. Hypergeometric Transformations of Two Variables by Coefficient Extrac-

tion

It is well known that hypergeometric transformations can be obtained by extracting coefficients
and using well-known identities ([2,§9.5] and [2, §9.6]). We first give a simple example in §2.1. In §2.2
we look at how the computer can generate transformations systematically by coefficient extraction.
In §2.3, §2.4, and §2.5, we give the list of the identities that we have obtained from the Maple
program.

§2.1 A transformation of Appell’s F;

One of the four Appell hypergeometric functions of two variables ([3,§9.1]) is

Fi(e; 8,85 vim,y) = > Y (a)m“(ﬂ))miﬁ/)"zmy”. (2.1.1)

mln!(y

m=0n=0

Now consider the hypergeometric function

1)y B )% (v — a o2 Yy
( JT) ( y) 1(7 a7ﬁ)ﬁa77 1- 2’ 1_y)

It is a double sum

) <_1)m+n(<i;::ii/zﬁ(§! —Omin (1 _ gy (Bom (1 (-8 ymyn, (21.2)

m,n=0

We can expand the powers of 1 —x and 1 — y by the binomial theorem and we get

i (_1)m+n(6)m(6/)n(’)/ - Oz)m-i-n(ﬂ + m)z(ﬂ, + n)j xm+iyn+j.

(7)m+nm! n!i! ]'

m,n,t,7=0

The coefficient of ™y in this sum is

M,N

Z (_1)m+n(ﬁ)m(6’)n(’y - O‘)m—i-n(ﬁ + m)M—m(ﬁ/ + n)N—n

m,n=0
Notice that the summand is zero when m > M or n > N, so this is a terminating double sum on
n and m. To evaluate it for each index n we first convert the sum on m into a o F; hypergeometric
function and evaluate it by Gauss’s theorem, and then convert the sum on n into another 5 F; and

it can be evaluated by Gauss’s theorem too. So we get that (2.1.2) equals

— B)mB)N(@)rin N
M,;ZO (MarendINT Y 213

Hence by extracting the coefficient of (2.1.1) we get a transformation of Appell’s F}

Fi(a; 8,85 7;2,y) = (1—2) P (1 —y) P Fi(y — a; 8, 85 75 ———, ———).

e 3,894
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§2.2 A systematic way to generate transformations

After we look at the way of getting the transformation in §2.1 more closely, it is clear that
the whole procedure, from a known double sum (2.1.2) to a new one (2.1.3) is just a routine which
can be done by computer. So the computer can always start with an arbitrary double sum of the
type (2.1.1), then perform the same routines as we did in the previous section and try to get a new
double sum of the type (2.1.3). Similar to the method in chapter 1, we can use partitions with
various cutoffs to generate such arbitrary double sums for the computer to start with.

Let’s illustrate the process with an example. We start with a formal power series in z and y

a-er - S Ot ()" (-155)

Notice that this double sum corresponds to the partition {(1,1),(1,0),(0,1),(0,-1),(-1,0)},
which has cutoff (2,1;2,1). The program first applies the procedure gather to combine the powers
of z,y,1 —x and 1 — y then uses binexpand to expand powers of 1 —z and 1 — y by the binomial

theorem. After this it applies extract to get the coefficient of 2™ and 3", so the original sum

equals
3D (—1)m+"7(3')7n;+(n(;1pjj\7;))'(m+nM+(b])Vn;'((—dC; "ES)TLJrN(C)anyN.
M,N m,n s : : niz/m
The coefficient of ™ y" is a terminating double sum in m and n. For each index n the program

first converts the corresponding sum in m into a hypergeometric series as

(=1)" (a@)n (=) (=g + 1) —nyn(C)n —M,a+n,b
2 A M (=1 + N1 (d)y, 3F2< e ‘1)

n
We would like to choose the parameters so that the 3F5 can be evaluated. Since only one parameter
a+n has the summation index n the numerators and denominators of the 3 F5 cannot be adjusted to
make it balanced. So Saalschiitz’s theorem cannot be applied. The only choice is Gauss’s theorem.
The program needs to reduce, through cancellation, the number of both the numerator and the
denominator parameters of the 3F5 by 1. The numerator parameter, b and the denominator param-

eters —p and e can be used for that purpose. Since canceling b with e is equivalent to canceling b

with —p and then setting e = —p this will just give some identities which are special cases of the
identities we get from setting b = —p. So we just have one way to do the cancellation, namely setting
b = —p. After cancellation and evaluating the resulting 5 F; by Gauss’s theorem the coefficient of

2MyN is a hypergeometric series in n,

(—p)m(—q)n(e —a)u —N,a,¢,1 —e+a
M!IN!(d)m 3 \d,—g1—e—~M+a

1).
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Here, since only one numerator parameter involves the summation index N and one denominator
parameter involves M, the balanced condition for all M, N cannot be satisfied, so Saalschiitz’s
theorem cannot be used. We use Gauss’s theorem and need to reduce the number of both the
numerator and the denominator parameters of the 4F3 by 2. Among the numerator parameters, a,
¢, and 1 — e 4+ a, and among the denominator parameters, d and —¢ can be used for this purpose.
It seems that we can choose two parameters from the three numerator parameters in 3 ways and
pair them up with the two denominators in 2 ways, so we have 6 ways of cancellation. But in fact
some of these cancellations are special cases of others. For example, setting ¢ = d and a = —q is
equivalent to setting ¢ = —q and a = d, and then specializing a to be —¢g. Similarly, setting ¢ = d
and 1 — e+ a = —q is equivalent to setting ¢ = —¢q and 1 — e 4+ a = d, and then specializing ¢ to be

—gq. The four different identities we get are listed in §2.3.
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§2.3 From Gauss’s and Gauss’s theorem:

In this section all transformations come from applying Gauss’s theorem twice. The changes of
variables, which we used for forming the starting double sums in this session, are X = —x/(1 — z),
Y=—y/(l1-y),and X = —z/(1—2)(1—vy), Y = —y/(1 —2)(1 —y). Certain double hypergeometric
series have been defined in the literature[3,4] and the following will be used later.

m-r+n b m n
Fi(a;b,c;diw,y) = (DOl

m!n! (d)m4n

m,n

@) m4n(0)m(c)n m. n
Fz(a;b,C;d,e;x,y)=ZW$ y

(@)m (b)n(c)m(d)n My

m!n!(e)min

F;;(a,b;c,d;e;x,y) = Z

m,n

Faa,bie,d;z,y) = mwmy”

m,n

m!n!

Gala,bye,dsz,y) =Y (@ O DS o

mm!n!
The following is from the partition {(1,1),(1,0),(0,1),(0,—1),(—1,0)}.
S
1—2" 1—y

= (—p)m (=N (=b+ Dp-nI —=b+)m
- A;v MINI(=b+1—-q)m(l=b+c)u-n MyN o (2.3.1)

(1—2)’ 1=y Fo(—q;—p,c; —b+1—q,b;

(=2 (1= y) Bale; —pea+ 1+ e e =)
—p)ar(— Da—n(1
_ Z (]\51)%5 Q)Nl(q-i- )Ml N +q+C)M$MyN (2.3.2)
M ! .(q+ +6)]yj( +q+C)M,N
(1 _x)p (1—y)F (e;—p, —q: a,e; — ro Yy ) = Z (_p)M(_Q)N(a_e)M—NxMyN
AT T 1y Nl(a)y (M = N)!
M,N

(2.3.3)

(1-2)"(1—y)? Fa(d — 1+ e —p, *q;e,d;*lfx,*lgiy) = Ga(—p,—q;1 —e,—d+1;—z,—y)
(2.3.4)

Exton [4] listed this transformation in [4, §1.6.1] separately from those that can be obtained by

elementary series manipulation and pointed out that it can be deduced by a Pochhammer double
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loop integral for Go. We now have shown that this transformation can also be obtained by means

of elementary series manipulations.

T
(1 - x)p (1 - y)q HQ(b —€,—q, 7p767b7 7iyy7 m) = H2(7b+ 1a -Db,—q,¢, 7b+ 1+ €T, 7y)

(2.3.5)

The following is from the partition {(1,0), (0,1),(1,0),(0,1),(—1,—-1)}.

€T
(1—2)" (1= y)" Fy(=p,bie, —gse + b5 —— x,—ﬁ) = F3(—p, —q;b,ese + byw,y) (2.3.6)

The following is from the partition {(—1,-1),(0,1),(1,0), (1,1)}.

(1= 2" (1= 1) Py (s —p, by -, -2y 3 DDV F Drrla —Daren ar

1—1}, 1—y M M!N!(G)M+N(a—b)]\/[

(2.3.7)

x
(1—2) (1 —y)?Fi(d;—p, —q;a;— T —%) =F(a—d,—p,—qa;x,y) (2.3.8)

This transformation appears in [3, §9.4], where Bailey got it by evaluating on integral by change
of variables. The following is from the partition {(1,-1),(—1,1),(1,0),(0,1)}.
P q z Y
1=2)" (1 =y)* Go(=p,—s 1 —a.c5 70—, ﬂ) =Fy(a—c¢—p,—¢a,1-ca,y) (2.3.9)
T (=p) G—CM( q_1+a)M+NwMN
1 MIN(a)ar(—q — L+ a)ar Y

M,N

s

1-2)1-y)? G(-p,1—c;l—a,q

(2.3.10)

The right hand side of the above sum can be evaluated by binomial theorem and reduced to a single

sum. What we get is

T _ —p,a—c
(1-— z)P (1— y)q Gao(—p,1—c¢;1—a,c; -2 ﬁ) =(1- y)q+1 o F < y4

This one is from the partition {(—1,0), (0, —1),(1,1),(1,1)}.
_ y )
(1—m(1 y)' 1-y)(d-2)

)
(1-b— a+ 1—a—
B Y gv']?aM;m = )bﬂiz]j);j)ngm DY MY (23.19)

(1—2)" (1 —y)? Fa(—p, —q;a,b; —

M,N

This transformation is used by Bailey to prove another transformation. See [3, §9.6].
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§2.4 From Gauss’s and Saalschiitz’s theorems:

In this section the transformation comes from applying Gauss’s and Saalschiitz’s theorem. It

comes from the double sum (2.2.1) and the variable transformation X = 42/(1+x)%Y = 4y/(1+y)%.

()24 (2 + 29026 =1+ p— @)D
1+2)"(1+y) qz (5)m(5 + 3)m(F + 3)n( +p—q)n(3)

(b4 P)mtn(b)pm!n!

() ()
i) \t+y)

_ Z (ONP)M(=b+1+@)nim(b+p—q)m(1—b)ar—n M

N
e MINN(=b+1+@)m(b+p—q@)m-—n(b+p)Nim =v) 24.1)
§2.5 From Saalschiitz’s and Saalschiitz’s theorem:
The following is from {(1,0), (1,0),(1,1),(-1,-1),(0,1),(0,1),(0,-1),(—1,0)}.
2) P —q (Q)Qﬂ(g + ;)rn(%) (_1+Q+2f_p)m+n
oA™Y e op + 4+ Pamin
« 4x Y
<u+zf> (a+yf>
(NP —f+p)usn(A+p—g—flu—n , M, N
MN M'N'(Q+f)M+N(f)M N o (=) 251)

1

,p coem @20 DBt at Pin [ 4z N [ v\
(1"‘1') (1+y) 7%; (_p_|_2q +2f)n(j¢.) (q+1)m+nm!n! ( ) ) < )

(1+2)?) \(1+y)’
1*f+p)M( )v+N (P — @m-N
- Z (M —N)! (f)M(J’;I‘f'l)MJrN _17)M (_y)N (2.5.2)
i r S B DB 4 Bn(§ o+ (14 )
1+2)"(1+y) ;L : 2(—12+%+h)n3n!n!(%+p2)m+i(h)m
(o) (atm)
O+xf (1+y)°
(@3 @)~ b+ P)elp = D= Das v+ Darin
1\;\7 M'N'(h) (G +p)mnE + D — 3 m-n (o)™ (=) (2:5:3)
o B Dn(B)m(=5 + &+ Wmsn(@)n($)n
(1—|—1‘) (1+vy) Z (%_}_%_’_pern(_%_’_g+h)n(h)mm[n|
4y
1—|—a: (1+
1—h+pM% —Dm(3 — Hy-n(E+3)men M N
];V e s et i e ram S A



x (—r)M (—y)N (2.5.5)

()™ Q)™ 2 G (3 1=+ D

y 4x " 4y "
(1+x>2 (1+y)?
(»)a(q 1—h+p)M( d4+1-h+p)u(=2+M)ym-~NE+h)pmiN

M'N' (§+1—h+p)M+N(%+h) (=d+1-h+pu-n

x (—2)™ (—=y)™ (2.5.6)

M,N

§2.6 Identification of the transformations

Our program actually generates far more identities than what we have listed here. But most
of them are special cases of others, and we give an example to show why this is so. We start with
a double sum which corresponds to the partition {(—1,—-1), (0,-1), (0,1),(0,1),(0,1),(1,0),(1,0)}.
Following the same procedure as in §2.2 after first applying Gauss’s theorem to the coefficient, it

produces a hypergeometric series in n,

(@N @ +p—a)u ()" My - ( —N.g+N.e.g.ha-
MIN!(a)n P\t L bat Ma—p— M

To apply Saalschiitz’s theorem the program enforces the balanced condition for the numerator and
denominator parameters, which is a + b —c—d — 1 = 0 and tries to reduce the ¢F5 to a 3F5.
Numerator parameters c, g, h, and a — p, and denominator parameters 2, 2 + 5, and b can be used
for the reduction. There are (;) ways to choose the numerator parameters and 3! ways to pair them
up with the denominator parameters for cancellation, hence the number of identities is expected
to be 24. But in the end we just listed one identity in §2.4. Let’s look at the reasons that reduce
the number of identities. First, we need to eliminate identical identities due to the symmetry in

numerator or denominator parameters. In this case since the numerator parameters c, g, h are three

symmetric parameters, if two or all three are chosen then all permutations among them give the
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same identities. And since at least two of the three symmetric parameters should be chosen for
cancellation we would expect four identities. Our program can eliminate identical identities due to
symmetric parameters and gives the four identities as below. The program sets h = £ + %7 g=13%,

and ¢ = b, and gives

_ pqp 1gqg 1 4x 4y
1+Z‘ b 1+y qF 7a757+7a7+ 1q_|_1
ey Ty TR 555t ety (1+x) 1 +y)2
_ Z P)N+M ()N (=g + P)r— N oM (_y)V
(M —N)IN!'(g+ Dnym '

The program sets a —p = 2 + %,g = %,c= b and gets

_Z (@ONP) MG+ PN (=5 + 5 +P)u(5 — Hun MY (262)
M,N M'N!(_%+%+p)M—N(%+%)M(%+%+p)N+M
The program sets g = % + 1,a —p=%,¢ = b and gets
_ _ pq 1p 1 q 4x 4y
1+."II P 1+ qF 7a7+777+77_1+ 77+ ) ’
-y (@DnP)m(=F +P)m (3 + Dnen(l — Fu—n M N (2.6.3)
i MINY(=5 P m-n(G + DG+ P)vem

O+ D)mtn(b)nm!n!

4x " 4y !
(1+a)° (1+y)°
-y (q)N(p)M(*bJr1+Q)N+M(b+P*Q)M(1*b)M—NxM )N

MIN!' (=b+14+ @) +p—@Qm-~nb+p)Nim Y

When we examine the four cancellations carefully it is easy to find that the first three ones are special

M,N

cases of the last one. For example, the first one is specializing b = £ + % in the fourth cancellation,
the second one is specializing b = ¢ — p + 1, the third one is specializing b = . So in fact we just

get one identity from the original double sum.
§2.7 Trivial Transformations

There are many trivial transformations which are produced by the program. For example the

following is from the partition {(1, 1), (1,0), (0,1),(0,1),(=1,0)}.
» q Q)m—n(l—a),(—p—a)p x m "
(1-2)"(1-y) Z() ( m!ZL!( = <1—x) <1gy)

m,n

1 —

— 2.7.1
N1 1+q p—a) N+M (-y ( )

M,N
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Both sides can be evaluated by applying the binomial theorem twice and both reduce to
1=y P (1 =z +ay)’

§2.8 Description of the program

We have a collection of Maple procedures which does some basic operations on hypergeometric

series. We list such procedures below with a brief functionality description.

tor (summand, m): To convert a summand to a product of rising factorials in m.

toF (summand, k): To convert hypergeometric series on index k into form (1.1.2).

gather (summand): To collect all the powers of the same variable in the summand product.

binexpand (summand): To expand factors of the form (14ax)? to a hypergeometric series by binomial

theorem.

extract (summand, xlist, mlist, ilist): To extract the coefficient of certain variables with the
power specified by mlist. The variables are given by xlist. The index listed in ilist will be

replaced by an expression of the index given by mlist.

Let’s look at how to get the Fy transformation we talked about in §2.1 by using the above Maple
procedures. We start with the double sum summand (2.1.2), then apply the above procedures to get
the transformation. Procedure gauss is to apply Gauss’s theorem to evaluate a o F} hypergeometric
series. The whole Maple output is the following. Note that 31 corresponds to 8’ in §2.1 and procedure
F1 gives the summand of the F; series. Note that the output has been converted to typeset form.
>(1-x) "~ (-beta)*(1-y) " (-betal) *F1 (gamma-alpha,beta,betal,gamma,-x/(1-x) ,-y/(1-y));

(_l)mﬂ((ﬂv))mimﬂ){?g = Qmin (1 _ )= (1 — y)(-B1-m) gy

>binexpand(");

(61 + n)z(ry B a)m-i—n(ﬁ)m(ﬁ])n (_1)m+n (B + m)j i,.m

My
Al (V) mang! yey

>gather (");

(BL+n)i(B+m);(y — @) mtn(B)m(B1)n (_1)m+n xm-i—jyi—i-n
m!nbil () mtnj!

>extract (", [x,y], [M,N], [i,31);

(ﬂ]‘ + n)*n+N(ﬁ + m)*erM(’y - a)m+n(5)m(ﬁ].)n (_1)m+n xM N
minl (=0 + N)U(Y)msn (—m + M)! Y

29



>toF(",m);

(L4 0w (D = (B0 (1) 21 (7o)
nl (=n+ N)! ()L (M +1) i

>gauss (");

(ﬂ1+n) nt N (B (v = ) (B1)n (=1)" Loy +n)Ta+ M) ar,w
nl (=n+ N (y), I'(M + D' ()T (y +n+ M)

>toF(",n);
(BN B) ML (T (o + M )2 Iy (%i’MN ’1)
- MyN
(N +1)I(M + DT(a)T(y + M)

>gauss (");

BUNBMIOTM AN +a) oy n
T'(N + D)I(M + DI (a)['(y + M + N)

>tor(",M,N);
(BN (B)ar () pr4 N 2MyN
(OnO)m(m+n

The following carry out the systematic procedures (see §2.2) to generate the transformations.

createsummand: To create the partitions needed to generate the starting double sums. This is a
skeleton procedure which we modify to generate partitions with different cutoffs. For example to
generate partitions with cutoff (2,1;2,1), we modify this procedure to become ggcreatesummand.
The name is due to the fact that most of the partitions form a double sum that require applying
Gauss’s theorem twice to give a transformation. Similarly with procedure gscreatesummand. The

s here refers to Saalschiitz’s theorem.

get_iden: To apply combinations of well known theorems to get the transformation. Just like
createsummand this is a skeleton procedure and is modified to different procedures which will try

applying different combinations of theorems.
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Chapter 3. WZ Forms and their Change of Variables Theorem
§3.1 Introduction to WZ Forms

Wilf and Zeilberger [11] introduced WZ pairs and the WZ method for proving identities for
hypergeometric series (see also [9]). In [12] Zeilberger defined WZ forms. We recall these definitions

here.
Definition 1. A pair of functions (F'(a,b), G(a,b)) is called a WZ pair if the following condition is
satisfied:

F(a,b+1)— F(a,b) = G(a+ 1,b) — G(a,b).

We also call G(a,b) the WZ mate of F'(a,b). We always assume that a and b are integers unless

explicitly stated otherwise. WZ pairs can be used to prove and generate combinatorial identities.

a) (14 )
f(a,b). We assume that both F(a,b) and G(a,b) are

Let’s give an example to get the binomial theorem by a WZ pair. Let f(a,b) = <b> Lb Then
a
I+z)b—a+1)
power series in z. Since f(a,b+ 1) — f(a,b) = g(a + 1,b) — g(a,b), we have

its WZ mate is g(a,b) = —

Z(f(a7a+ 1) - f(avb)) = g(N—I— Lb) —g(O,b).

a=0

Since g(0,b) equals 0 and the limit of g(V, b) as N — oo is also 0, we have Y-  f(a, b) is independent

of b as long as b is an integer. By evaluating the sum at b = 0 we get the binomial theorem,
o0 b a
> () arap !
a=0

In general, if G(0,b) = 0 and the limit of G(a,b) as a — oo is 0, then we have

iF(a,b—i—l)—iF(a,b) =0.
a=0 a=0

That is to say the sum Y .-, F(a,b) is independent of b. In particular we have

> F(a,b) = > F(a,0).
a=0 a=0

Definition 2 Let da and 6b be indeterminates. If (F(a,b),G(a,b)) is a WZ pair then we call
w = F(a,b)da+ G(a,b) 6b a WZ form. A function t(n) is called a hypergeometric term if % is
a rational function of n.

If F(a,b) is a hypergeometric term in a, Gosper’s indefinite summation algorithm [8] can be used to

find its WZ mate G(a, b) if it exists.
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§3.2 Path Independence Theorem and Change of Variables Theorem for WZ Forms
Let w = f(a,b)da + g(a,b)db be a WZ form. We define two type of basic steps: right steps and
up steps. A right step is (a;,b;), (a; + 1,b;), and an up step is (a;, b;), (a;,b; + 1). We also define a
path 7 from (ag, bg) to (am, by) to be a sequence of points, (ag, bo), (a1,b1), ..., (@m,bm ), such that
(a; — aj—1,b; — b;_1) is either (1,0) or (0,1) for each i. Obviously 7 can be represented by a sequence

of right steps and up steps. The sum of w along the two type of steps is defined to be

> w=flaib)

right step

and

Z w = g(ai, b;).

up step
The sum of w along 7 is defined, reasonably, to be the sum of w on each basic step. It can also be

written as
m—1

S w=3"(Flai,bi)(@is1 — ai) + glai, b) (bivs — by)). (3.2.1)

i=0
In other words, a step from (a;,b;) to (a; + 1,b;) contributes f(a;,b;) to the sum and a step from

(as, b;) to (a;,biy1) contributes g(a;,b;) to the sum. Then we have the following theorems.
Theorem 3.1 If w is a WZ form then ) _w depends only on the starting and ending points of .

Proof: Let w = f(a,b)da+ g(a,b)db. Let m1 be the path of an up step followed by a right step, and
let 7o be that of a right step followed by an up step. If m; and 75 start and end at the same points,

say (ag,bo) and (ag + 1,09 + 1), then since w is a WZ form we have

me = g(ao,bo) + f(ao, bo + 1) = f(ao, bo) + g(ao + 1,bo) = me-

Let w be an arbitrary path consisting of right steps and up steps, which starts at (p,q) and ends at
(p+r,q+s). If # has a subpath of type m; we can transform this subpath to a subpath of type
of my without changing its starting and ending points, hence under each such a transformation the
sum along the new path is invariant and is equal to that along the original path 7. We can perform
a finite number of such transformations to get a path which does not have any subpath of type ;.
Let’s call the obtained path 7o, which starts from (p, ¢) and ends at (p +r, ¢+ s) with r right steps

followed by s up steps and we have )~ w =3 ,w- Since given the starting and ending points 7o is

y

uniquely determined we have proved the theorem.
We call this theorem the path independence theorem for WZ forms.
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Theorem 3.2 Suppose that w = f(a,b)da + g(a,b)db is a WZ form. Then for any positive integers

S8, T,
(r(a+1)+sb,t(a+1)+ub) (ra+s(b+1),tatu(b+1))
{ > w} da + { > w} ob
(ra+sb,ta+ub) (ra+sb,ta+ub)
is a WZ form.
Proof: Let
(r(a+1)+sb,t(a+1)+ub)
F(a,b) = Z w
(ra+sb,ta+ub)
and

(ra+s(b+1),tatu(b+1))

G(a,b) = Z w.

(ra+sb,ta+ub)
We sum w along two paths starting from (ra + sb, ta + ub) and ending at (r(a+1) +s(b+1),t(a +
1) + u(b + 1)). By Theorem 3.1 the sum is independent of the chosen paths so we may choose the

path to pass through the point (r(a + 1) + sb, t(a + 1) + ub). We have:

|:(r(a+1)+s(b+1),t(a+1)+u(b+1)) :|
+

|: (r(a+1)+9b t(a+1)+ub) (r(a+1)+s(b+1),t(a+1)+u(b+1))
] ‘

(ra+sb,ta+ub) (ra+sb ta+ub) (r(a+1)+sb,t(a+1)+ub)

= F(a,b) + G(a+1,b)

If we choose the path to pass through the point (ra + s(b+ 1),ta + u(b + 1)) we have

{<v-<a+1)+s<b+1>,t<a+1)+u<b+1>> }
+

(ra+s( b+1) ta+u(b+1)) (r(a+1)+s(b+1),t(a+1)+u(b+1))
| ] ‘

(ra+sb,ta+ubd) (7a+.sb ta+ub) (ra+s(b+1),ta+u(b+1))

=G(a,b) + F(a,b+1)
So (F(a,b),G(a,b)) is a WZ pair and w is a WZ form.
We call this theorem the change of variables theorem for WZ forms.
In (3.2.1) we have defined the sum of a WZ form along the paths which consist of right and up
steps. Now define two more types of basic step: a left step as (a;, b;), (a; — 1,b;), and a down step
as (a;, b;), (a;,b; — 1). We define the sum of the WZ form w along these two steps by

Z w = —f((li — 17b2)

left step

> w=—glai,b;—1).

down step

With this definition we can extend the definition of the sum of w along any path w, which is a

sequence of the four type of basic steps, to be the sum of w on each step of w. It is obvious that
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the change of variables theorem generalizes to such paths as m. Moreover, we can define the sum
of w along (a;,b;), (a; + 1,b; + 1) to be f(a;,b;) + g(a; + 1,b;), along (a;,b;), (a; + 1,b; — 1) to be
flai, b)) —gla; +1,b; — 1), along (a;,b;), (a; — 1,b; — 1) to be —f(a; — 1,b;) — g(a; — 1,b; — 1) and
along (a;,b;), (a; — 1,b; + 1) to be —f(a; — 1,b;) + g(a; — 1,b;). With such definition, the type of
steps of 7 can to extended to include the four types of diagonal steps and the path independence

theorem still holds on such paths.

§3.3 Examples of Path Independence Theorem

In this section we start with the WZ pair for Gauss’s theorem with numerator parameters
differing by a half. We first show how to get Gauss’s theorem by summing this WZ form on a path,

then we’ll show how summing along other paths gives other identities.

Let Fi,---, F, be n functions of variables a1, --,a,. For any ,j, we can think of (F;, F}) as
functions of a; and a; with other variables fixed. If for all 4,7, (F;, F}) is a WZ pair then we call
w= Fda+---+F,da, a WZ form in aq, - - -, a,. In all the cases that we are interested in, it is easy
to show that if for all ¢ (F1, F}) is a WZ pair then for all ¢, j, (F}, F}) is also a WZ pair. We define the
sum of w along a step (a1, -,ai, -, an), (a1, -+,a;+1,--+,a,) tobe Fi(a, -, a;,--,a,). We also
define the sum of w along a step (a1, -,a;, -, a,), (a1, -+,a; —1,---,a,) to be —F;(a1,---,a; —
1,-++,ay,). With this definition, the path independence theorem holds true for n—variable WZ forms
and the proof is similar to the path independence theorem in two variables. For the sum of w on an
arbitrary step, we can always define it to be the sum along a path which has the same starting and

ending point and consists only of the two types of steps on which we just defined the sum of w.

The following is Gauss’s theorem with numerator parameters differing by a half:

(3.3.1)

L) EPTITO)N (e + 5+ )
Val(c+2b) ’
where ¢ is a nonpositive integer. If we expand the hypergeometric series in (3.3.1) with summation
index a then divide each summand by the right hand side of (3.3.1) then (3.3.1) may be written as
S =
a

where

F o= VT (c+2b)(c + 2a)2t—2a-2b—¢
“ T Tlatet g +ODON1+a)l(b)]

With Gosper’s algorithm we can find Fy, and F. such that (F,, F}) and (F,, F.) are WZ pairs, and
it follows that (Fy, F.) is a WZ pair, so F,da + F,0b + F.dc is a WZ form. We can leave out the
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constant factor 24/7 in Fy, and the WZ form in three variables we get is

2720=2=c(c 4+ 2b)['(c + 2a)
(1 +a)T()I () (a+c+ 1 +b)
N 272a=2b=c[(c 4+ 2b)T(c + 2a)
T(a)(b+ D) (a+c+ L +b)
2172a=2b=cP (¢ + 2b)T(c + 2 a)
T T@COI(A+ T (atcti+b) -

(3.3.2)

Now we show how we can derive (3.3.1) when c¢ is a nonpositive integer, say —n, with this WZ form
using the path independence theorem. Suppose n is a nonnegative even integer. We pick a path
from (0,0, —n) to (5 + 1,b, —n) with (1,0,0) steps, then from (§ +1,b,—n) to (5 +1,b,0) with all
(0,0,1) steps, then from (5 + 1,b,0) to (0,b,0) with all (—~1,0,0) steps, then back to the starting
point (0,b, —n) with all (0,0, —1) steps. The sum of the WZ form from (0,b, —n) to (5 +1,b, —n) is

1> . (3.3.3)

i 27T (e + 2)(5) 3 +1(5 + §)an
Lo+ 15+ 1) (c+5+b)(c+5+b)asr

I'(2b—n)2n—2b P, 2,243
I(—n+ 35+ b)I(b) —n+3+b

The sum of the WZ form from (4 +1,b, —n) to (5 + 1,b,0) is

Since (§)z4+1(§ + 1)z 41 is always 0, so the sum above is equal to 0. The sum on the steps from

(5 +1,0,0) to (0,b,0) is

['(20)272%(0)a(2)a

‘Z + Db+ 1o

The summand is 0 except when a = 0 so the sum of the WZ form by the duplication formula

for the gamma function is

_T@b22 1

Tb+1re  2y7

The sum on steps from (0,b,0) back to (0,b, —n) is

_i P 2bF(c+2b)( )o(§+ 2)o
T(b+ 1D)T(0)(c+ 3 +b)(c+ 3 +b)o’

The sum is 0 due to I'(0) in the denominator of the summand. By the path independence theorem,

the sum on the whole path is 0, so we get

1“(c+2b)2—c—2’72F1 5 2 + 3
L(c+ 3 +b)I(b) c+3+b

1
1| =——.
> 2/
After dividing all the extra factors to leave only the oF; on the left side of the equation, we get

(3.3.1). Similarly, we can prove the case when n is odd.
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We use the term segment to refer to the connected section of a path which consists of the most
possible same type of steps. So the path we chose above has four segments. Our observation is
that the sum of the WZ form gives a hypergeometric series with some coefficient on one segment
of the path. The sum on the parallel segment is the evaluation of that hypergeometric series with
the coefficient at one of the parameters of the hypergeometric series equal to 0. As a result, the
hypergeometric series has only one nonzero term which is 1. Thus the evaluation is a constant.
Moreover, the terms of the sum of the WZ form on the other two parallel segments are all 0, hence,
indicating the value of the hypergeometric series is a constant. In our following examples, all the
paths we choose give us an evaluation of a hypergeometric series in the same manner.

Now we look at the sum of the WZ forms on different type of steps. The sum on step (a,b,c+

1), (a,b,c+i+1)is
C20memim2am BT (e 4 i 4+ 20)T (¢ 4 i + 2a)
De+i+ DM(a)(a+c+i+5+b)I()

When ¢ equals 0, summing on ¢ gives a hypergeometric series

Pla+ )P+ 3) (2b,2a
27T(a+b+2) > " \at+b+i

1

—]. 3.3.4
;) (334
By setting a to be a nonpositive integer, say —n, we get a terminating hypergeometric series

(3= b 2b,—2n
—n+b+3

1
N O 2) . (3.3.5)

Furthermore we pick the following path which shows that the terminating hypergeometric series
sums to a constant value. The path goes from (—n,b,0) to (—n,b,2n + 1) with all (0,0,1) steps
which gives us (3.3.5), then to (0,b,2n+1) with (1,0, 0) steps on which the WZ form is all 0, then to
(0,b,0) with all (0,0, —1) steps, the sum of the WZ form on which is the negative of the evaluation

of (3.3.4) at a = 0, then back to (—n,b,0) with all (—1,0,0) steps on which the WZ form is again

N_ G
2) B (%_b)n

Now we sum (3.3.2) on the step (a +14,b—i,¢),(a+i+1,b—i—1,¢). We get

all 0. Thus we have

2b,—2n
F b
21<—n—|—b+%

L(c+2b—2—-2))T(c+2a+23)(=b+2i+1+a)22 2072b=¢
L)l (a+i+)I(b—i)(a—L+c+b) ‘

When a = 0, summing on ¢ we get

T(e+2b-2)(1—b)2> 2t P
T(OT(—% +c+0) s



We set ¢ to be a nonpositive integer —n to make the above 4F5 terminating

—14n 3 b n n 1
27t (%_b)n4Fg 573y talob)
B—2b)ayr |
To prove the above is a constant we choose the path from (0, b, —n) to (5 +1,b— 5 —1,—n) then
o(5+1,b—% —1,0) then to (0,b,0) then back to (0,b, —n). Note that we assumed that n is even.
When n is odd, we can just use (”TH + 1,b,—n) and ("T'H + 1,b,0) instead. The hypergeometric

evaluation we get here is

Lastly, we sum (3.3.2) on (a+i,b+i,c—i),(a+i+1,b+i+1,c—i—1). We get

(2a+2b+3i+c)T(c+i+2b)(c+i+2a)272a7c7172b=30
Dc—i)T(b+1+i)l(a+i+1)l(a+c+i+i+b) '

If we set a = 0 and ¢ to be a nonpositive integer —n and sum on i we get

2714 (L —p), l1+n,—2+2b +1—n+2b—n
Va(=2b), TP\ b1, -n a2t bt ]

)

The path that can prove the above a constant is from (0,0, —n) to (n +1,n + 1,—2n — 1), then to

(n+1,n+1,—n — 1), then to (0,0,0), then back to (0,0, —n). The hypergeometric evaluation we

1\ 27(=2b),
“5) T a

The change of variables theorem gives the connection between various forms of a hypergeo-

get is
2?—1—1,—11—1—2(),—71
+2 n4+b+ 3

14+n,—-2+

4l < b1 s

+1,-2

metric evaluation and their WZ forms. That is, the WZ forms for the different forms of the same
hypergeometric evaluation can be derived from one another via the change of variable theorem. For

example, another form of (3.3.1) is the following which is obtained by replacing ¢ by ¢ — b in (3.3.1)

(3.3.6)

AP NQINCES )
N Val(e+b) 7

The WZ form we get for (3.3.6) as we got (3.3.2) from (3.3.1) is

2720=¢=(c — b+ 2a)l'(b+¢)
T(c—bI(1+a)l ()T (a+c+ )
2172a=c¢=bP(—1 — b+ c+2a)T(b+¢)
L(a—1+c)T(c—bI'(b+1)I(a)
21-2a=c=(c — b+ 2a)T'(b + )
D@1 —-b+c) L) (a+c+3)

(3.3.7)
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If we use change of variables theorem to compute the new WZ form for (3.3.2) under the change of

variables a — a,b — b,c — ¢ — b we also get (3.3.7).

§3.4 WZ forms of linear hypergeometric transformations

Finding the WZ mate for a linear hypergeometric transformation is not trivial. For example,

d—b,d—c
.’II)ZQF1< d

We divide the left side summand by the right side and get

we take Euler’s transformation

(1) (b(’ic

x) . (3.4.1)

b)a(c)g x*
(1 _ x)bﬁ’C*d( zdga) E

JF) (d—b,d—c x)

d
Gosper’s algorithm cannot find a WZ mate G(a, b) for F(a,b), such that F(a,b+1) — F(a,b) =

F(a,b) = (3.4.2)

G(a + 1,b) — G(a,b). In fact, F(a,b) is not even a hypergeometric term. If we make a change of

variables ¢ = d + m, assuming that m is an integer, then the summand becomes

m (D)ald+m), ¢
(1—.%‘)b+ () ((d)a ) J

P, (d—b,—m x)

d

F(a,b) = (3.4.3)

which can also be written as

L(b+a)z®(1 —x)" ™™ (d+m),

et T(b)T(a + 1), F, <d —bm x) '

d

Now if we let m = 1, the denominator is a polynomial in b, so F'(a,b) is a hypergeometric term.

Applying Gosper’s algorithm we get the WZ mate for (3.4.3)

d—bd+a—1,-1
INGA a1 —2)b*(d 3 F ’ ’
o a1 — o ann (17T )

L(b+ 1)I(a)doFy <d_2’_1’x> o F <d_b; 1’_1‘33)

(3.4.4)

The WZ mate turns out to have a nice formula and it motivated us to look at more values of m in
the hope that we can find a general form for the WZ mate for (3.4.3). When m = 2 we have the
WZ mate for (3.4.3)

d—bd+a—1,-2
F(b+a):z:“(1x)b+2(d+a)23F2< eta—d ‘:;;)

d,d+a
-b—-1,-2 '
Jor ()

- — (3.4.5)
L(b+ 1)T(a)(d)s o F} (d Z’ 2
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When m = 3 we have

d—b,d -1,-
Db+ a)z*(1 —z)**3(d + a)3 3F2< eta—l 3‘:0)

- d—b,—3 déld—t;a— L-3] \’ (3:46)
(b + 1)T(a)(d)s 2 Fy ( g ‘x) Py ( = 'a:)
Hence, we claim that
F(b+a)x“(1 7$)b+m(d+a)mgF2 d— b,d‘i’a* ].,7m "
d,d+a
G(a,b) = — p i — i — (3.4.7)
(b + 1)T(a)(d)m o Fy < p ‘x) JF, ( = M
is the WZ mate of F'(a,b) in (3.4.3). To prove it we need to verify that
F(a,b+1)— F(a,b) = G(a + 1,b) — G(a,b),
which is the following equation
b+ 1)o(d+m), z* D)a(d+m)g z°
1_ b+m+1( & 1— b+m -
(1-2) (d)a o (1—2) e a
d—b—1,—m d—b,—m
2F1 < d ’ 1'> 2F1 ( d ' :E)
F(b—FCL—F 1)xa+1(1 _ Z‘)b+m(d—|—a—|— 1)m3F2 d— b,d+ a, —m "
_ d,d+a+1 (3.4.9)

d—b,—m

d—b—1,—m
Jon,

d—bd+a—1,—m )
x

‘)
d,d+a

d—b—1,—m '
e ()
This turns out to be a contiguous relation,

(1= gybmt b+ 1)g(d+m)g z* 7 (d—b, —m‘x)

Db+ a)z®(1 — z) ™ (d + ) 3F> (

+ —b,—m

T+ 1)I(a)(d)m 2 F1 (d d

(d)a al®? d
e D)

T+ a+Da* (1 —2)"™(d+a+ 1), 5 d—b,d+a,—m
- T(b+ 1) (a+ 1)(d)m s 2( dd+a+1 ‘”3>
L(b+a)z®(1 —2)"*"(d+ a)m d—bd+a—1,-m

L(b+ DI'(a)(d)m o ( d,d+a ‘x) '

This relation can be proved by first dividing both sides by 2%(1—z)?*™ then comparing the coefficient
of x on both sides. Note that the proof does not require m to be an integer, so we can write the WZ

pair as

(1-2)""" 290 (b + a)T(c + a)T(d)
L(a+ D)D) ()D(d + a)o Fy (d B b’d_c +d ’x)

F(a,b) =
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and
I d—b,d—i—a—l,—c—i—dw
(1—2)""" 29D (b + a)T(c + a)T'(d) 32 dd+a

T(a)T(b+ DI(c)T(d + a) P, <db,dc+d‘x) JF, (db:l, c+d‘x).

G(a,b) = —

It is easy to see that, if (f(a,b), g(a,b)) is a WZ pair, then (—f(—a — 1,b), g(—a,bd)) is also a
WZ pair [5]. For example, the WZ pair for binomial theorem is

T(b+1)z®

T = T =t D (1 0)

and

al’'(b+ 1)z
(b—a+1)T(a+1)L(b—a+1)(1+z)""
So the following is a new WZ pair,

g(a7b) = -

L(b+ 1)z
M(—a)T(b+a+2)(1+2)"

fl(a’7b):_f(_a—1,b):—

and
al'(b+ Dz
(b+a+1)T(—a+ 1T (b+a+1)(1+2)""

When a is a nonnegative integer, f'(a,b) is zero. To make a more interesting WZ pair out of

g'(a,b) = g(—a,b) =

(f'(a,b),¢'(a,b)) we recall another method that a new pair of WZ form is derived from an existing

WZ pair in [5]. If p(a, b) is a function such that p(a+1,b) = p(a,b+1) = p(a,b) for all complex a and

b for which p(a, b) is defined then (p(a, b)F(a,b),p(a,b)G(a,b)) is a WZ-pair. Clearly (5((35)), 2((5;’)))
is also a WZ-pair. One such p(a,b) is (—1)**®[sin 7(sa + tb)]/m, where (—1)® is defined to be ‘™.
By the reflection formula for the gamma function, we have I'(sa+tb)I'(1 —sa—tb) = 7/ sin 7 (sa+tb).

So p(a,b) can also be expressed as

(71)5a+tb
['(sa+ th)['(1 — sa — tb)

p(a’ﬂ b) =

So we can multiply both f’(a,b) and ¢'(a,b) by

and the new WZ pair we get is

(-1)"“T(+ ) (a+ 1)zt
T(b+a+2)(1+z)

f”(a,b) —

and
(—1)°T(b+ 1) (a+ 1)a—°
F(b+a+2)(1+z)T

g//<aa b) =
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Here when a is a nonnegative integer p(a,b) is not defined. So we first define f”(a,b) and
g"(a,b) where p(a,b) is well defined, then extend the definition to any (a,b) by taking the limit.
Similarly, we want to get a new WZ pair from the WZ pair we just got for Euler’s transformation
by taking the WZ pair (—F(—a — 1,b), G(—a, b)) and multiplying both functions by

I'(—a)l(a+1)(=1)"°
(-1)*T(~=b+a+1)T(b—a)

P(a,b) =
The new WZ pair we obtained is

(=1)Pz= 21 (1 — )" (AT (a+ )T (c —a — 1)

F'(a,b) =
K@= b+ @M@ -0~ Dar (7o)
and
—a c— Fy d*b,dfa:}17fc+d .
G'(a,b) = — (=DPz= (1 - x)H dr(d)F(a + 1) (c—a) 3 ( d.d )

I'(d—a)l(®+1)I((-b+a+1) JFy (db,dc+d

Notice that if a is a nonnegative integer, F(a,0) equals 0 and when b > a+ 1 F’(a,b) equals 0

t00, so the sum of G'(a,b) on b is independent of n and since

o0

> G(0,b) = —1

b=0

we get the following identity
d—bd—cd—a—-1
3 (

; <Z> <x_1)b2F1 <d — b;ld —c x>d7:;1_gd b dl,xd> - 1;) =(1-z)*° 8_;;213‘1 (3.4.10)

This identity is a dual of Euler’s transformation in the sense of [5] and [11].

Now we want to try out the same method for Pfaff’s transformation,

2F1 <b,C L > = (1 *I)bgFl (b7dd ¢ l‘) .

d|lz—1
We make the substitution ¢ = d + m and divide the left hand summand by the right hand side, so

we get

(=1)*(0)a(d + m)qz”
(d)aal (1 — 2)*+0 ( b, ;m x)
_ (=1)T(a + b)z*(d + m)a

T(a+ D)T(0)(d)a(1 — 2) 5 Fy (b’ o

F(a,b) =

(3.4.11)
d

)
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When m =1 we get the WZ mate for (3.4.11) as
(=)0 (b + a)z*(—S(a, b,d, 1)z + d(d + a))
I(a)D(b+ 1)d2(1 — 2)o+b o 1)y <b=;1 x) o Fy (”ﬂ[l

')
where S(a,b,d,1) = bd + d + ba — .

When m = 2 we get the WZ mate as

(=1)* (b 4 a)z®
" S(a,b,d,2)x* —2(d+1)(d+ 1+ a)S(a,b,d, 1)z +d(d+1)(d+ a)(d+a+ 1)

T()T(b + 1)(d)a(d)2(1 — 2)+ o ) (b’f ‘ m) JF, (b + ;’ 2 ‘ :r) |

where S(a,b,d,2) = a?b + a?b? — b%a + 4abd + ba + 2ab*d + b?d? + 2d? + 3bd* — bd + 2d — b*d — 2b.
When m = 3 we get the WZ mate as
(—=1)*H0(b + a)z" A
P@ro+ (@1 -0 o (") or (T o)

where
A=—S(a,b,d,3)x> +3(d+2)(d + 2+ a)S(a,b,d,2)x?
-3d+1)(d+2)(d+2+a)(d+a+1)S(a,b,d,1)x
+dd+1)(d+2)(d+2+a)(d+a+1)(d+a)
and

S(a,b,d,3) = — 14bd — 12b + 12d — b*d — 9b*d + 15bd>
+ 3b%d* + 6a2b + 6a%b* + 18d° 4 2a°b + 3a3b? + a3b®
+ 6d® + 11bd® + b2d® 4 6b*d® — 9b%a + 4ba — ba
+ 18abd? + 3ab®d? + 15ab*d* + 27abd + 3a*b>d

+ 12ab%d + 9a*bd + 9ab?d.
After some careful study of such S(a,b,d,i) we find a formula for them:
. ([ Olatd—1);
S(a,b,d, i) = (d);1! -
P i
Now we claim that

( 1)a+1r(b+ ) a(d+a)m
I'a)T(b+1)(d —g)att

Y (1 — )

L)latrd—1))

(Jz_:o (d); 5! ) v
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m

>

z:O

d+a
X
b, —
2F1<

b+1,—m
()



is the WZ mate of F(a,b) in (3.4.11). To prove this we need to prove that

(=1)*(b+ L)a(d + m)qa® B (=1)*(0)al(d + m)qa?
(d)aa! (1 — x)atbly Py (l’“;lm :c) (d)qal! (1 — 2)a+by Fy (b*dm

(-1)*T(b+a+)z* T (d+a+1),
L(a+ 1)L+ 1)(d)y (1 — z)atbt?

i i (b)j(atd); )\ i
>iso (d(+¢:1)1) (ijo @, 3" J) x

2F1 <b,dm x) 2F1 <b+1£,im x)

()™ + )2 (d + a)
T(a)T(b+ 1)(d)m (1 — z)atb

m  (=m); i (b)ilatd=1); ) i

> io (d+a); (Zj:O W) z*

2F1 <b,dm x) 2F1 <b+1(,im I)

After multiplying both sides by the product of the two contiguous hypergeometric series in the

/)

denominator we get the following

s ()

D Ol m)art (b+ 1,—m‘x)

(d)aa! (1 - x)a+b
(_1)a+2r(b+a+ 1)1‘a+1(d+a+ 1)m
I'(a+ DT+ 1)(d)y, (1 — z)ato+t

o (=m)s L )a+d); )\ (3.4.12)
X;(d+a+1) (ZO (d); 5! )”

1) (b + a)x*(d + a)pm,
(@)L(b+1)(d)m (1 — z)+®

)1/—\

(=m)i [~ ®)latd=1);) ,
(d+a); Z; @50 )"

Sﬁ

@
Il
<

We multiply both sides by (1(_:1)% and compare the coefficient of x™ of the two sides. The left

hand side coefficient is

(b+1al(d+m)a(b)n(—m)n B (0)a(d+m)a(d+ )n(—m)n + (0)a(d+m)a(b+ 1)n—1(=m)n_1
(d)qa! (d)nn! (d)qa! (d)nn! (d)qa! (d)p—1 (n—1)!

(3.4.13)
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On the right hand side the coefficient is
Tb+a+1)(a+d+1)m "z‘:l (a+d);
(d)mI(a+ 1T+ )(d+a+1 (d); 5!

j=

+

r'(b a+d)m, "\ (b)j(a+d—1
(b+a)at d+anz Jila+d=1); (3.4.14)

@I (@T (b + 1) 2 (),

n—

[

T+ a)(a+d)m(
(d)mT(a+1)T (b+1 d+an 1

aerfl)
(d); 5!

' M

7=0

Let’s denote the second summation by T'(a — 1,n). The coefficient can be written as

+d+1)m(=m)n_1 (T(a,n) - WJFG)H)

I'b+a+1)(a
PO+ 1)(d+a+1),—1 (d)nn!

(d)mD(a + 1
Lo+ a)(a+ dm(=m)n 404
T @l @I+ D{dta) @1
T+ a)(a+d)m(—m)p-1 D)n(d+a—1),
 (d)pmI(a+ Db+ 1)(d+ a)n_1 (T(“ —Ln - (d), n! )

~— [ ~~—

In the following we try to simplify this coefficient by expressing T'(a,n) in term of T'(a — 1,n). When

b is a negative integer and a is not a nonnegative integer,

. D(d=bD(=a)L(b+j)T(d+a+j)
JU:9) = T+ o) (—b — a)T(d + ) !
has a WZ mate,
sy — - DEa= DI+ at )P+ I D)

I'(d+a+1I(H)I(d+7—1)T(=b—a)l(b)’
That is to say

f(jva)_f(jva_l) :g(j+1>a_1)_g(j’a_1)'

If we divide the equation above by I'(—a) we get the following

b+ )T(d+a+ ) (d—0b) b+ )I(d+a—1+35)T(d—b)a
FG+)0d+H)TO)Td+a)l(=b—a) TG+ 1)INd+5)T0)T(d+a—1)I(=b—a+1)
PG+14+bIT(d+a+j)I'(d—D) P+ ) T(d+a—1+5)T'(d—1b)

N(=b—a+ )G+ 1T+ HTOT(d+a) TEHTA+5—1D)N(=b—a+ DT O)T(d+a)’
This equation holds true for any b and a. If we sum both sides of the equation on j from 0 to n,

then the right hand side has only one term left and the left hand side gives

I'(d—b)T(a,n) N al'(d=b)T(a—1,n) I'd+a+n)I'(b+n+1)'(d—b)
L(d)T(-b—a) T(@I(~-b—a+1)  T(-b—a+1)I'(n+ 1)I(d+n)L(b)IT(d+a)

Solving the above equation for T'(a,n), we get that T(a,n) equals

I'(=b—a)(aT(a—1,n)I'(d+a)l'(n+ 1)I(d+n)T'(b) +'(d+a+n)'(b+n+ 1)I'(d))
I(—b—a+ 1)I(d+a)l(n+ 1)T(d+ n)['(b) ’
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Thus, we can have expressed T'(a,n) in term of T'(a — 1,n), and we can write (3.4.14) as

Fb+a+1)(a+d+1)m(—m)n_1
(d)mI(a+ 10+ 1)(d+a+ 1)1
" ( ~ T(=b-a)(@T(a—1,n)(d+a)l(n+ I'(d+n)T(b) +T(d+a+n)(b+n+1)I'(d))
IN—=b—a+1I'(d+a)T(n+ 1)I'(d+n)L'(b)
(O)n(d+a)n L'(b+a)(a+ d)m(=m)n
- ) e B 4 T 1
L+ a)(a+d)m(—m)n—1

() (a+ )00+ 1)(d+ a)y (T(a—1,n) -

(b)n(d+a—1),
(d)nn!

).
(3.4.16)

The coefficient of T(a — 1,n) in (3.4.16) is

Fb+a+1)(a+d+1)m(—m)p—1T(=b—a)a
(@)mI(a+1)(a+d+1)p 1T+ 1I(=b—a+1)
L(b+a)(d+a)m(=m)n
(d)mI(@)L(b+1)(d + a)n
L'+ a)(d+ a)m(—m)n_1
(@Dl (@T 0+ 1)(d+a)n1

The above reduces to 0 when we simplify it in Maple. Moreover, simplifying the difference (3.4.13) —
(3.4.16) in Maple gives 0. Hence we proved that the contiguous relation in (3.4.12) is true. Therefore,

we have proved that

(=D + a)z(d + a)m
L(a)T(b+ 1)(d) (1 — z)2T°

O (mm)i [ (0)latd—1);)
§<d+a>i(§ (d); 5! )x

b,—m b+1,—m
o (M) ()

G(a,b) =

is the WZ mate of

Fla,b) = (=1)T(a +b)z*(d + m)g —
F(a + 1)F(b)(d)a(1 — l‘)a+b2F1 ( ’ d

/)
83.5 Symmetric Function and Path Independence Theorem of WZ forms

So far all the WZ forms we studied are for hypergeometric functions. In this section we use the
symmetric function WZ pair defined in [7] and apply the path independence theorem to prove the
g-binomial identity in [6].

Let us define the complete symmetric functions h,, in the variables uy,us, -+, um by

B (ug, uy, -y Up) = Z Uiy Wiy Ui,
0<i1 <2< <in<m
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with hg(ug, w1, -, um) =1 and hy, (ug, u1, -+, um) = 0 for n < 0. We set

Hn(.]a k) = hn(xja'rj-i-lv e amk)a

with Hy(j,k) = 1 for all j and k, H,(j,k) = 0 for n < 0 and H,(j,7—1) = 0 for n £ 0. If we weight
a step from (a, b) to (a+1,b) with the weight x;,, where the x; are indeterminates, and assign vertical
steps the weight 1, then the sum of the weights of all paths from («, ) to (v, 9) is Hy—_ (8, d). Given
s> 0,t > 0, we look at all the paths in the region of Zx Z: {(a,)|0 < a < 5,0 < b < t}, which start
at (0,0) and end at (s,t), and have steps (0,1) and (1,0). Let’s name this region R. For all positive
a < s,b < t the set of paths that go into the point (a,b) is the same as the set of paths that go out
of the point (a,b). So we can express the weight of the set of paths that go through point (a,b) in
two ways. One way is the weight of all paths going through step (a — 1,b), (a,b) or (a,b— 1), (a,b).
The other way is the weight of all paths going through step (a,b), (a + 1,b) or (a,b), (a,b+1). The
weight of all paths going through step (a — 1,b), (a,b) is H,—1(0,b)zpHs_o(b,t), and the weight of
all paths going through step (a,b—1), (a,b) is Hy(0,b—1)H,_4(b,t). On the other hand, the weight
of all paths going through step (a,b), (a4 1,b) is Hy(0,b)xpHs—q—1(b,t) and the weight of all paths

going through step (a,bd), (a,b+ 1) is H,(0,b)Hs_o(b+ 1,t). Hence we have

H, 1(0,b)xpHy_q(b,t) + Hy (0,0 — 1)Hy_o (b, 1)

= H,(0,0)xp,Hy_q_1(b,t) + Hy(0,0)Hy_o(b+1,1), (3.5.1)
Now we look at the boundary points of R. When a = 0,b = 0 the left side of (3.5.1) is
H_1(0,0)x0H,(0,t) + Ho(0,—1)H(0,t) = H,(0,1).
The right side is
Hy(0,0)z0Hs-1(0,t) + Ho(0,0)Hs(1,t) = x0Hs_1(0,t) + Hs(1,1).

The left side equals the weight of all paths going from (0,0) to (s,t), while the right side equals the
weight of all paths going through step (0,0), (1,0) or (0,0,),(0,1). Clearly, the left side equals the
right side. Similarly, we can prove that (3.5.1) holds true at all other boundary points. Thus (3.5.1)

holds true for all (a,b) in the region R. Now we define
fla,b) = Hy(0,b — 1)Hy_,(b, 1)

g(a,b) = —H,_1(0,0)xp Hs—4 (b, ).
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Then (3.5.1) may be written as
fla,b+1) = f(a,b) = g(a+1,b) — g(a,b).

Then f(a,b)da+ g(a,b)dbis a WZ form in the sense that path independence theorem holds for paths
within the rectangle whose vertices are (a, b), (a+1,b), (a+1,b4+1), (a,b+1). Thus f(a,b)da+g(a, b)dbd
is a WZ form in the region R, ZxZ: {(a,b)|0 < a < 5,0 < b < t}. Moreover path independence
theorem holds on all paths in {(a,b)|0 < a < s+1,0 <b<t+ 1}, in another words, the sum of the
WZ form along any path within this region depends only on the starting and ending points of the

path.

We also find that the weight of a northwest step from (¢ + 1,0 —1) to (a,b) is —f(a,b) + g(a +
1,b—1) = —H,(0,b — 1)Hs_,(b—1,1).

The ¢-binomial coefficient is defined to be

5—1

{s} Bl e
- H =i _ 1"
t i 4 1
Note that the above is 0 if t < 0. If we set x; = ¢ then we have [10,p.303]

k—j7+n

H’n(]7 k) = hn(xja T, axk) = qj(k_j+1)hn(17q7 T qk_j) = qj(k_j+1) |: n

]. (3.5.2)

Now we prove the ¢g-Vandermonde variation in Gessel [6] via the path independence theorem. In the

proof we always evaluate the symmetric functions by (3.5.2).

Theorem 3.3 Let ap and by be nonnegative integers, agby = 0, aibg # 0 for k > 0, (ap+1 —
ak, bp+1 — br) is (0,1),(1,0), or (1,1). Then for s > ag, t > by we have

i anb s—ag +bgs1 — 1| [t —bp+ary1 — 1 . s+t
k:oq s — ag t— by s |

Proof: Let f(a,b) = Hu(0,b — 1)Hs_4(b,t) and g(a,b) = —H,—1(0,b)zpHs_q(b,t). Then w =
f(a,b)oa + g(a,b)db is a WZ form for 0 < a < s and 0 < b < ¢, and the sum of w over any path in
the region [0, s + 1] x [0,¢ 4 1] depends only on the ending and starting point. Now, we look at the
path whose vertices are (s+ 1 — ag, bi). Obviously this path intersects the region [0, s+ 1] x [0, ¢+ 1].
Let P be the path whose vertices are the points (s + 1 — ag, bg) which are in the region. Clearly the
starting point of P is (s + 1 — ag,bp). Let’s assume the ending point of P is (s + 1 — ay, b, ). Note
that either s +1 —a, = 0 or b, =t + 1. We take two paths from (s + 1,0) to (0,0). The first path

is all west steps, and the second goes from (s + 1,0) to (s + 1 — ag, bg), then along the path P to

47



(s+1—ap,by), then from (s+1—ay,by) to (0,¢t+ 1), finally all south steps back to (0,0). The sum
of w on the first path is —f(0,0) = —H,(0,t) = [*I*]. Now we look at the sum of w on the second
path. The path from (s + 1,0) to (s + 1 — ag, bp) will be all west steps if by = 0 or all north steps
if ap = 0. If it consists of all west steps, the first coordinate i of each step has the property that
s+1>i>s+1—agp>1so the sum of w on such a west step is —f(¢,0) = 0. So the sum of w
on all these west steps is 0. If all steps on this path are north, the sum of w on each north step is
g(s+1,b) and g(s+1,b) = —H(0,b)xp H_1(b,t) = 0. So, we have the sum of w along the path from
(s4+1,0) to (s+ 1 —ap,bp) is 0. The path from (s + 1 — ayp,by) to (0,7 + 1) can either be all west
steps if b, =t 4+ 1 or all north steps if a,, = 0. If it consists of all west steps, the sum of w on such
a step is —f(a,t + 1). Since ar > 1 when k& > 0 and (an, by) # (a0, bo), @y, is less than s+ 1, hence
—f(a,t+ 1) = 0 and the sum of w on all the west steps is 0. If the path consists of all north steps,
we have g(0,b) = 0, so the sum of w on all the north steps is 0. Thus, we have the sum of w along
the path from (an,b,) to (0,¢+ 1) is 0. Clearly the sum of w along the path from (0,t + 1) to (0,0)
is 0. Therefore, we have proved that the sum of w on the second path is equal to the sum of w on
path P. Now we look at the sum of w on the steps of P. There are three types of step on P. When
(ag+1 — ag,bpr1 — i) is (1,0), we have a west step in P: (s + 1 — ag,b), (s+ 1 — axs1,bk+1). The

sum of w on this step is

—f(s+1—=aps1,bp41) == Hog1-a,,, (0,05 41 — 1)Hy,y, —1 (b1, t)
— _ glar=Dbri [S +1—apt1 +bpp1 — 1} {t — bg1 + ap1 — 1
s+1—agt+1 apy1 — 1
— gD [5 —ap + b1 — 1] [t — by + agr1 — 1} '
s —ag t— by

When (ag+1— ag, br+1 —bg) is (0, 1), we have a north step in P: (s+1—ag,bg), (s+1—ags1,brr1)-
The sum of w on this step is

g(s+1—apy1,bpq1) = —Ho 0, (0,bp —1)Hy,, —1(bry1,t)
— _q(ak+1—1)bk+1 |:S +1- akg+1 + bk+1 - 1:| |:t - bk+1 + Apy1 — 1

s+1—ak+1 ak—o—l*]-
:qakbk S_ak+bk+1_1 t_bk+ak+1—1.
s — ag t— by

When (ag41—ak, b1 —bg) is (1, 1), we have a northwest step in P: (s+1—ag, bx), (s+1—ag+1, bgr1)-
The sum of w on this step is

CHL(0.b— 1) He (b1 t):_qakbk|:8+1—ak+1+bk+1_1:| [t—bk+1+1+ak+1—1]

5+17ak+1 a’k-i—lil
= gOxbr s—ak+bppr — 1| [t — bk + a1 — 1
§—ag t — by ’

Hence we proved the identity.
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