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SU(N) N = 4 super-Yang-Mills theory
compacti Þedon S3

in the ’t Hooft limit
at finite temperature

1
S3

1/T !S1

(Sundborg 2000,Aharony et al 2003)

free energy
Polyakov loop

How to see this?

W = 1
N tr P expi

∮
dτ !A! "S3

! ZN

T < TH O(1) 0

T > TH O(N2) O(1)

Free limit ! ! 0:
Þrst-order deconÞnement t ransition at TH ≈ 0.38



Integrate out all modes except W

Z =
!

[dφ]e! S[φ] =
!

dWe! F (W )/T

e! F (W )/T !
∫

[d! ]" (Ŵ [! ] " W )e! S[φ]

yields e! ective potential (o! -shell free energy) F (W )

Subsequent work at weak coupling has also focused on
e! ecti ve potential for Polyakov loop
(Aharony et al 2003,Liu 2004,Hollowood et al 2006,

Hartn oll & Kumar 2006, Gursoy et al 2007,Aharony & Hart noll 2007,
Dutta & Gopakumar 2007,Hoyos et al 2007, . . . )
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Strong coupling: ! ! 1

N = 4 SYM !
I IB supergravity on
asymptotically AdS5 × S5 manifolds

Þnite temperature ⇒ Euclidean manifolds with
conformal boundary
S1 × S3

1
S3

1/TS1

free energystate

T < THP thermal AdS O(1)

T > THP large black hole O(N 2)

first-order Hawking-Page transition at THP = 3/ 2!



=

!
exp (! Aws/α!) " ZN , S1 contractible in bulk
0 " ZN , otherwise

ZN center symmetry?

Polyakov-Maldacena loop

Aws = minimal area world-sheet anchored on boundary curve

W ! =
1
N

tr P exp
∮

dτ (iA τ + ! I " I ) ! ! S5



T < THP T > THP

!

lnW ′ = O(! 1/2)W ′ = 0

Euclidean manifold

(Witten 1998)

ZN

forbidden allowed

black holeconstant-time slice

This is also a deconÞnement tr ansition

(horizon screens
quark charge)



Subsequent work on strong coupling

has focusedon W and W ′, and their effecti ve potentials

(1) phenomenological matrix models for W

(2) sketches of free energy diagram for W !

Barbon & Rabinovici 2001, 2002, 2004, Kruczenski & Lawrence 2005,

Alvarez-Gaume et al 2005,2006,Azuma et al 2007, . . .

Kumar & Naqvi 2006, . . .

We want to compute the e! ectiv e potenti al for W ′

using AdS/CFT . . .

(especially o! -shell questions)



We want to calculate

e−F (! )/T !
!

[dφ]δ( öΦ[φ] " Φ)e−S[φ]

We will work in the saddle-point approximation
on the gravity side

Order parameter:

averaged over S3 and S5

divided by λ1/ 2 (Þnite as λ ! " )

= (minus) free energy cost to add a quark

! !
T

! 1/2
"ln W !#S3,S5

= ! T "Aws#S3 ,S5 (set RAdS = 1)



Basic strategy:

(1) Add Lagrangemultip lier to action

(2) Solve new equations of motion

(3) Compute acti on of new solution (or use dF/d! = ! )

SSUGR A [φ]→ SSUGRA [φ]− κ

T

(
öΦ[φ]− Φ

)

(York 1986,Headrick & Wiseman 2006)

“hedgehog black hole”

running from horizon to boundary,
smearedover S3 and S5

Varying !̂ [φ] adds a term to stress tensor:
static string with tension ! ,



!
GN!

r

Warm-up: pure gravit y, negative c.c. (Guendelman & Rabinowitz 1991)

solution: ds2 = f (r )d! 2 + f (r )! 1dr 2 + r 2d! 2
3

(assume SO(2) ! SO(4) not spontaneously broken)
∆S = κ

!
d5x (gττ grr)1/2

Einstein eqn: Gθ
θ = 1 Gr

r = Gτ
τ = 1 !

GN!
vol(S3)

asymptotic boundary condition s require τ ∼ τ + 1/T

µ is Þxed by smoothnessat the horizon:
f (r h) = 0, f !(r h) = 4! T

⇒ GN κ = 2r3
h − 2πTr2

h + rh

f (r ) = 1r 2 + − µ
r 2



Φ = ! TA! ,r = !
! !

r h

dr = rh

Order parameter:

so GN ! = 2Φ3 − 2" TΦ2 + Φ 1
2
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Supergravit y on AdS5 ! S5
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Numerical solution
(Mathematica)

active fields:
dilaton, sizes of S1, S3, S5

We impose

SO(2) ! SO(4) ! SO(6)
symmetry

(⇒ cohomogeneity 1)
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SO(6)
10-d BH

simplest scenario:

However, we know that the small black hole is unstable to
SO(6)-breaking pertur bations (Hubeny & Rangamani 2002)

so spontaneous
SO(6) breaking
occurs between
small & large
black holes
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conjectured phasediagram

tiny 10-d BH


