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String theory enjoys a rich interplay between
• 2-dimensional quantum field theory
• gravity and geometry

Infinite-dimensional space of renormalizable QFTs

The most direct connection is through
two-dimensional nonlinear sigma models

S =
∫

d2! gµν(X) " αXµ" αXν

= scalar fieldsX1, . . . , XD = target space coordinates

two-dimensional world-sheet -dimensional target spaceD

gµν(X )
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We will be interested in their RG flows:

yielding a one-parameter family of metrics

∂gµ! (X, λ)
∂λ

= −Rµ! (X, λ), λ ≡ − ln Λ

??
lnΛ

Friedan (1979): at one loop (small curvatures), the 
theory stays a sigma model, with target space metric 
deformed according to

RG equation is a PDE ⇒ rich behavior
Hamilton (1982): “Ricci flow” !  active field of math
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R2

Polyakov (1975): asymptotically free

One-loop RG flow:

lnΛ

Target space is sphere       of radius     (                 )SD R D = N − 1
1/RCoupling constant is

Example: O(   ) modelN

weakly coupled

strongly coupled

mass gap

Analogue of QCD
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Outline
• Ricci flow 101
• Behavior in black hole geometries
• Practical application as a numerical algorithm
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Ricci flow: basic properties

• Local

∂gµν

∂λ
= −Rµν

• Invariant under diffeomorphisms
     = coordinate transformations
     = field redefinitions

• Diffusive: small-amplitude, short-wavelength 
perturbations decay (irrelevant operators)

∂hµν

∂λ
= ∇2hµν + · · ·

gµν = δµν + hµνlocally
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• Fixed points are Ricci-flat metrics

Linear stability is controlled by spectrum of 
Lichnerowicz Laplacian

∂hµ!

∂λ
= −∆L hµ! + ááá

≡ ∇2hµ! + 2Rµ
"

!
# h"# + ááá

gµν = ĝµν + hµν

Ricci flat

Ricci flow: basic properties ∂gµν

∂λ
= −Rµν
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• Regions & directions with positive curvature tend to 
collapse

This is generic — not due to symmetry

When curvatures become large, Ricci flow is not a 
good approximation to RG flow

As with O(   ) model, this can lead to formation of a 
curvature singularity in finite flow time

N

Ricci flow: basic properties ∂gµν

∂λ
= −Rµν

In O(   ) model, physics does not halt collapse, but 
still remains non-singular

N
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Example: cone

• Tendency of positive curvature to collapse competes 
with tendency to diffuse

Ricci flow: basic properties ∂gµν

∂λ
= −Rµν

Initial cone is singular;
again, physics can accomodate this:
           orbifold theory,
flows to sigma model
Adams, Polchinski, Silverstein (2001); Vafa (2001)

R2/Zn

“Expanding Ricci soliton”

Gutperle, MH, Minwalla, Schomerus (2002)

gµν(X, ! ) = ! gµν(X, 1)
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Ricci flow and black holes
MH & Wiseman (2006)

Partition function: integrate          over Euclidean 
metrics with boundary               

e−SE

S1
β ! S2

R (β = 1/T )
Integral is dominated by saddle points of
Ricci-flat metrics

SE :

At low temperature,             there is only one saddle 
point: hot flat space

β > R,
S1

β ×B3
R

At high temperature,             there are two more:
a small and a large black hole, with topology

β < R,
B2 × S2

Canonical ensemble for gravity in a spherical cavity of 
radius                  : analogue of finite temperature AdSR (D = 4)

Simple physical system with multiple fixed points:
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Ricci flow and black holes

Proper distance gauge:

r
boundary

R

! /2"

0
center

r

ds2 = T (r)2d! 2 + dr2 + S(r)2dΩ2
2

Hot flat space

R

r
boundaryhorizon

! /2"

0

Small black hole

Small black hole

r
boundaryhorizon

R

! /2"

0

Large black hole
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Ricci flow and black holes

The hot flat space & large black hole metrics have 
positive-definite Lichnerowicz operators, so they are 
stable fixed points under Ricci flow

If we perturb the metric by the corresponding mode, 
under Ricci flow it will move away from the fixed point

However,       has a single negative eigenvalue for the 
small black hole (Gross, Perry, Yaffe, 1982; Gregory & Ross, 2001)

∆L

Where does it ultimately flow?
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By adding a real time direction, these are also static 
bubble of nothing solutions to 5D gravity



Ricci flow and black holes

When perturbed in one direction, the small black hole 
flows to the large one

ds2 = T (r)2d! 2 + dr2 + S(r)2dΩ2
2

R

! /2"

r
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Ricci flow and black holes

ds2 = T (r)2d! 2 + dr2 + S(r)2dΩ2
2

Perturbed in the opposite direction, it flows to a 
singularity: the horizon collapses

r

! /2"

R
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Ricci flow and black holes

S2

surgery

Ricci ßow

S2

S1

Ricci flow

surgery

Analogous “neck” singularity
in three dimensions In our case

In sigma model, localized confinement
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Ricci flow and black holes

After surgery, metric relaxes to flat space
Ricci flow with surgery ( = RG flow) thus defines a 

canonical path through the space of metrics, 
connecting all three fixed points

ds2 = T (r)2d! 2 + dr2 + S(r)2dΩ2
2

r
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Ricci flow is a gradient flow of the Einstein-Hilbert 
action 
We can plot       versus distance in the space of 
metrics, to obtain a free energy diagram:

SE

Ricci flow and black holes

-0.6 -0.3 0 0.3 0.6 GN1!2!

-0.3

-0.2

-0.1

0.1

GNS!"

Large BH

Small BH

Hot flat space

b#0.40

b#0.59

b#0.70
F = SE / β

distance in space 
of metrics
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Numerical applications of Ricci flow

Many open questions about existence and phases of 
black holes in higher dimensions:

• Non-uniform black strings with transverse 
compactified dimensions?

• Static black holes larger than the AdS radius in 
Randall-Sundrum? (Emparan, García-Bellido, Kaloper 2002)

• Black rings in more than 5 dimensions?...
18



Traditional numerical relativity deals with the Cauchy 
problem

To find static/stationary solutions to Einstein equation: 

Ricci flow: fixed points are solutions

Most black hole solutions of interest have a Euclidean 
negative mode . . .

 . . . this problem will have to be addressed

Numerical applications of Ricci flow
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Simulate time evolution?



Similar problem: compact Euclidean Einstein manifolds

Kähler often useful in string theory:
• Calabi-Yau, for string compactifications
• Sasaki-Einstein, for AdS/CFT

MH, Wiseman (2005): “accelerated” Ricci flow to find 
first explicit Ricci-flat metrics on a Calabi-Yau (K3)

Numerical applications of Ricci flow
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Kählerity proves to be a powerful tool for numerics

On Calabi-Yau, theorem of Cao (1985) guarantees 
convergence of Ricci flow



Kähler-Einstein metric has positive cosmological 
constant

Ricci flow with c.c.:
∂gµν

∂λ
= −Rµν + gµν

Doran, MH, Herzog, Kantor, Wiseman (2007):
Kähler-Einstein metric on third del Pezzo

       is easiest del Pezzo:
• toric (          isometry) ⇒ reduce to 2 dimensions
• no moduli ⇒ just one metric to compute

U(1)2
dP3

Numerical applications of Ricci flow
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base for 5D Sasaki-Einstein

Theorem of Tian, Zhu (2006) guarantees convergence



-0.8
-0.6
-0.4
-0.2
0

sectional curvature of base
0

5

10

Euler density (Riemann2)

Numerical applications of Ricci flow

Toric polytope for      
(symplectic coordinates):

dP3
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Also found Ricci soliton on      dP2


