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1. Miscellaneous math

1.1 A matrix identity

If {gqp} is a symmetric matrix, then

Wa YGab
-1
[x vb] 1 [ 1 —v¢
w = | b . be b,.c
a Jab @ w” g™t + wov

1 - be | L b
Gab — —WaVh =499+ —w"
X «

b

1
det [ . Ub] = xdet {gab — xwavb} = adet{gaq},

i

where ¢%¢ is the inverse of ggp, v¢ = vpg"°, w

= g*w,, and o = = — vrg*we.

(1.1)

(1.2)

(1.3)
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1.2 Campbell-Baker-Hausdorff
If [A, B] commutes with A and B, then

[A,eP] = [A, BB (1.4)
e*Be ™ = B+ [A, B] (1.5)
etel = A BleBeA (1.6)
eAtB = ¢ [ABI2cALB (1.7)

1.3 Pauli matrices

1.4 Level repulsion

In the space of n x n Hermitian matrices, the matrices with two degenerate eigenvalues lie on
a (real) co-dimension 3 submanifold. Therefore, a 1-parameter family of matrices H(\) will
not generically intersect the submanifold: as A is varied, the eigenvalues will move around,
but will not cross each other. However, if there is a symmetry, i.e. another Hermitian matrix
S that commutes with H(A) for all A, then the eigenvalues of H(\) belonging to different
eigenspaces of S are independent, and will generically cross.

1.5 The Legendre transform

Let f(z) be a function on a vector space that is bounded below and goes to plus infinity
faster than linearly in every direction. The Laplace transform of e /(@) is ¢9)  where g(k) is
a function on the dual vector space:

(k) _ / dp ki =1 (@), (1.9)

It is easy to show that g(k) is convex.

The Legendre transform of f(x) is the saddle-point approximation to g(k). Assume
first that f is strictly convex and continuously differentiable. Then for every k the function
f(x) — ;2" has a unique (local and global) minimum, where

of '
oxt ki

In other words, we have a bijection between x and k. The saddle point approximation to the

(1.10)

integral (1.9) is the following function of k.

g(k) = k' — f(ac)’ﬂ:kZ . (1.11)

ozt

This will also be strictly convex and continuously differentiable. The inverse map is given by
2’ = 0g/0k;, and we have

f(z) = kiz" — g(k)

o = diwt— g()| ee 1.12
sy, = ki 9()6%:36 (1.12)
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In other words, the Legendre transform is its own inverse.

If f is not convex, then for some values of k, f(z) — k;2* will have multiple local minima
(and saddle points). However, it is the global minimum that dominates the integral (1.9).
The x value of this global minimum will jump discontinuously as a function of k. This
shows that the Legendre transform g(k) will have a discontinuous first derivative. In fact,
the global minimum won’t change at all if we replace f(z) with its convex hull (as in the
Maxwell construction). Therefore, two functions with the same convex hull will have the
same Legendre transform.

If f(x) has a discontinuous first derivative (at a convex point), then the global minimum
of f(x) — k;x® will be at the same value of & over a range of values of k. Over that range g(k)
will be a linear function, and therefore won’t be strictly convex.

In summary, on convex functions, having a range over which the function is linear (i.e.
not being strictly convex) makes its Legendre transform have a discontinuous first derivative,
and vice versa; the Legendre transform continues to be its own inverse. The double Legendre
transform of a non-convex function returns its convex hull.

If f depends on an auxiliary parameter y, then g will also depend on y. Their derivatives
with respect to y obey a simple relation:

dg _ Of

—— 1.1
9y~ 0y (1.13)

2. Differential geometry

2.1 Diffeomorphisms vs. coordinate tranformations

Physicists often use the terms “diffeomorphism” and “change of coordinates” interchangeably.
Here 1 want to make the relationship precise: given a coordinate system on a manifold, its
diffeomorphisms are in one-to-one correspondence with other coordinate systems that have
the same transition functions on the patch overlaps.

Let M be a manifold. A “coordinate system” or “atlas of charts” is a set of open subsets
(“patches”) {Uy C M} covering M (i.e. UoU, = M), together with a one-to-one function
(“coordinates”) from each patch to R” (or C" for a complex manifold)

To: Uy — RP. (2.1)
Then for every overlap U, N Ug, the transition function
faﬁ = xa:c/gl : .Tﬂ(Ua N Uﬁ) — RD, (2.2)

is required to be continuous, differentiable, holomorphic, etc. depending on what kind of
manifold you want.

Given such a coordinate system {(Ua,x4)}, the diffeomorphisms of M onto itself are in
one-to-one correspondence with coordinate systems {(U,z.,)} that have the same images in
RP and the same transition functions:

2 (UL) = 24(Uy), f&ﬁ = fap Va, . (2.3)
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2.2 Connection and curvatures

Covariant derivatives:

Riemann tensor:

1
be = §gad (Ovgde + Ocgba — Oague)

gy = OpIn+/|g]
Va® = 9g0° + T8 ¢
Vavp = Oqvp — T'gpve

1
——=0, v
N (Vlglv®)

[v,w]* = VVyw® — wViyr® = 0?9 — wboyu®

V0t =

Rupel = —2a[arg]c + 2rg[ar;j]e
Rabed = Redab = —Rbacd = —Rabdc
Riapg® =0
VieRgd® =0
(VaV — VuVa)ve = Rape’vg
(VaVi — Vs Vo)v? = — Ryp0°

Ricci tensor and scalar:

Einstein tensor:

Rac = Rabcb
R=R,"

1
Gab = Rab - iRgab

VG =0
Weyl tensor:
2 2
Cabed = Rabed — m(ga[CRd]b — GpfcLa)a) + (D—1)(D - Q)Rga[cgd]b
Cabcd = C’cdab = _Cbacd = _Cabdc
C[abc]d =0

b
C’abca = Labe = 0

(2.20)

(2.21)
(2.22)
(2.23)
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Cotton tensor (D = 3):

1
C% = "V, <Rcd — 4Rgcd>

Cc*% =0
Cab = Cba
V.C% =0

2.3 Forms

Let v be a p-form and w a g-form."

1
v = —‘valmapd:ca1 Ao Adx®
p!
(p+9a)!
(VAW)ay..apby..by = Dlgl Vlenap Wi b
vAw=(=1)MwAv
d=dz®* A0,
Jar..api = (P + 1)8[a1 az...ap+1]
/ dv = / (M is p+ 1 dimensional)
oM
dvAw) =dvAw+ (=1)Pv A dw
1
<*/U)al~“aD7p - Ijealmanpblmbpvln...bp
1
dTU — (_1)DP+D+1 xd*xv= _anlvala}_,%dl’@ A ... dr™
p—1)!

1
(xv) Av = % (‘valmapval“'“@> = >|<|v]2
p!

/*¢> = /de\/@d) (¢ is a scalar)

(2.24)

(2.25)
(2.26)
(2.27)

(2.39)

(2.40)

(2.41)

!The definition of the Hodge star depends on who you ask. Above we gave Polchinski’s definition. However,

another common one is Wald’s,

(* ’U) = —w Ebl.,.bp
WvU)aj...ap_p — p' by...bp ai...ap—p

(2.28)

which is related to Polchinski’s by #wv = (—1)P®~) xv. T believe that all of the equations in this subsection

continue to hold under * — *w, except for (2.40), which becomes
v A (kwv) = *wlv]?,

and (2.39), which becomes

1
(-1

d'v = (=1)"" xw dxw v = Valv Yag.apdx™ AL dz®

(2.29)

(2.30)

LAB: ddagger

LAB: starvwedgev
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Euclidean signature:

e1.0 = /gl (2.42)

Jgop_ 1 (2.43)

Vgl
xxv = (—1)PPPy (2.44)

Minkowskian signature:

€0...(D-1) = gl (2.45)

1
0..(D—-1) _ _ (2.46)

€ .
Vgl

wxp = (—1)PP-PHL, (2.47)

2.4 Vielbein formalism

Let p, v be indices in the vector representation of the appropriate Lorentz group (raised and
lowered with 7,,,), and a,b be the usual tangent and co-tangent space indices. The vielbein
1-forms e, are defined by

(en)a(€)o = gab (2.48)
which is equivalent to

(en)*(er)a = Mo (2.49)
The connection 1-forms w,* are valued in the Lie algebra of the Lorentz group (i.e. wy, =

—wyy), and defined by
de, = wy'' Ney, (2.50)

or in components
(W,LW)CL = (eu)bva(eu)b' (2.51)

(Wald writes this wgy,.) The Riemann 2-forms R,” are also valued in the Lie algbra of the
Lorentz group, and are defined by

(Ruy)ab = (eu)c(ey)dRabcd' (2.52)

They are given by
R, = dw,” + w,* ANwa"”. (2.53)

In order to calculate the connection 1-forms from the vielbein, one may do it either by
inspection from (2.50), or, more algorithmically, as follows. First compute

Kuov = (e0)alep, ev]”, (2.54)

which equals w5, — wyey, and from that compute

1
Wypov = 5 (K,um/ + Kcrw/ + Km/,u) . (255)
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The scalars wq, are called Ricci rotation coefficients. The connection 1-forms can be com-
puted from them:

(wm/)a = (eu)awum/ . (256)

(Note that it is the first index on the Ricci rotation coefficients that becomes the 1-form
index on the connection.) The Riemann tensor can then be computed either using (2.52) or
directly from the Ricci rotation coefficients:

a a a
Rpaw/ = (ep) 8(1‘”'0’;11/ - (eo') 8awpw/ -1 A (wpﬁp,waau — WoBuWpar + WpBoWapr — wa,@pwauu) .

(2.57)
The Christoffel symbols can also be computed from the connection 1-forms:
Do =1 (e,)" (Balen)s = 1™ (can(wsn)a) - (2.58)
2.5 Lie derivatives and Killing fields
Let v* be a vector field. Then
£, = [v,w]* = vPPHuw® — WO = P Vyw® — w’Vyv® (2.59)
Lowg = vPOwa + wpdav® = vPViyw, + wpVar? (2.60)
Lo9ab = Vavp + Vv, (2.61)
If in some coordinate system the components of v are constant, d,v® = 0, then in that
coordinate system the Lie derivative coincides with the ordinary derivative:
£y =0%0,. (2.62)
Under a small diffeomorphism
2 =2 + ev?, (2.63)
a tensor T will transform into
T =T+ eL,T. (2.64)
So this diffeomorphism is an isometry if
Lvgap =0 (2.65)
(Killing’s equation).
2.6 Weyl transformations
Let
Jab = e2wgab- (266)
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Then

Vil = e V/lg| (2.67)
G = e~2wgab (2.68)
[ = Tf. + Opwdy + Oew sy — 9"wye (2.69)
Rape® = Rape® + 2(5ffz (Vb} + 8b]w) Ocw — 29cfq (Vb] + (%w) % — 2gc[aég]8€w85w (2.70)
Rae = Rae — (D = 2)V0ow — gacVw 4 (D — 2)8qwdew — (D — 2)gacdqwdw  (2.71)
R=e¢*(R-2(D-1)Vw— (D —2)(D — 1)0,wd"w) (2.72)
Cape® = Cape? (2.73)
(2.74)

éab =e “Cy (D = 3)

In D = 2, all metrics are locally conformally flat. In D = 3, the metric is locally
conformally flat if and only if Cy, = 0. In D > 4, the metric is locally conformally flat if and
only if Cypeq = 0.

2.7 Metric perturbations

Let us perturb the metric g4 by
5gab = hab- (275)

Then, to first order in hy, (and always using g to raise and lower indices),

1
5v/lgl = 5Vlglh (2.76)
69 = —h® (2.77)

1
oy, = V(bhc)a - §Vahbc (2.78)
0 Rape" = =2V 1,015, (2.79)
1 1
ORqp = VCV(ahb)c — ivaabh - §V2hab = Arhg — V(avb), (2.80)
1 2 cd c 1 b

Aphgy = *iv hap — Ra"p " hed + B “hy)e Vg = §8ah - Vyh’y (2.81)
SR = V,Vph® — V2h — h®® Ry, (2.82)

2.8 Warped products

Consider the warped product geometry

ds® = ds{yy + >0 dsty, (2.83)
= gmn(2™)dxdz"™ + eQT(xm)gm,(:L‘“)dx“dx”, (2.84)
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where z(1) = 2™ and () = z#. Let k be the dimensionality of the space dsé). The Christoffel
symbols are:

Iy, = TG (2.85)
Tt = g,rol (2.86)
T = —g"" 0,7’ gy (2.87)
[hp =Thp =0 (2.88)

(2.89)

£, -

The Riemann tensor is:

R, = R/(fl,)pg + 2T g™ 0, O, T (gl,péz — Gup0y) (2.90)
R,uzzps = R,uzlpa = Rmupa = R,unpa =0 (291)
Rmnp(7 = R,uups =0 (292)
By = = (V07 + 00y ) 07 (2.93)
Byny” = (V00,7 + 04707 ) 0 (2.94)
Ronp® = g (vﬁ})aﬂ + 8m7'(9a7'> g, (2.95)
Ryny’® = —g™ (Vg)&ﬂ + 8nT6aT) ezTgup (2.96)
Rypnp” = R/mps = Rpuyp® = Rmnps =0 (2.97)
Rnp® = Ry (2.98)
The Ricci tensor is:
_ p2) _ 2 mn 27
R, =R} (V(l)T + kg mT@,ﬁ) e Gup (2.99)
R, =0 (2.100)
Rup = RY —k (V%)apT + amrapr) (2.101)
The Ricci scalar is:
R = Ry +e "Ry — 2kViyT — k(k +1)g"" 0,707 (2.102)
2.9 Flat fibrations
Consider the following metric ansatz:
ds? = g (2)da™dz"™ + hy, (2)dy*dy" . (2.103)

,10,
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We denote quantities derived from the base metric dé? = g,,,dz™dx™ by hats. The Christoffel
symbols are (here and below we write only non-zero components):

rt =1t (2.104)
rm - —%gmnanhw (2.105)
I =Tk = %Wamhw. (2.106)
The Riemann tensor is:

Rypnpl = Ry (2.107)
Runpr = Roxmn = %h*‘” (BmhawOnliyp — OnlinyOmhp) (2.108)
Runpt = —Rnypl = —Ryunip = Rupip = —%malhu,, + ih”f)nh,\palhw (2.109)
Ry = %gmn (Ol Do — Dl Oraliny) (2.110)

The Ricci tensor is:
Rin = Ry — %hﬂpﬁmanhup — %amhﬂpanhﬂp (2.111)
R = —5 9+ L0 W00z, — 0™ Oy 0V (2.112)

The Ricci scalar is:
R =R~ h"*V?h,, — §gm"8mh“p8nhup — §™" O In VRO, In Vh. (2.113)

4

2.10 Gauss-Bonnet theorems

In odd dimensions, the Euler number always vanishes. In zero dimensions, it is the number
of connected components (i.e. points). In two dimensions it is given by:

1
X = 47T/d%;\/gﬁ. (2.114)

In four dimensions it is given by

_ 1
3272

X / diz\/g (R2 — AR R + RabcdR“de> . (2.115)

2.11 Hypersurfaces

Let’s begin with the most covariant description of a hypersurface in a manifold, in which
the hypersurface S and the manifold M have independent coordinate systems: M has D
coordinates z# while S has D — 1 coordinates y’. The embedding of S in M is described by
the functions z*(y), whose first derivatives give a D x (D — 1) matrix:

oxH
MM = —. 2.11
f =5 (2.116)

— 11 —

LAB:
hypersurfaces



JHEP 3.1 DRAFT O compendium, February 2, 2012, 16:02

This matrix can be used to pull a co-vector back from M onto S,

v; = M, (2.117)
or to push a vector forward from S into M,

ot = M (2.118)

A vector v* in M is said to be tangent to S if there exists a vector v’ in the tangent space to
S such that 2.118 is satisfied. The notion of being tangent to .S does not exist for co-vectors,
which instead have the notion of being normal to S: a co-vector v, in M is said to be normal
to S if it pulls back to a vanishing co-vector in S. In fact, up to rescaling, there is a unique
normal co-vector. For example, if f(x) is a scalar field on M that vanishes on S, f(z(y)) =0
for all y, then its gradient v, = 0, f is normal to S. None of the above depends on the metric.

If M is endowed with a metric g,,, then several structures follow from it. First of all, we
can pull it back to a metric on S:

Vi = MMy g (2.119)

We'll always use g, to raise and lower p,v indices, and 7;; to raise and lower 4, j indices.
Now that we don’t have to distinguish so carefully between vectors and co-vectors, we can
make statements like: The pull-back of the push-forward of a vector v’ is itself. The push-
forward of the pull-back of a vector v* lies tangent to S; this defines an orthogonal projection
operator:

PH, = MI'M]. (2.120)

Unless the hypersurface is null, we can define a unit normal co-vector n, by
Min, =0, n,nt =o (2.121)
where o = £1, which makes n, unique up to a sign. It’s clear that
Pt, =6 —ontn,, (2.122)

since both 2.120 and 2.122 are 0 acting on n* and 1 on vectors tangent to S.

The induced metric 7;; defines the intrinsic geometry of S, and one can use it to calculate
covariant derivatives and curvature tensors. The curvature of the embedding of S in M is
captured by the (covariant) derivative of the unit normal along S,

Ky = MV, (2.123)

Of course, this tensor is a bit awkward, having one index in M and the other in S. However,
since the v index is tangent to S (n”K;, = 0), we can pull it back to S without losing any
information:

K;; = M]’/vapny = —n,,MprMj’f. (2.124)

- 12 —
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Alternatively, we can push the i index forward to M:
K, = PP,V . (2.125)

One can show that both K;; and K, are symmetric. They are both known as the extrinsic
curvature.?

If M is foliated by a family of hypersurfaces, then their normal vectors n* will define a
vector field on M. In this case there are a couple of other useful formulas for the extrinsic

curvature:

1 1
Ky = 5 £n Py = 5Jﬂ,lpﬂy‘,gngaﬁ. (2.126)
If the coordinates on M are {\, '}, with S being a surface of constant A, and we use the

coordinates 4* on S, then we have

Mf M}P=0, M =d, (2.127)
Yij = Gij (2.128)

ny=olg™ "%, mi=0, (2.129)
Kij = —n\Iy. (2.130)

(The coeflicient o in n, is put in to agree with (2.131) below.)

Gaussian normal coordinates is a special case of the coordinate system of the last para-
graph that is adapted to metric, with the coordinates for M fixed (at least in a neighborhood
of S) in terms of those for S. From each point on S, send out a geodesic with initial velocity
n*. Sufficiently close to S, each point p of M will have a single such geodesic passing through
it. Call the point on S from which that geodesic emanates ¢(p). The point p can then be
labelled by the coordinates 3* of ¢(p) together with the affine parameter X of the geodesic at
.

Obviously, on S (which is the A = 0 surface) the unit normal vector in Gaussian normal
coordinates is

=1, n'=0. (2.131)

Less obvious, but straightforward to show (see section 3.3 of Wald), is that the vector 2.131
is the unit normal vector to the surfaces of constant A even away from S. Therefore in the

2The above structure generalizes easily to codimension k > 1 submanifolds. We still have the matrix
M} = 9z /9y’, the induced metric v;; = M} MY g,,, and the matrix P*, = M}'M;, which projects vectors
onto S. The normal vector is generalized into an orthonormal frame for the normal bundle, a set of k vectors
nl satisfying ninu, = Nap, where ngp is diagonal with eigenvalues £1. The frame indices a,b are raised
and lowered with 74,. There is an SO(k) (or one of its Lorentzian generalizations) gauge (i.e. y-dependent)
ambiguity in the choice of n%. We now have, instead of (2.122), P*, = § — nfny. The extrinsic curvature
now carries an index in the normal bundle: Kf; = My MV ,n; = —n; MV ,M;. Any or all of these indices
can be put into embedding-coordinate indices, for example K/, = nsP”,V,ny. The normal vector obtained
by tracing on the tangent indices, K” = g"” K, is called the “mean curvature”.

,13,
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neighborhood of S where the Gaussian normal coordinates are defined, the metric may be
written

ds* = od\* + i (y, \)dy'dy’. (2.132)
In these coordinates the extrinsic curvature is

1
Kij == 58)\’)/1']‘. (2133)

The formulas below give useful quantities for M in Gaussian normal coordinates in terms
of those for the surfaces of constant A. We write Kij = 0)Kjj, and a prime indicates a
quantity derived from +;; rather than g,,, i.e. describing the intrinsic geometry of the surfaces
of constant A:

M=o (2.134)
g7 =0 (2.135)
g7 =~ (2.136)
Vgl =V (2.137)
e =T (2.138)
I = -0k (2.139)
=K' (2.140)
T =Th =T =0 (2.141)
Riji = Rijy — 0 (K Kj1 — KjpKy) (2.142)
Rijiy = ViKj, — VK (2.143)
Ry = ~Kij + K" Kp; (2.144)
Rijan = Riyox = R =0 (2.145)
f . k LAB: riccitl
Rij=R;;—o (Kij + KK;j — 2K K j) (2.146)
. LAB: riccit2
Riy = ViK' — 0K (2.147)
. g LAB: riccit3
Ry = Y Kij + KV K, (2.148)
L 9 .. LAB: ricci
R=R -o (w]Kij +K? - 3KUKZ-]~) (2.149)

Under a small change in the metric g,,, — g+, the tensors defined above will change.

— 14 —
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Here we write their changes in the Gaussian normal coordinates of the original metric g, :

SM! =0 (2.150)
6vij = hij (2.151)
ony = %h»\, on; =0 (2.152)
ont = —%Jh;v\, on' = —h'y (2.153)

§P*y = 0P =6P'; =0, 6P\ =1, (2.154)
0Kij = —V{;hj — %ahMKij + %hzj (2.155)

(note that h;y is a co-vector field from the point of view of 5).

2.12 Kahler geometry

A point to keep in mind is that the complexified tangent space of a manifold is twice as big
(in real dimension) as its real tangent space—you have the same number of basis vectors
(D, the real dimension of the manifold), but they can have complex coefficients. So it is
possible to impose a reality condition on a vector, v* = (v')*. Of course, the holomorphic and
anti-holomorphic parts of the tangent space each have complex dimension D /2.

An almost complex structure is a (real) tensor .J,° satisfying
TP I = —6,°. (2.156)

Complex coordinates z* adapted to J,° are ones in which it takes the form

J=i6d, I =-i8, JI=Jl=0. (2.157)

For an almost complex structure to be a complex structure its Niejenhuis tensor must vanish
(see Candelas). The complex structure is preserved by holomorphic changes of coordinates.

A metric g,p is hermitian (with respect to a given complex structure) if it satisfies any of
the following conditions, which are all equivalent:

9ij = 955 = 0, 9ab = T Tp gud, Jab = —Jpa- (2.158)

Thus metric and complex structure together define a 2-form, the K&hler form J, whose
components in complex coordinates are given by

Jig=—J5i =1igiz,  Jij = Jy=0. (2.159)

The measure is
| det{gap}| = det{giz}, (2.160)

and the volume form is
" (2.161)
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where n = D/2 is the complex dimension.
If the Kahler form is closed, dJ = 0, then the metric is called Kahler. By dividing dJ
into (1,2) and (2,1) components, we find

Ok9i7 = 0igks, Orgi; = NG, (2.162)
If follows that the mixed components of the Christoffel symbols vanish, and the pure ones are
given by
F;‘k = ¢"0j 9Kz, F;—;; = 9" 0;95;- (2.163)
It then follows that the only non-zero components of the Riemann tensor are
~Rg! =Ry =0T, —Ryi' = R = 0Ty, (2.164)

and of the Ricci tensor are
Ri; = Ry = —8;0;In/|g]. (2.165)
(Be careful: I think that Candelas uses the opposite sign convention for the curvature tensors.)
It also follows from Kéhlerity that the metric can locally be expressed in terms of a
Kéhler potential K:
giz = 0;0;K (2.166)

or in other words

J = i00K. (2.167)

The Kéhler potential is a scalar under (holomorphic) diffeomorphisms, but it has an additional
gauge freedom: the metric is invariant under Kéahler transformations

K — K+ f(2) + f(2). (2.168)

In fact, the Kahler potential may not be globally well-defined, and it may be necessary to do
Kahler transformations in going from patch to patch.
Example: C'P" is defined by

(z4,..., 2" ) e o™t o}, (4. 2"~ AT (ve o\ {0)). (2.169)

On the patch where 2™ # 0, we can define coordinates C,J}L = 27 /2™ (of course (" = 1 is not
a coordinate). The Fubini-Study metric is defined by the Kéhler potential

n+1
K= (Y |G1*]- (2.170)
j=1

A simple calculation shows that

In|g| = —(n+ 1)K, (2.171)

and therefore
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2.13 Poincaré duality

Let M be a D-dimensional real compact orientable manifold without boundary.

For a given p (0 < p < D, p # D/2) consider the following four vector spaces: the pth
and (D — p)th de Rham cohomologies H?(R) and HP”~P(R), and the pth and (D — p)th
homologies H,(R) and Hp_,(R). If we arrange these four spaces at the vertices of a square,
then they are connected along each edge by a natural bilinear form:

HP(R) — [,,aNpB «— HPP(R)

i !
[, a 1,5 (2.173)
T T

Hy(R) — #(a,0) — Hp,(R)

Here a, 3, a, and b are elements of HP(R), HP~P(R), H,(R), and Hp_,(R) respectively, and
#(a,b) is the intersection number of the cycles a and b. It is important that these bilinear
forms are independent of the choice of representative in each homology or cohomology class.

Poincaré duality is an isomorphism between the diagonally opposite vector spaces of 2.173
under which all four bilinear forms are equal. Given a p-cycle a € Hy(R), the Poincaré dual
is an element of HP~P(R) for which we can construct a representative form 3 as follows.
In each patch choose coordinates z* (i = 1,...,p), y"™ (m = 1,...,D — p) such that the
submanifold a is the y = 0 locus. Then

B =oPP)dyt A A dyPP (2.174)

is a closed (D — p)-form. It is possible to show that this map from H,(R) to HP~P(R) is
bijective. Since under Poincaré duality all four bilinear forms in 2.173 are equal, we really
have just two distinct vector spaces connected by a single bilinear form. Furthermore, de
Rham’s theorems show that this form is non-degenerate, in other words it is represented by
an invertible matrix. This makes each vector space canonically isomorphic to the dual vector
space (in the usual sense) of the other. Their dimension is called the pth Betti number b,
(=bp—p) of M.

Poincaré duality is actually stronger than this, as it is an isomorphism between the
integral homology and cohomology groups. Consider the lattice of integral homology H,(Z) C
H,(R). HP(Z) C HP(R) is defined as the dual lattice in the dual vector space:

HP(Z) = {a € HP(Z) : Va € Hy(Z), /aa € z} . (2.175)

Since the intersection number of two elements of Hy,(Z) is always an integer, the image of
H,(Z) under Poincaré duality sits inside H?(Z). The non-trivial statement (see section 0.4 of

Griffiths and Harris) is that Poincaré duality is in fact an isomorphism between Hp(Z) and
HP(Z).
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Let us now deal with the case p = D/2. We now start with just two vector spaces, H”(R)
and Hyp(R). These are both equipped with inner products: on H,(R) by the intersection
number and on H?(R) by [ v @A B. These inner products are symmetric or antisymmetric
depending on whether p is even or odd. Between H,(R) and HP(R) we also have a bilinear
form given by [ a. Poincaré duality is an isomorphism between H,(R) and HP(R) under
which the two inner products and the bilinear form all agree. So we effectively have a single
vector space equipped with a (symmetric or antisymmetric) inner product. Furthermore,
Poincaré duality asserts that, under that inner product, H,(Z) C Hy(R) is a self-dual lattice.

2.14 Coordinates for S2

There are three standard sets of coordinates on S?, namely polar coordinates:
0,0): 0<0<m, ¢~o¢+2m, (2.176)
embedding coordinates:
(z1,79,23) €ER®: 2% 423 + 22 =1; (2.177)

and stereographic coordinates:

y e C. (2.178)
They are related by:
a! 4 iz? = sinf e = 2y 23 =cosf = Ly (2.179)
L4 [y|>’ L4 [y|*’
0
ly| =tang,  argy=¢. (2.180)
The unit round metric is
. 4dy djy
dO2 = d6? + sin? 0 d¢? = da? + da? + da? = % (2.181)

The metric is Kahler with respect to the y coordinate, with Kéahler potential
K =2In(1+ |yP). (2.182)

2.15 The Hopf fibration

The Hopf fibration is a fiber bundle of S* over S? that is topologically S3. Define S as the
set (z1,29) € C? satisfying
|21)* + |z2* = 1, (2.183)

and S? as the set (21,22, 73) € R3 satisfying

x4 23+ k=1 (2.184)
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The Hopf fibration is defined by the following map from S2 to S
x1 +ixe = 22125, z3 = |21]? — |22)?. (2.185)

The inverse image of each point in S? is the S' defined by simultaneous phase rotations of z
and 2o (note that z; and 29 can never simultaneously vanish). If we parametrize S3 by three
angles as follows:

21 = cosgexpé(dw—qﬁ), 29 = sin%exp%(cb — ), (2.186)
where

then # and ¢ parametrize the base S? (in the usual way), and ¢ parametrizes the fiber.
It is useful to define the following three one-forms on S, known as the “left-invariant
one-forms” due to their role in SU(2):

1 . 1
Oy + ioy = —=€™¥ (idf + sin Odg), 0. = =(cos Od¢ + di). 2.188
Y 2 2

They satisfy
doy =20y N0, (2.189)

and cyclic permutations. The unit round metric on S is given by
1
Q3 =0} + o, 407 = 1 (d6* + dp* + 2 cos Odgdy) + dip?) (2.190)
The volume form is given by
L.
—0g NoyNo, = g sin 0do N dp N dip. (2.191)

The cross term in the metric 2.190 shows that the fibration is not trivial. In fact it has
the form of the Kaluza-Klein ansatz,

1 2
dQ3 = ds3 4 €% <2d¢ - AKK> : (2.192)

(We put %dw because i has periodicity 47 rather than 27 as is conventional in the Kaluza-
Klein ansatz.) Here

1
dsy = o) + o, = ZdQ% (2.193)

is the metric on the base, which is a round S?. Then we have

1
e’ <2dw + AKK) =0, (2.194)
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so that the Kaluza-Klein scalar ¢ vanishes while the Kaluza-Klein gauge field,
1
Akk = 5 €08 0do, (2.195)

is the same as the gauge field on an S? surrounding a magnetic monopole in three spatial
dimensions. Taub-NUT is a four-dimensional Ricci-flat metric that fills in the radial direction
of the Kaluza-Klein monopole:

r+m T—m o

o;.
r+m

At long distances the base is asymptotically R3 while the fiber goes to a constant size.
The free Z,, action on S3,

ds® = dr® 4 4(r* — m?) (o2 + 03) + 16m? (2.196)

r—m

(21,22) — (€272, 2T/ 2), (2.197)

is rather convenient to describe in terms of the Hopf fibration, since it acts only on the fiber
and not on the base:

4
The metric obtained by modding out by this symmetry can still be described by the Kaluza-
Klein ansatz, but we must adjust some of the coefficients since ¥ now has periodicity 47 /n:

e (gd@/} n AKK> =0, (2.199)
now yields
o= —lnn, Agxk = ncosfde. (2.200)

The sphere therefore now carries n units of magnetic flux. Corresponding four-dimensional
multi-Taub-NUT solutions, with the individual monopoles either coincident or separated in
three dimensions, are also known (see Eguchi-Gilkey-Hanson).

There is a more general Hopf fibration of S?"*! over CP". Here we consider S?"*! as
non-zero points in R?"+2 = C™*1 identified under multiplication by positive real numbers.
These are mapped to points in CPY simply by quotienting further by phases, which amounts
to quotienting points in C™*! by arbitrary non-zero complex numbers. It’s clear that the
fiber over every point in C'P" is a circle.

2.16 Unit sphere

The unit SP has the following curvature tensors:

Rabcd = Yac9bd — YadGbe » Rab = (D - 1)gab7 R = D(D - 1) . (2201)

Its total volume is

o (D+1)/2
QD:;:(DQH) (2.202)
For example,
Dloj1]|2]3] 4 |5] 6 |7 (2.203)

Qp||2[2r|4n|272 872 /3|73 | 1673 /15|71 /3
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3. Classical mechanics

3.1 Lagrangian and Hamiltonian formulations

To define Lagrangian mechanics we need a configuration space, which is a manifold, and
a Lagrangian, which is a function L(q,v) on its tangent bundle. (We are assuming that
Lagrangian is first-order and not explicitly time-dependent.) A path is a map ¢*(¢) from time
(parametrized by the real line or a segment thereof) to the configuration space, and the action

is a functional of the path:
Sla(t) = [ dt Lia(t). (o). (3.1)

Extremizing this action with respect to the path gives the Euler-Lagrange equation, which is

the equation of motion:
0S8  doL 0L

To¢ T didq o

In Hamiltonian mechanics we start with a phase space, which is a symplectic manifold,

(3.2)

and a Hamiltonian, which is a function H(z) on it. The equation of motion is Hamilton’s
equation,
i = w®OH, (3.3)

where w® is the inverse of the symplectic form wgy. It follows that the time dependence of
any function on phase space is given by

f = 8af‘i'a - {f7 H}v (34)

where the Poisson bracket {f, g} is defined by

{f,9} = Oufw™hg. (3.5)

Given a Lagrangian system, it is straightforward to map it to a Hamiltonian system with
the same dynamics. The phase space is taken to be the cotangent bundle of the configuration
space, parametrized by coordinates ¢ and momenta p;, with symplectic structure defined by
the Poisson brackets

{¢. ¢}y ={pipj} =0, {d'.p;} =0 (3.6)
The Hamiltonian is taken to be the Legendre transform of the Lagrangian with respect to
the tangent vector v?, at fixed coordinate ¢':

H(gp) = piv' = L{g,v)| o1, - (3.7)

A history ¢'(¢) is mapped into phase space using the map from the tangent space to the
cotangent space implicit in the Legendre transform:

0L
O

pi(t) (3.8)

vi=4i(t)
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The inverse of this map is
. OH
= ) 3.9
= (3.9)

which is one of Hamilton’s equations. The other one is the translation of the Euler-Lagrange

equation (3.2) into the Hamiltonian language, using (1.13) and (3.8):

. _OH
pli aql

(3.10)

3.2 Symmetries

Symmetries are treated somewhat differently in the Lagrangian and Hamiltonian formula-
tions. However, just as a Lagrangian system can be mapped into a Hamiltonian one, any
symmetry of the former can be mapped into a symmetry of the latter. Here we deal only
with continuous symmetries.

A symmetry of a Lagrangian system is a transformation on the space of paths under which
the action is invariant. To be more specific, we require that the change in the Lagrangian at
each point on the path be expressible as the time derivative of a locally defined quantity. It
follows that paths obeying the equations of motion are mapped onto other such paths, i.e.
that the equations of motion are invariant. We thus have

oL oL
- aqi (")(ji

where dq is the generator of the symmetry. When the equations of motion are satisfied, the

5L 5¢' + =3¢ = K, (3.11)

following quantity (“charge”) is conserved:

oL _ .
=—d0¢" — K. 3.12
Q 9501 (3.12)
This is Noether’s theorem. If (as is usually the case) dqg and K are functions only of ¢ and ¢,
then obviously the charge () is also.
In the Hamiltonian formulation, symmetries are special cases of canonical transforma-
tions, which are tranformations on the phase space which leave the symplectic form invariant.

The generator dz® of a canonical transformation must obey
0 = Lsgawpe = 02 0qwWhe + WacOp0T* + Wpa 002" = Op(wacdz®) — Oc(wapdz®), (3.13)

where in the last equality we used the fact that the symplectic form is closed. Since wqpdx® is
closed, it must be locally exact, in other words there must be a function f (possibly multiple-
valued if the phase space is multiply connected) such that

0z = W, f. (3.14)

The function f is also sometimes called the generator of the canonical transformation §z®. A
symmetry is a canonical tranformation which preserves the Hamiltonian (and therefore the
equations of motion), as well as the symplectic form:

520, H = 0. (3.15)
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In other words, its generator commutes with the Hamiltonian,
{f,H} =0, (3.16)

and therefore by (3.4) is conserved. Since the Hamiltonian obviously commutes with itself,
by Hamilton’s equation time evolution acts by a symmetry.

Since f is conserved, it is consistent to restrict the dynamics to a subspace of the phase
space with f = fy for some constant f;. However, the symplectic form restricted to that
subspace will be degenerate (as it must be, since the subspace is odd-dimensional): for any
vector v® lying in the subspace, v%wqd2” = 0. Hence, to obtain a sensible restricted phase
space, it is necessary to quotient the surface f = fy by the action of the symmetry, i.e.
by the vector field dz®. Thus, one dimension is lost by the constraint f = fy and another
by the quotient; the resulting restricted phase space has a well-defined symplectic form and
Hamiltonian (since 62?0, H = 0). An application of this construction is to the global part of
a gauge symmetry: as we will show below, the Noether charge associated to this symmetry is
constrained to vanish, and the phase space should be quotiented by it to obtain the physical
phase space.

As noted above, given a symmetry of a Lagrangian system such that d¢ and K depend
only on ¢ and ¢, the same goes for corresponding conserved charge (), which can therefore
equally well be considered a function on the phase space of the corresponding Hamiltonian
system. Furthermore, since it’s conserved, it must commute with the Hamiltonian, and
therefore must generate a symmetry in the Hamiltonian sense. In fact, it’s straightforward to
show that the transformation on the phase space that it generates is the original symmetry
transformation, i.e. that 0Q/0p; = d¢' and 9Q/0q" = —ép; (where Sp is the image of dq
and §¢ under the usual map p; = OL/9¢"). To prove the first identity, we use the fact that
6L — K should vanish for a general path ¢ (not necessarily one satisfying the equations of
motion). Using p; = dL/9¢', such a path can be mapped into a path (q(t),p(t)) in phase
space, which will satisfy one of Hamilton’s equations, ¢¢ = OH/Op;, but not necessarily the
other, p; = —OH/dq'. We have

: oL .. oL _.. .
oq’ @+ O¢ 1 ( )
OH . . 96¢  OK\ 96¢  OK )\ .
= ——0¢’ i — — — | ¢ i — - 3.18
307+ (a3 ) i (0~ o) (319
Since this must vanish for arbitrary p (independent of ¢ and p), we find the relation
06¢) OK
i — =0. 3.19
Using this relation, the equation
oQ ;
= 6q" 3.20
oy~ 01 (3.20)
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follows immediately from the definition of Q. To show that dQ/dq" = —dp;, we will need
to use the equation of motion. This is because dp depends on &4, which (if ¢ depends on
g) depends on §. So the equation of motion is necessary to write dp as a function of ¢ and
p, which 0Q/0p; is. We won’t calculate dp directly, but will instead use a trick, which is to
notice that §¢ can be written as a function of ¢ and p in two different ways. We have:

6¢" = 6(d")

OH
_5<3pz‘)

0*H . 0°H
= 07 +
Op;0¢’ Op;iOp;j

op;. (3.21)

On the other hand we have

d .
8 = ~-oq"
q dtq

_[oQ
_{310/}[}

oH
- ‘{Q’api}

2 2
_ e ol 0Q 07 (3.22)
O0¢’ Op;Op; ~ Op; Op;O¢

The first term of (3.21) and the second term of (3.22) are equal in view of the identity
(3.20). Furthermore, the matrix 9*H/0p;0p; = 0¢'/0p; is invertible in view of the assumed
invertibility of the map p; = AL/d¢'. So we have, as promised,
0Q
oqt

3.3 Noether’s theorem for higher-order actions

—0p;. (3.23)

We will work in field theory notation. The treatment of Noether’s theorem in most textbooks
assumes a first-order Lagrangian. We will be more general, but will still assume that the
action is the integral of a local Lagrangian £. We define a (continuous) symmetry to be an
infinitesimal variation ef¢’ of the fields ¢!, which is a local function of the fields and their
derivatives, under which the change in the Lagrangian is a total divergence,

5L = €D K, (3.24)

where K? is also a local function of the fields and their derivatives. (Here € is a constant
infinitesimal parameter.) This is slightly weaker than demanding that the action be invariant,
but stronger than demanding that the equations of motion be unchanged.

Now consider letting € be an arbitrary function of spacetime. Then we can expand the
change in the Lagrangian in derivatives of e:

0L = Dy K" + aeJ () + Dudpe ) + - - (3.25)
= —e0,j" + total divergence, (3.26)

— 24 —
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where

ja = K%t Jéll) _ 8bJ512b) 4. (327)

When the fields satisfy the equations of motion, the change in the action must vanish for
any e that vanishes (along with enough of its derivatives) on the boundary. The equations of
motion must therefore imply

9aj® = 0. (3.28)

It is straightforward to derive explicit expressions for all the terms in the current (except
K*%), order by order in derivatives of the fields. For example, up to second derivatives of the
fields we have

a aw_ (0L 5 0L _9L
a0 =0t = (5037 ~ Voomgy ) 5+ T 00 (3:29)

(sum over fields implied).

3.4 Gauge symmetries

A symmetry is called a gauge symmetry if its action on the system depends on a parameter
which is a function of spacetime. This implies that histories (or paths) that are related by the
symmetry are experimentally indistinguishable and should therefore be identified in the true
space of histories. To see this, imagine that we are studying the system with an experimental
apparatus which we imagine to be separated from it in space or time. If we act on the system
but not the apparatus with a global symmetry, this is not a symmetry of the full system-
plus-apparatus iiber-system; therefore the results reported by the apparatus may be different.
On the other hand, acting only on the system with a gauge symmetry is a symmetry of the
iiber-system, and the results of the apparatus will be unchanged.

Another way to see that histories related by a gauge symmetry must be identified is that
to retain them as physically distinct would entail a massive loss of determinism. Given initial
data specified at some initial time, and a history with those initial conditions satisfying the
equations of motion, any other history related by a gauge transformation whose parameter
vanishes at the initial time will have the same initial conditions and will also satisfy the
equations of motion. This plethora of solutions for the same initial conditions is physically
sensible only if we declare all of them to be physically the same. Thus we see that a gauge
symmetry necessarily reveals a redundancy in our description of the physics.

A gauge symmetry necessarily includes a global part, in which the gauge parameter is
constant. The global part will have an associated conserved Noether charge. Let us show
that this charge in fact vanishes on the equations of motion. We work in the notation of a
mechanical (0 + 1 dimensional) system, with positions ¢* and Lagrangian L(q, §) (we assume
a first-order action). The gauge transformation will be parametrized by a function €(t). We
assume that the corresponding change in ¢’ is local in time, but can depend on both € and
its time derivative:

8q" = €doq’ + €01q". (3.30)
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Hence we have
6(]’ = e(soqi + ééoqi + éélqi + é’élqi. (331)

We now assume that under this transformation the Lagrangian changes by a total derivative:

8L OL

0L = 81 o

this guarantees that the equations of motion are unchanged. K will itself depend on € and é:
K =eKy+ €K;. (3.33)

Equating coefficients of €, ¢, and € in 3.32 gives us

g;aoq n g i = Ko (3.34)
SLZ 1q" + g;(igq + g; 61¢t = Ko+ K, (3.35)
g; 61" = K. (3.36)
The first of these is Noether’s theorem: defining the charge
Q= ng — Ko, (3.37)
it asserts @ i, 535,
a7 '

where & means “equal on the equations of motion”. The last, 3.36, constrains the canonical
momenta (without using the equations of motion); it asserts that the phase space is smaller
than one would naively expect from the configuration space. The middle equation, 3.35, is
equal to the time derivative of the last one plus

Q=0. (3.39)

Since @ can be calculated from the initial data, this equation asserts that the equations of
motion not only dictate the time evolution but also constrain the initial data, making the
physical phase space yet smaller.

Let us now generalize this story to multiple dimensions, with fields ¢ and Lagrangian
density L(¢,0,¢). Naively one might guess that now the Noether current j* will vanish.
However, we will see that the story is more complicated.

The field variations dp¢ and d1¢ are a scalar and a vector respectively:

0 = €00 + 0q€ 010", (3.40)
As before, we will assume that the change in the Lagrangian density is a total divergence:

0L =0,K%  K%=eKS+ 0peK®. (3.41)
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The Noether current associated to the global part of the symmetry is

oL
¢ = ———0p0p — K. 3.42
J 8(9a) 0 0 ( )
It is also useful to define the following tensor:
oL
ab a ba
= ——010% — K{%. 3.43
a@e) " (3:49)
The generalizations of equations 3.34, 3.35, 3.36 above are
0.J% =0 (3.44)
J*+ O F® =0 (3.45)
Flab) — . (3.46)

The key difference is the last one, which is weaker than the naive generalization of 3.36,
F% = 0. This occurs because it is the coefficient in 6L of 9,0pe, which is necessarily a
symmetric tensor, so that only the symmetric part of F* is constrained.

3.5 Hamilton-Jacobi theory

Hamilton’s equations of motion are first-order equations in phase space:

. OH oOH

The Hamilton-Jacobi formalism is a trick for writing them as first-order equations on configu-
ration space (the space of positions ¢') alone. Let S(q,t) be a function satisfying the following
differential equation:

95 _
ot

Then if we let the time evolution of the positions be governed by the first of Hamilton’s

“H| _os. (3.48)

pi= gt

equations 3.47, and at every time set the momenta equal to the gradient of S with respect to
the positions,

b= (3.49)
then they will automatically satisfy the second of Hamilton’s equations.

An example of a function S that satisfies 3.48 (as well as the motivation for the name S)
is provided by the action evaluated on trajectories that satisfy the equations of motion. Fix
an initial time ¢y and position ¢4 = ¢'(tp). Any ¢} at any final time ¢; then uniquely deter-
mines a classical trajectory ¢t(t), pe;(t). The action evaluated along this classical trajectory,
considered as a function of qi and tq,

t1

Sq(),to (QI, tl) - / dt (Pc,zqé - H(qC7pC7 t)) 5 (350)

to
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can be shown to satisfy
Outo _ pei(t1), (3.51)
dqi
as well as 3.48.

In a saddle-point approximation to the path integral, the wave function at position qli at
time ¢, of a particle that started at position ¢} at time o, is exp(iSy, ,(q1,t1)/h) (times a
factor depending on the second functional derivative of the action about the classical path).
More generally, 3.48 is the A — 0 limit of the Schrodinger equation for the wave function
¥(gt) = 5@/,

Consider now a situation where the Hamiltonian has no explicit time dependence. Then
there exists a special class of solutions to 3.48 of the following form:

S(q,t) = So(q) — Et, (3.52)
where F is a fixed constant and Sy satisfies the following equation:

H| _os, = E. (3.53)

1 aqi

So is called Hamilton’s principal function. For such an S, all trajectories have the same energy
E. This is the classical equivalent of an energy eigenstate.

4. Gauge theories

4.1 Generalities

Consider a gauge group G. The connection (or gauge field) A,(z) is a Lie-algebra valued
one-form that transforms under gauge transformations U(z) € G like

A, = UA U +i(0,U) U (4.1)
The field strength F),, is a Lie-algebra valued 2-form:
F =0,A,—0,A,+i[A,, A (4.2)
It transforms homogeneously under gauge transformations:
F,, —UF, U (4.3)

When G is non-abelian, the Lagrangian for A, is conventionally

1
£YM = —@ tr FHVFMV, (44)

where the trace is taken in the fundamental representation of G. When it is U(1), the

Lagrangian is conventionally
1
£em - _TQQF#VFMV' (45)
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If GG is not simple, its different simple parts can have different couplings g.
For a matter field ¢ transforming in the representation r of G,

the covariant derivative

transforms homogeneously:

The field strength in this representation is simply

D} =, +iA

Di¢ — U, Di¢.

F, = —i[D;, Dy].

(4.9)

Another convention is obtained by the replacements A,, — gA,,, F,, — gF},, in the above

formulas:

A, - UAU + é(aﬂU)U—l

Fu = 0,A, —0,A, +ig[A,, A
F,, —UF,U!

Lyv = —itrF“yFuy

1
Lem = _ZF’“’FW

DI, =8, +igAl,
D¢ — U.Dyo

o
F,, =

4.2 Standard Model

Here is the field content before symmetry breaking (i = 1,2, 3 labels generation):

field

Lorentz SU(3). SU(2)r, U(1)y

9
w

B
qi

C

u;

oS s &

=
=

—

O DI D= DO = DN B[ = D= N[ = )

~—

O NI=N=N)

o= O O O

(=)
W

)
Wl

o
N[ =

o
—_

o~~~ o~ o~~~

=]

N[ —
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The gauge bosons are g for SU(3). with coupling g3, W for SU(2);, with coupling go, and
B for U(1)y with coupling gi. In the following, we write g, and W, as matrices in the
fundamental representations of SU(3) and SU(2) respectively: g, = g;T* (where T are :
the 8 Gell-Mann matrices, satisfying tr 797° = %5‘“’), W, = W/iti (t = %O‘i). We also use

the second normalization convention of the previous subsection. The Lagrangian is:

['SM = ['gauge + Efermions + »CHiggs + EYukawa (420)
1 1 1
£gauge = _5 tr g,ul/g/“/ - 5 tr W,ul/WMV - ZB;WB“V (421)
Ltermions = 410" D,uq; + uS'io" Dyu§ + dS'ic" D,dS + 1io" Dyl + e5'ia" Dye§  (4.22)
A v?
Litiges = —(D, H)'D'H — §(HTH — ?) (4.23)
Lyukawa = —H gi\5u§ — Hae*Papial;ds — Hae'PlpAgeS + hec., (4.24)

where ¢# = (1,—d), 1 conjugates spinors and transposes SU(2)r, and SU(3). indices, and
A, B = 1,2 are indices of the fundamental representation of SU(2)r, with ¢'? = 1.
In the vacuum HTH = v?/2, and by making an appropriate choice of SU(2);, x U(1)y

gauge we can always put H in the form

B
V2

where h(z) is a canonically normalized real scalar. This is called unitarity gauge. The
unbroken SU(2)r x U(1)y generator is

v+ h(x)
0

H= (4.25)

Q=1t"+Y, (4.26)

which is therefore the generator of the surviving U(1)en gauge group. In unitarity gauge the
Higgs Lagrangian is (keeping only quadratic terms)

1 v? Av?
Litiges = —50uh0"h = = ((92W)i = 91B)" + (92W,)" + (9W)?) = =-h*  (4.27)
1 1 1
= —50uhd"h — im%hQ - §m2ZZMZ“ —miy W, Wk, (4.28)

where the mass of the physical Higgs boson is

my = Vv, (4.29)
and we have defined the fields
1
Zy = ————(92W,, — 1B,.), (4.30)
14 g% +g% I 1
1
+ _ 14 112
W# = —Q(WM + zWH), (4.31)
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with masses 1 1
myg = 5\/9% +g§v, my = 5921). (4.32)

The linear combination of WE and B, that is orthogonal to Z,,,
1

V91+9

remains massless, and this is the gauge field for the unbroken U(1)en, as we can see explicitly

Ap = (1 W}, + 92By), (4.33)

by expanding the covariant derivatives for a field in a general SU(2)y, and U(1)y representa-
tion (here ' are the representation matrices for SU(2),, in a general representation):

D, =0, + z‘gQWiti +ig1Y B, (4.34)
i
=0, +i2 Z(With + WitT) +ieQA, + ———(g3t° — 1Y) Z,, (4.35)
V2 S g
where t* = ¢! + it2,

e=—J192 (4.36)

Vi + 93
is the coupling of the U(1)em gauge field, and Q = 3 +Y as above. This goes for the vector
fields W/jt as well, so they have electric charges () = +1. Defining the mixing angle 6y by

g2 g1

cos by = ﬁ, sin Oy = m, (4.37)
we have
Z,, = cos GWWg — sin 6w By, A, =sin HWWS + cosOw B, (4.38)
Wi’ = cos Oy Z, + sin Oy Ay, B, = —sinfwZ, + cos Oy Ay, (4.39)
mw = cosbymyz, g1 = coseHW go = sin60w' (4.40)

Inserting the Higgs vev into the Yukawa terms in the Lagrangian gives some of the
fermions (Dirac) masses. Expand the SU(2)r doublet fermions out into components:

g = [Zl] . L= [ZZ] . (4.41)

The Yukawa Lagrangian becomes (again, keeping only quadratic terms):

U, C d jc e ¢
EYukawa:_\/» )‘z] j \/»d )\’L]d] f )‘z]€]+hc (442)

Note that the neutrinos remain massless. By global U(3) rotations on the fields e; and

C
17

it is possible to make the matrix )\e diagonal, real, and positive. Similarly for )\fj and
)\fj However, the necessary U(3) rotatlons on u; and d; will be different. Since these two

fields are components of the same SU(2);, doublet, making different rotations on them will
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complicate their couplings to the W bosons, introducing the CKM matrix there and leading
to generation-changing weak-interaction processes.
After symmetry breaking, the fields and their quantum numbers are as follows:

field Lorentz massive SU(3), @
g real vector no 8 0
A real vector no 1 0
W |complex vector  yes 1 1
Z real vector yes 1 0 (4.43)
U; Dirac yes 3 %
d; Dirac yes 3 —%
e Dirac yes 1 -1
Vi Weyl no 1 0
h real scalar yes 1 0

5. General relativity

5.1 Dimensions

We set ¢ = 1, but not Gy or h. We are thus left with two units, mass (M), and length (L),
in terms of which

[ds?] = L? (5.1)
[d"+/lgl] = L (5.2)
[S]=[n=LM (5.3)
(GN] = k%] = LP3 Mt (5.4)
[R] = [A]=L"? (5.5)
(L] = o] = T3] = L' M (5.6)
5.2 Fundamentals
The action for gravity coupled to matter is
1 D,
S = 167Cn d“z+/|g| (R —2A) + S, (5.7)
which gives rise to the Einstein equation
1
Rap — 5 Rgap + Agap = 8TGNTup, (5.8)
where 5 s
T% = = (5.9)

Vgl 09w
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If

S = /dew/ygcm, (5.10)
then the stress tensor is given in terms of L, by

b _ y0Lm

- + Lo ab, 5.11
500t g (5.11)

Having a cosmological constant is equivalent to having a vacuum energy

A

= 12

Pv

which means having a term in £, equal to —py, and thus a term in T, equal to —pygap-
Sometimes in place of Gn one uses
k% = 81GN. (5.13)

One can also define the Planck mass mp,

thS
= . 5.14
mp GN ( )
In the weak-field limit, gop = Map + hap, |hap| < 1, massive particles moving non-

relativistically feel a Newtonian gravitational potential equal to —hgo/2. Two masses M
and M, separated by a distance r feel a gravitational attraction of magnitude

(D — 3)87TGNM1M2

F= . 5.15
(D — 2)QD_2TD_3 ( )
In our world,
87GN = k2 =1.9 x 107 ecmg ™1, (5.16)
and
mp = 2.2 x 107°g = 1.3 x 10"CeV. (5.17)

A top-form field strength makes a positive contribution to the cosmological constant.

5.3 Spherically symmetric solutions

We work in D > 3 and look for SO(D — 1) invariant vacuum solutions. Birkhoff’s theorem
states that any such solution is static. Given D and A, there is a one-parameter family of
such metrics:

2Ar?
d82 — —f(’l")dt2 + f(T)_ld’I"Q + Tde2D_2, f(r) = — (D — 2)(D — 1) +1-— ,r.lgLf?) . (518)

The coordinate r ranges over the region where r > 0 and f(r) > 0. Requiring that such
a region exist, and that the solution be free of naked singularities, leads to a complicated
classification (and nomenclature). p = 0 is allowed for any D and for any value of A; these
are called de Sitter, Minkowski, and anti-de Sitter space for A positive, zero, and negative
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respectively. For D = 3 the only other non-nakedly singular solutions have A < 0 and p > 1;
they are called BTZ. For D > 4 and A > 0, we can have any value of p in the range

2 [(D-3)(D-2)\P¥?
()

0<pu< ; (5.19)
these are called dS-Schwarzschild. (In the limit that p goes to its upper bound, the solution
becomes dS x SP=2) For D > 4 and A = 0 we can have any u > 0; these are called
Schwarzschild (for D > 4 also sometimes called Schwarzschild-Tangherlini). Similarly, for
D >4 and A < 0 we can have any p > 0, and these are called AdS-Schwarzschild.

In the solutions with A < 0 the coordinate r is unbounded above, so they are asymptot-
ically flat (A = 0) or AdS (A < 0). The ADM masses of these solutions (relative to AdS or

Minkowski space) are

(D —2)Qp_ap
M= 2
167GN (5.20)

5.4 Cauchy problem

Let’s first review the situation for electromagnetism (in flat spacetime, without sources). The
equation of motion for the gauge field A, is

D*A, — 0,0 A, = 0, (5.21)

subject to the gauge freedom
Ay — Ay + O (5.22)

In order to obtain a deterministic time evolution, we will obviously need to fix this gauge
freedom. Also, we must choose a time slicing of spacetime, breaking the manifest relativistic
invariance of the theory. Therefore a natural choice of gauge is the Coulomb gauge:

Ay =0. (5.23)

(Note that to impose this gauge condition it is not necessary to be on-shell.) The remaining
degrees of freedom are the spacelike components A;. These are still subject to the residual
gauge freedom

A; — A+ O\, (5.24)

where now the gauge parameter A is required to be time-independent, i.e. this gauge freedom
operates only on the initial value surface, not throughout the spacetime. We denote the time
derivatives of the A;, the momenta, by Ej;:

E; = A;. (5.25)

There are D —1 “positions” (values of A;) to specify at each point on the initial value surface,
but due to the residual gauge freedom 5.24, only D — 2 are physically meaningful. Meanwhile
we appear still to have D —1 momenta E;, one too many. Worse, we seem to have D equations
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of motion 5.21, two too many. On closer inspection, however, one of the equations of motion,
the time component of 5.21, turns out not to contain second time derivatives of A;:

8;E; = 0. (5.26)

It is a constraint equation (the Gauss law), reducing the number of independent momenta in
the initial conditions to D — 2. The dynamical equations of motion are the D — 1 spacelike
components of 5.21,

—Ei + 8](8]/11 — @AJ) =0. (5.27)

In fact, the divergence of this equation merely serves to conserve the constraint 5.26, so there
are actually only D — 2 dynamical equations of motion, which is the correct number.

The Cauchy problem for general relativity is treated in painful detail in section 10.2 of
Wald. Here we give a shortcut to extract some intuition and the most important equations.
It will provide a local (in time) formulation of the Cauchy problem.

As in the case of electromagnetism, in order to have a deterministic time evolution we
need to eliminate the gauge freedom, in this case local reparametrization invariance. An ideal
gauge for treating the Cauchy problem is provided by Gaussian normal coordinates, discussed
in subsection 2.11 above. Given a spacelike hypersurface S of a pseudo-Riemannian manifold,
and coordinates z* on S, there is a unique set of coordinates {2°, 2/} (on some neighborhood
of S) such that the 2° = 0 surface is S, and such that the metric takes the form

ds® = —(dz®)? + v;jdz’dx’ . (5.28)

(Note that in making this statement we are not using the equations of motion—this gauge
choice is possible even off-shell.) Requiring the metric to be of the form 5.28 fixes all of
the local diffeomorphism freedom, except the possibility to choose a different surface S or to
reparametrize it (in total, D functions on S, compared to the usual D functions on the full
spacetime for general diffeomorphisms.) Of course, for generic choices of S the region covered
by the normal coordinates will not be particularly large, meaning that the Cauchy evolution
dictated by the equations derived below will typically develop a coordinate singularity well
before any real singularity or Cauchy horizon forms in the spacetime—this is why it’s local
in time.

We’ll treat the vacuum Einstein equation, but it’s trivial to include a stress tensor or
cosmological constant. By our gauge choice, we have gotten rid of all the superfluous com-
ponents of the metric; the dynamical variables are the components ;;, which describe the
intrinsic geometry of each 2” = constant surface. Their time derivatives define the extrinsic
curvature of the surface:

1
Kij = 580’7”. (529)

However, we are not free to choose all of the components of 7;; and Kj;; independently on
the initial value surface S. For each gauge condition we have imposed, one of the equations
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of motion will turn into a constraint equation. These are the 00 and 0 components of the
Einstein equation, which do not contain second time derivatives of ;;:

LAB: constraints

2Go =R + K* - K;;K9 =0 (5.30
Gio=ViK); —8;K =0 (5.31)

(where R' and V' are derived from ~;;). The initial value data thus consists of a total of
D(D — 2) independent functions (although, given the residual gauge freedom, only D(D — 3)
of these are meaningful in the sense of giving rise to different spacetimes). The true dynamical
equation of motion is Gj; = 0. This is a bit complicated, but is equivalent to the simpler R;;
equation if one assumes that the above constraints are satisfied:

Rij = 8okij + Rj; + KKij — 2K K*; = 0. (5.32)

Together with 5.29, this equation determines the evolution of K;; and 7;;. Although I haven’t
checked it myself, it should be the case that if the constraints 5.30 are satisfied in the initial
conditions, then they will automatically continue to be satisfied.

5.5 Gravitational waves LAB: grwaves

Let us first recall the situation for electromagnetic waves (in flat space). We wish to solve
the equation of motion
%A, — 9,04, =0 (5.33)

modulo the gauge freedom
Ay — Ay + O (5.34)

It is easy to show using the equation of motion that any wave with spacelike or timelike
momentum must have a polarization parallel to its momentum and must therefore be pure
gauge. Therefore, on-shell one may impose the gauge condition

0?4, =0, (5.35)

which is equivalent (on-shell) to
04, =0 (5.36)

(assuming A, is nicely behaved at infinity). This condition, which partially fixes the gauge,
is known as Lorenz gauge. (Off-shell, neither 5.35 nor 5.36 can be imposed.) Since 5.35
and 5.36 together imply the equation of motion, one may take them together as equation of
motion-cum-gauge condition.

Working in Lorenz gauge, we can fix a null momentum k, and choose light-cone coordi-
nates z=, 2™ such that

LAB: lightcon
ds? = —2dztdz™ + da™dz™ (5.37) o

k™ =ky =0, k™ =ky=0. (5.38)
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In these coordinates the component A_ is pure gauge, and the equation of motion is

Ay =0. (5.39)

The on-shell physical degrees of freedom are the components A,,, which form a vector of
SO(D —2).

We can fix the remaining gauge freedom by setting A_ = 0. If we have chosen light-cone

coordinates such that (z+ 4+ 27)/v/2 coincides with the original time coordinate 2", then this
condition is equivalent to Ag = 0 (Coulomb gauge).

Now let us turn to gravitational waves in flat space. The equation of motion for a metric
fluctuation hgy is

1 1
6Red = Dadichyy — 50:0ah — 50%he = 0. (5.40)

This must be solved modulo the gauge freedom
hab = hab + 9a&p)- (5.41)

The analysis is similar to the case of electromagnetism. Again, waves with spacelike or
timelike momentum are easily seen using the equation of motion to be pure gauge. Thus
on-shell we may partially fix the gauge by imposing the condition

*hap = 0, (5.42)

or equivalently
1
O%hap — iabh =0. (5.43)

(Again, neither condition may be imposed off-shell, and again, together they imply the equa-
tion of motion and may therefore be taken together as a combined equation of motion and
gauge fixing condition.) This is the analog of Lorenz gauge, and it is sometimes called de
Donder gauge. In the coordinate system 5.37, the components h_,, h,— are pure gauge, and
the equation of motion is

hit = hm+ = hm = hpm = 0. (5.44)

So the on-shell physical degrees of freedom are hy,y,, with A, = 0, i.e. a symmetric traceless
tensor of SO(D — 2).

We can fix the gauge a little more, but still not completely, by also setting hy — = h_4 = 0.
In position space this amounts to setting

h =0, gy = 0, 0?hgp = 0. (5.45)

This is transverse traceless gauge. (Among the four equations 5.40, 5.45, any three imply the
fourth with suitably nice behavior at infinity.)

Finally, we can completely fix the gauge by also setting h_, = ha— = 0, or (in the original
coordinate system, in position space) hoq = hqo = 0.
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The transverse traceless gauge can be generalized to curved backgrounds as follows (see
section 7.5 of Wald):

h=0, Vo =0,  VZhgy +2R. heq=0. (5.46)

The wave operator acting on hgp in the last equation of 5.46 is known as the Lichnerowicz
operator.

The quadratic approximation to the Einstein-Hilbert action S = 2K2 [ \/1g|R for a trans-
verse traceless fluctuation hg, about a solution, is

S = /de\/|g h“b< V2hapy + RSy hcd) +O(h?)

1

(5.47)
— dPxz+/|g| VR (QVchab — Vahbc> + O(h).

4 A2
5.6 Israel junction condition

Let S be a hypersurface in a spacetime, and consider a stress tensor that is (in part) localized
on S. Working in Gaussian normal coordinates (see subsection 2.11), the stress tensor would
have the form

Ty; = t;;6(\) + finite, T}y = finite, T = finite. (5.48)

The localized part of such a stress tensor would result from an action that is localized on
S: Siocalized = . S \’y|1/ 2L. The localized part of the stress tensor leads to a discontinuity in
the first derivative of the metric across S. More specifically, using (2.146)—(2.149), the only
singular part of the Einstein equation is

AK Yij — AKZ] = 87TGNtij 5 (549)

where AK;; = K;;j(07) — K;;(07). (We have assumed that the normal to S is spacelike;
otherwise the right-hand side is negated.) Note that the continuity equation V,T% requires

Vit =0, ATy, = Kt (5.50)

where V' is the covariant derivative with respect to 7;;, and Kj; should presumably be
interpreted as the mean (K;;(07) + K;;(07))/2. The second equation in (5.50) allows a finite
but discontinuous pressure on the two sides of S to sustain, for example, the acceleration of
a brane.

5.7 Boundary term

Let us consider the Einstein-Hilbert action (for pure gravity):

dPz\/|g|(R - 2A). (5.51)

1
Shulk = 22
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If the manifold on which we define this action has a boundary 9, then the variation of the
action under a small change in the metric dgq, = hgp is

0 Sphulk =

1

1 1
~ 55 [ =g <R“b — 5Rg" + Ag“b> hay + = [ AP 'zy/|yn” (vbha,, - 8ah> :
0

22
(5.52)

where v, is the induced metric on the boundary and n® is the unit normal vector to the
boundary. In Gaussian normal coordinates (see subsection 2.11) the integrand of the surface
term is

n® (V”hab - Oah> = Vs + Kijh + 0Khay — 77 hi; (5.53)
= K"hij — 2796 K;; — Vih'y (5.54)

where 4, j index directions along the boundary, h;; = 07;;, and Kj; is the extrinsic curvature
of the boundary.? The extrinsic curvature is roughly speaking the normal derivative of the
tangential components of the metric (see (2.133)). Its appearance here can be traced to the
fact that the action (5.51) contains second derivatives of the metric. Since the last term
in (5.54) is the divergence of the boundary vector field h'y, its integral over the boundary
vanishes, so the surface term can be written as

1

52 , dP o/ (K9 hij — 2995 K;5) (5.55)

If we wish to have a well-posed variational problem, we will need to impose some boundary
conditions on the metric. Let us first impose Dirichlet boundary conditions, i.e. fix 7;;. This
implies h;; = 0, so the first term in 5.55 vanishes. The second term may be cancelled by
adding the following boundary term to the action:

1 _
Sboundary = K,Q/adD 1!13\/ "Y|K (556)

This boundary term may be justified for another reason, namely that it makes the action
extensive. Specifically, suppose we divide the spacetime volume V on which we are evaluating
the action into two pieces V; and V5 along the hypersurface S. If we demand that the metric be
continuous across S, but not its first derivative (i.e. S may have different a extrinsic curvature
on the Vj side than on the V5 side), then the Ricci scalar may have a delta-function singularity
on S (see 2.149). Without the boundary term, the Einstein-Hilbert action evaluated on Vj
alone will miss this contribution, as will the action evaluated on V5 alone. Hence the action

3To get the sign of Kj; right: For a timelike boundary K;; is defined as the outward-directed derivative
of ;; (so that, using 2.133, A < 0 inside the region being integrated). For a spacelike boundary K;; is the
inward-directed derivative of «;; (the usual time derivative for a past boundary, minus the usual one for a
future boundary; using 2.133, A > 0 inside the region being integrated).
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evaluated on all of V', which includes this contribution, will not be the sum of the actions
evaluated on V; and Vs. Inclusion of the boundary term remedies this defect.

Now let us consider the effect of matter. If the matter Lagrangian depends on the first
derivative of the metric (e.g. on I'f,), then the surface term will pick up additional contribu-
tions proportional to h;j, which will vanish with Dirichlet boundary conditions. Therefore we
need not include any further boundary term in the action.

One can also consider other consistent boundary conditions, such as Neuman, K;; = 0, or
mixed (or umbilic), K;; = a;; where « is a constant. For pure gravity, the former does not
require a boundary term, as (5.55) vanishes identically, while the latter requires the boundary

term*

« _
Sboundary = K,z/adD IIL' |’}/| (557)

In the presence of matter, additional boundary terms may be required for these boundary
conditions.

5.8 Dimensional reductions

If we dimensionally reduce d + k dimensions down to d dimensions on a manifold dsz of
vanishing Ricci scalar, then the following ansatz relates the (Einstein-frame) metric ds?l 45 Of
the higher-dimensional manifold to the (Einstein-frame) metric ds? of the lower-dimensional
one:

ds3, ) = e~ 2kT/(d=2) g2 4 272 (5.58)

The Einstein-Hilbert action is

1 1 k .
Cy /dd+k95 VI9a+k|Rark = 5= [ d%/]gdl (Rd —k < + 1> O 70 T) , (5.59)
Kk 2K5 d—2

where k3 = k3, ./ Vi
We can obtain dilaton gravity by dimensionally reducing pure Einstein gravity on a circle,

/dd“x V09d11|Ras1 = 27r7“/ddx lgle™2? (R + 40,,29™®) , (5.60)

with the ansatz

4 4
ds?, | =ex P | dy? + ex ( <I>> ds?, 5.61
where 7 is the coordinate on the circle (with coordinate radius r) and ds? is the d-dimensional
(string frame) metric. The case d = 10 gives the usual reduction of M-theory to 10-
dimensional supergravity.

“One way to impose the boundary condition K;; = ayi; is to double the manifold along the boundary,
impose a Zs symmetry on the metric, and insert a brane of tension —2(D — 2)a/k? at the (former) boundary.
In the notation of subsection 5.6, the localized stress tensor due to the brane is t;; = —2(D—2)ary;; /x>, and the
Israel junction condition (5.49) requires (in view of the Zy symmetry) K;; = —AK,;/2 = ay;;. In this setup
the boundary condition thus becomes an equation of motion. Imposing this equation, there is, in addition to
the brane action —2(D —2)a/k? [, V71, a localized piece of the Einstein-Hilbert action 2a(D —1)/x? [ VIl
(see (2.149)). Adding them, we obtain twice the boundary action (5.57) (recall that we’ve doubled the bulk
action).
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6. String theory

6.1 Complex coordinates

On a Euclidean worldsheet we can use real coordinates o', o

ski’s conventions)

z:01+i02, zZ=0 —10°.

In these coordinates we have
1 1
8:8;;:5(81—1'82), 8:8525(81—1-@'82),
and for a general vector v®

1 2

_ 1
v® = vl +iv? vt =0 —ivT, vzzi(vl—ivg) ’ngi(vl‘f‘ivg).

Note that 1
d’c = Zd?z,
2

so we define the delta function

52(z,7) = %52(01,02).

If the worldsheet is flat, g,p = dqp, then

1 i, _

9zz = 9zz = 57 9zz = 9zz = 0, g =9 =

and

The divergence theorem is

/ d?2(0.v° 4 9:07) = 2?{ (dzv® — dzv®).
R OR

6.2 Sigma model

The bosonic sigma model action is (for a Euclidean worldsheet)

So

4o/

/ &% /g [(g“bGW(X) + z’e“bBW(X)) D X1 XY + O/R(Q)q)(X)] .

or complex coordinates (Polchin-

(6.1)

(6.2)

(6.9)

In conformal gauge, guy = €?“64p, We can use complex coordinates, in which case the action

becomes:

1

2ma!

S, / d% [(Gu(X) + B (X)) 0X" 9XY — 20/ ®(X)00w] .

The trace of the worldsheet stress tensor for this model is

1 1
17 = =5 (985, + i3, ) 2 XP0X" — S5" Ry,

— 41 —
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where the beta functions are

1 Ie. 1 )\w LAB: betaG
Jﬁuv =R, +2V,0,P — 4Hu>\w +O(a)) (6.12)
1 1
7531/ = _*vawuV + 8W(I)Hw;w + O(a/) (613)

D 1 1 LAB: betaPhi
—B‘I’ + ¢ SV + 0,00°0 — —HnH™ + 0(a'). 6.14)

Here ¢’ is the total central charge of the other CFTs on the worldsheet (including —26 for the

ghosts).
The sigma model defines a CFT as long as G, B, and ® satisfy 5% = 88 = 0.> Under
these conditions 4% is constant in spacetime,® and gives the total central charge:

c=64%. (6.15)
Thus 8% = 0 is the further condition for having a good string background.

6.3 NS-NS action

The equations 3¢ = g8 = % = 0 for G, B, and ® can be derived as the equations of
motion of the following spacetime action (which is the NS-NS part of the action for type II
supergravity in D = 10):”

1
=55 /d |Gle—2® < 2A + R+ 40,90"® — —H o HPA 4 0(0/)> : (6.16)
where
_ L, D+ (bosonic string) . (6.17)
30" | 3D/2 4 ¢  (superstring)
Specifically,
0S8 =

1 D, —2% Guv Buv 1 ... s 1 cu
e / "z y/|Gle (6G,wﬁ B 5B P — 8(50 — LG 0G,) (7 — 185Y) ).
(6.18)

The RHS of this equation defines a metric on the space of fluctuations of the fields G, B, ®.
In other words, using I, J to index both the field and the spacetime point, we have

68 = —6¢lgrs57. (6.19)

®Note that it is necessary to specify ® to define the sigma model even if one is working on a flat worldsheet,
because it enters into the definition of the stress tensor.

8Using the 8¢ = 2 = 0 equations and dH = 0, one can show that 28aﬁq>/o/ = V*Raw — 0o R/2. This is
the divergence of the Einstein tensor and therefore vanishes identically. (This is problem 3.12 of Polchinski.)

"The boundary term for this action is 205 dP7z\/|yle*T K.

— 492 —
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It follows that RG flow is gradient flow (albeit with an indefinite metric) with respect to a
potential given by the spacetime action

d¢1 _ —/8[

I S L
dln Aren

567 (6.20)

(Note: gy is not the Zamolodchikov metric for the vertex operators corresponding to the
fluctuations, since it does not vanish for pure gauge fluctuations. However, perhaps there is
some ambiguity in its definition, and one could choose a metric which vanishes on pure gauge
fluctuations and is positive definite on physical ones. This would then presumably equal the
Zamolodchikov metric. If this is the case, it would be interesting to consider whether it has
any implications for RG flows.)

In the case of the superstring in D = 10,

262 = (2m) "’ (6.21)

6.4 Dimensional reduction and Buscher duality

We consider configurations of the metric, B-field, and dilaton that have a U(1) invariance.

M The coordinate

Call the invariant direction y, the other directions z*, and all of them x
radius of y is R.

The Buscher rules are as follows:

R=—5 (6.22)
Glu = Guv = Gy GyuGyy + Gy Byu By, (6.23)
B, = By — Gy GyuByy + Gy ByuGyy (6.24)
G, =Gy By, (6.25)
By, =Gy Gy (6.26)
Gy = Gy (6.27)
2 L (6.28)

Gy B2

These can be more usefully organized in terms of the fields of the dimensionally reduced
theory. These are: a metric g,,; a two-form b,,,; two gauge fields A4, and Au; and two scalars
o and ¢. The fields of the original theory are given in terms of these as follows (we set the
coordinate radius R equal to v/a/):

ds* = GyndaMda = g, datdz” + €2 (dy + A,dx*)? (6.29)
B=b+ (A+2dy)AA (6.30)
1

— 43 —
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Other useful formulas include:

G,uzz = Guv + QQUA“AV (632)
Gy =€* A, (6.33)
ny = 620- (634)
G — ghv (6.35)
GHY — _AM (6.36)
GYW = e7% 1 A? (6.37)
VG =g (6.38)
1
RG) — R9) _ 9p—092e0 _ vid L (6.39)
By = b + Al Ay (6.40)
By, = A,. (6.41)
The spacetime action is
1 1
=55 / V]|Gle 2 <R<G‘> + 49y, POM P — 12HMNLHMNL> (6.42)
2mva! _
— V]gle™2? (6.43)

2K2
(9) 1z 1z 1 20 0% 1 —20 0 pv 1 HUA
x | RV — 8M08 o+ 48@8 ¢ — Ze FM,,F - 16 F;WF — ﬁhw,)\h . (6.44)

We raise and lower M, N with Gy, and p,v with g,,,. The field strengths F, F are defined
in the usual way (F = dA, F' = dA), while h also has Chern-Simons contributions:

1 -] -

This action has several gauge invariances (the higher dimensional origin of each is indicated
in parentheses):

e Diffeomorphisms (diffeomorphisms 2'# = z/*(zt), /' = y).

e Gauge transformations on b: ¥ = b+ d\ (B-field transformations where the gauge
parameter does not have a y component).

e Gauge transformations on A: A’ = A+d\, UV =b+ %d)\ A A (diffeomorphisms z/# = zH,
y =y -+ Aah)).

e Gauge transformations on A: A’ = A+ dX\, b = b — LA A dX (B-field transformations

where the gauge parameter is proportional to dy).

e The Zj transformation o’ = —o, A’ = A, A’ = A (T-duality).
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The definitions of the lower-dimensional fields have been carefully chosen so as to give the
simplest possible transformation rules. In particular, g,, is defined the way it is in order to
be invariant under the gauge transformations of A; as a bonus it also ends up being invariant
under T-duality. ¢ and b are defined as they are in order to be invariant under T-duality.
Note that the 3-form field strength h is invariant under all of these transformations (well,
covariant under diffeomorphisms).

The metric (6.18) on the space of field configurations becomes, in terms of these variables,

ds? = 252 / V|Gle2® <dG2 2N FdBi N — = (dGMM d®) ) (6.46)

/ lgle2 (dgm, (b — AyudA, - Zl[ﬂdA,,]) + 26204 A% + 227 d A2

2 2\F
+ 4do® — 3 (dg““ - 4d¢)2> (6.47)

This is manifestly invariant under T-duality. It follows that the beta functions are also
invariant under T-duality. This is because T-duality is an equivalence between sigma models,
irrespective of whether they are conformal.

6.5 More dualities

The NS-NS 2-form potential B has mass dimension —2, and the R-R p-form potentials,
denoted C),, have dimension —p. All metrics are in string frame. In the first two dualities
below, all fields are assumed independent of the coordinate y, on which the dualities are

performed.
M-theory-IIA:

M?ds} = G datda” + €% (dy + Auda™)?,  y~y+27R (6.48)
T (6.49)
1 o » o 1 1
st%m = Re’G, dxtdz”, e® = (Re?)3/2, ﬁ(}’] = EA#dx“ (6.50)
T-duality:
dsfia = G udatds” + % (dy + A,Jd:c“)2 , y~y+2rR, (6.51)
1
Biia = §Bde“ A dx” + bydyndazt, ePua Cy=Cudx" + Cydy (6.52)
i (6.53)
/
dstig = Gdatdz” + e (dy + budx“)2 , y~y+ 277%, (6.54)
1 /
Bip = QBWd:UH Ndx” + b, A dat ANdx + Audy N dat, 2B — \R(aeq)l“‘, (6.55)
60'
CQ = iCudl’” A dy, CO = l Cy (6.56)

v Vo

,45,
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S-duality:
ds® = e %ds?, ¥ =-®, B'=Cy Ch=-B (6.57)
6.6 Orbifolds and quotient groups

Let G be a group acting on a space (or a CFT), and H a normal subgroup of G. Then the
space (or CFT) obtained by orbifolding by G is the same as that obtained by orbifolding first
by H and then by G/H.

7. Quantum information theory

In the following, p, o denote density matrices.

7.1 Entropy
Definition:
S(p)=—Trplnp=(-Inp), (7.1)
Positivity:
S(p) 20 (7.2)

with equality if and only if p is pure.
Maximal value:

S(p) <Ind (7.3)
(d is the dimension of the Hilbert space), with equality if and only if p = I/d.
Invariance:
S(UpU) = S(p) (7.4)
(U unitary).
Expansibility:
S(p®0)=S(p) (7.5)
Concavity:
SAp+(1—=XNo) > AS(p)+ (1 —X)S(0) (7.6)

for 0 < A <1, with equality if and only if A\=0, A\ =1, p =0, S(p) = o0, or S(o) = co. For
a general convex combination (p = Y, A\jp; where X\; >0, >°. A\; = 1),

D XiS(pi) < S(p) <3 NiS(pi) = > Al ;. (7.7)
The term — ) . A;In \; is called the mizing entropy. If the p; are pairwise orthogonal then
S(p) =D XiS(pi) = Y _Ailn ;. (7.8)

Canonical ensemble: Given a Hamiltonian H and energy FE, within the set of density
matrices satisfying (H), = E, S(p) is maximized by
pg=e¢ P17, Z=Tre P (7.9)

where 3 is chosen to satisfy (H), = E. For fixed H, S(pg) is a decreasing function of 3.
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7.2 Relative entropy
Definition:
S(olp) =Trp(lnp —1Ino)
— (~Ino), - S(p)
Positivity:
S(olp) 20

with equality if and only if o = p.

Relative entropy in terms of entropy: Define

Sxa(olp) =S(Ao + (1= A)p) = AS(o) = (1 =A)S(p)  (0=<A<1).

Sx(o|p) is concave in A and satisfies
0 < Sx(olp) <=AlnA—(1-=X)In(1-2N)

(so in particular Sp(co|p) = Si(o|p) = 0). Then
S(ale) = +5(lp)

Joint convexity:
S(alp) < AS(a1lpr) + (1 — A)S(o2|p2)

where 0 = Ao1 + (1 — N)oa, p=Ap1 + (1 — X)p2

7.3 Rényi entropy

The Rényi entropy Sa(p) is defined for 0 < o < o0

Sa(p) = lnTrp (v £ 0,1, 00)
So(p) = rankp

S1(p) = S(p)

Soo(p) = —Inpy

(7.13)

(7.14)

(7.15)

(7.16)

~

A7

)
7.18)
7.19)
7.20)

(
(
(
(7.20

where p; is the largest eigenvalue of p. Sp is also called the Hartley entropy. Properties: (1)

Sa(p) > 0, with equality if and only if p is pure. (2) S,(p) is constant if and only if p is

proportional to the identity on its image, and is otherwise decreasing. (3) Sa(p) is a convex

function of .. (4) For a > 1 is satisfies Sq(p) < a(a —1)71S(p).
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7.4 Mixing-enhancing

Let {p;} be the eigenvalues of p, arranged in decreasing order, and {p}} be the eigenvalues of
o. If, for all n,

> pi<d (7.21)
i=1 =1

then we write p > o and say that p is more mized than ¢ and that o is purer than p. If p > o
then

S(p) > S(o). (7.22)
More generally
Te f(p) > Tr (o) (7.23)
for any concave f, and
Salp) = Su(0) (7.24)

for all a.
A transformation F' on density matrices such that F(p) > p is called mizing-enhancing.
Examples: (1)

f(p)

— 7.25
" T () (7:2)

for f concave, positive on (0, 1], and with f(0) = 0. (2):
p> Y PipP, (7.26)

where {F;} is a set of orthogonal projectors such that ) . P; = I (representing possible
outcomes of a measurement, for example). If the P; are rank 1, then this corresponds to
deleting the off-diagonal elements in the matrix representing p in the basis corresponding to
the P;; if they are not rank-1, then it corresponds to deleting the off-block-diagonal elements.

(3):
pr > AU pU; (7.27)

where the U; are unitary operators and A\; > 0, > . A\; = 1.

7.5 Joint systems

A, B, C denote disjoint systems. Partial traces are implied by subscripts, e.g. pa = Trp pap.
S(A) denotes S(pa). Note that In(ps ® pp) =Inps @ Ip + 14 @ Inpp.
Additivity:
S(pa ® pB) = S(pa) + S(pB). (7.28)

More generally,
Sa(pa ® pp) = Salpa) + Sal(pB) - (7.29)
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Subadditivity:

S(AB) < S(A)+ S(B) (7.30)
with equality if and only if pap = pa ® pp. (The Hartley entropy is also subadditive:
So(AB) < Syp(A) 4+ So(B). Only S and Sy obey invariance, additivity, and subadditivity.)

Araki-Lieb:

|S(A) — S(B)| < S(AB) (7.31)
Strong subadditivity:
S(ABC)+ S(B) < S(AB) + S(BC) 7.32
S(A)+ S(C) < S(AB) + S(BC) 7.33
Additivity of relative entropy:
S(oa®oplpa®pr) = S(oalpa) + S(oBlpB) (7.34)
Monotonicity of relative entropy:
S(oaslpap) = S(oalpa) (7.35)
Mutual information:
I(A: B) = S(A) + S(B) — S(AB) = S(pa © pilpas) (7.36)
Properties of mutual information:
I(A:B)=I(B:A) (7.37)
I(A:B)>0 (with equality if and only if pap = pa ® pB) (7.38)
I(A:BC)>1I(A:B) (7.39)
Conditional entropy:
Seond(A|B) = S(AB) — S(B) = =5(pa ® Ip/dplpag) + Indp (7.40)

where dp is the dimension of the B Hilbert space. Concavity of conditional entropy:

Scond(A’B)ApABHI—A)UAB > )\SCOHd(A|B)PAB + (1 - )\)SCOUd(A|B)UAB (7-41)

Purification: Given pg4, there exists a Hilbert space B and a pure joint density matrix
pap such that py = Trppap. Then S(B) = S(A). pap is constructed as follows. Let
pi, |i)a be the non-zero eigenvalues and corresponding eigenvectors respectively of p4, so
pa = ,;pilt)aa(i|l. Let the B Hilbert space have dimension equal to the rank of p4, and let
|i) g be a basis for it. Then let

pag = [¥) (Y (7.42)

where

) = Zp3/2\¢>A|i>B. (7.43)
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