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11. Categorical  limits

(Two lecturesby Ivan Horozor. Notesby Andrew Gainer and Roger
Lipsett. [Commerts by Kiy oshi].)

We Prst note that what topologists call the OlimitO,algebraistscall
the OirverselimitO and denoteby lim, . Likewise,what topologistscall
the OcolimitO algebraists call the direct limit and denotelim- .

Exampl e 11.1. Take the inversesystem
&al CxJ/(xM)! &al CxJ(x®! Cx(x®)! C[x)(x)
Let f " lim, C[x]/(x") = C[[x]]. Thenf = " ,,a,x" is a formal

power seriesin x over C.
We note that Z, = lim, ¢ ,Z/p™ [is the inverselimit of]

a&al zp™t 1 zlp™! aal Zip
11.1. colimits in the category of sets.

Debnition 11.2. Let X, besetsindexedby ! " | andletf,z: X, !
X be functions with I'," " [. [Only for pairs (! ,") sothat ! < *
in somepartial ordering of | .] Then {f, g, X} 0w IS a directed system
of setsif, for every pair of composablemorphismsf,s : X, ! Xy,
fsy:Xg! X, [i.e, wherewer! <" < #in |], the following diagram

commnutes
fi

X, ||'7’"!)(5
I,
Ay !!!!" Lf" #
XV
and, for every ! ," " | there existsa# " | for which there are maps
fo,andfg, [ie,!," # #] assud:
Xa ""'ﬁl..ﬁ
ﬁ#ﬁe#)%(’y
Xﬁ f #

One can think of a directed systemas a graph with setsas points
and arrows as edges.
We can now debnethe direct limit on directed systemsof setsby
lim X,=[]|Xd $
$" ool E[
where,for ead f, 3 and for all x " X,, wesetx $ f, 5(x). Informally

then, the direct limit is the set of equivalenceclassesnduced by all
functions f, 3. That $ is an equivalencerelation follows from the
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two properties illustrated diagramaticaly above. [The colimit of any
diagram of setsexists. The assumptionof being Odirected@mplies that
any two elemerts of the colimit, represerted by say x " X,y " Xz,
are equivalert to elemerts of the sameset X, ]

11.2. pul I-back. In the following diagram, %is a Opull-ba&O:

%—'G
1
H 3 K

The pull-back hereis a subgroup (or subset)of G & H given by
G&xH={(gh)" G&H]J!(g) =" (h)}.

11.2.1. universal property of pull-back. If G&is a group sud that

G&
%$

(g.h)" G&xH —¥
& |
H———K

comnutes then there exists a unique map G&!' G & x H sud that

commutes.

11.3. push-fo rward [push-out] of groups.
K
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In this diagram, if K = {e,} then G% is the amalgamate free product
of G and H given by
GYH = {ghigxh, &88g,h,, |g " G,h;" H}.

Note that (g;hg,)®! = gS'h®igPl. [So, the set of such products is
closedunder the operation of taking inverse.So,G %H is a group.]
More generally G % H is the quotient group G %H/ $ where

(9! (k) &(" (k)**h) $ gh
and
hg$ (h" (k) a(! (k)*'g).
Exercise. Compute (Z/ 2Z) %2/ 2Z) and explain the computation.

11.4. direct limit of groups. In order to take the direct limit of
groups, we require a directed systemof groups:

Debnition 11.3. {G,,f, 3} is a directed systemof groups if
) fap:Ga! Gg,fg,:Gg!l G, are homomorphismthen [there is
a homomorphismf, ., : G, ! G, in the systemand]

Ga-,ﬁ . G,
Lfn#
fioow
G’Y
[i.e. the diagram commutes.]
i) For every !'," " | there exists # " | sud that f,.,fs, are
debnedand
Ga ",
W%”
G/B f"#

We then debnea new object [the weak product] [[%y; Go ' Loy Go:

Debnition 11.4. For X = {X,}. We let x " Hiw G, if x hasonly
Pnitely many x,, coordinateswhich arenot e, " G,.

[The direct limit of a directed systemof groupsis then the sameset
asthe direct limit of sets:

im G,= G,/
a%l H $

¥ a%l
where,x, " G, is equivalert to x; " Gg if and only if

f a,v(xa) = f,@,v(xﬁ)
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for some# " |, with the additional structure that the product of
Xo " Ga,Xg" Gg is debnedto be the product of their imagesin G,.]
In practice, one works with lim- G, in the following way: [Here
Horozor says that ead elemen of the direct limit is represered by a
singleelemen of a singlegroup G,,. | wrote that asthe debpnition.]

11.5. universal property of the direct limit of groups. If {G,,f, s}
is a directed systemof groupsand g, : G, ! H are homomorphisms
sud that

9

G, 'H

(
(
S L (((((g,,
Gg

comnutes, then there exists a unigue homomorphismg : Iim- G, ! H
sud that

commutesforall I " 1|.

[Any elemen X of the direct limit is represeted by someelemen
of somegroup X, " G,. Then we let g(X) = 0.(Xn). If Xg " Gg is
another represemativ e of the sameequivalenceclassx then, by def-
inition, f,,(X,) = fg,(Xg) = X, " G, for some# " |. But then
0.(Xa) = 9,(X,) = 9s(Xg). So,qg is well-dePned.]

11.6. free groups. Let X be a set. The free group on X, F(X), is
debnedby the following universal property: given any group G and
setmapf : X ! G, thereisauniqueg: F(X)! G that is agroup
homomorphismsud that the diagram

commutes.

It remainsto debneF (X) and say what the map i is. SupposeX =
{x1,X,, 888} (note that X neednot be courtable; we usethis subscript
notation simply for easeof use). Then the wordsin X, w, are all Pnite
sequenceshosenfrom the set X ( X®1, whereX 1 = {x31 x3! a4}
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(herethe ®1 notation is purely formal). If W = {w} is the setof such
word then
F(X)=W/$

where $ is the smdlest possiblerelation sothat we get a group: i.e.,
that for all i, both x,x3* and x¥!x; are trivial.

Then ead word in F(X) has a unique reduced form, in which no
further simplibcation induced by the above relation are possible,and
F (X)) thus consids of all the reducedwords.

11.7. an important exampl e. PSL,(Z) = SL,(Z)/ £ 1. This group
acts on the upper half-planeH = {z" C|) z> 0}: A" SLy(Z) gives
amap

q aZtb_ +az+b

" cz+d +cz+d

Thus, for example 1) translatesby 1, while <0 * 1) isinversion.

1
"\0 1 1 0
It turns out that

PSL,(Z) = Z/2Z %Z/ 3Z

This has somethingto do with Pxed points in C under this action.
Similarly,
SLy(Z) = Z/14Z % o7 Z1 6Z
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12. More about free products
| decidedto explain the example of PSL,(Z) more thoroughly.

12.1. Amal gamated products again. The freeproduct formulasfor
PSL,(Z) and SL,(Z) are an exampleof the following theorem.

Theorem 12.1. Supmwsethat G and H haveisomorphic normal sub-
groupsN; ! G, N, ! H. N1$ N,=N. ThenN! G% H and

0,
GCWH _ 5/N oH/N.

Proof. G %; H is the push-out (colimit) of the following diagram.

N —'G

L

H

G/N is also given by a universal property: It is the pushout of the
diagram

N —G
b
{§ =1—'GIN

To show that %—H $ G/N %1/N weneedto show that: For any group
X and homomorphismG % H ! X which is trivial on N, there exists
a unique homomorphismG/N %H/N ! X making the appropriate
diagram comnmute.

This condition is equivalert to the comnuting diagram

N ——!G

Howewer, this commuting diagram includesthe diagram

N —'G

b

1—'X
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So, there is an induced map G/N ! X and similarly, there is an
inducedmap H/N ! X asindicated in the following diagram.

N - 'G 1y,
.._.. /////'
1%
1 'G/ Zﬁﬁ
02"
e
i
H/N

The two morphismG/N ! X,H/N ! X inducea morphismfrom the
free product G/N YH/N ! X:

VY

'G/N 9%H/N

hhhhhh%

This provesthe theorem. "

| restatedthe theoremin terms of specibc2 & 2 matricesA, B

/0 1 ,_ [+1 0\ _
A‘<+1 o) A‘(o +1)‘+'2

(0 1 > (+1 1 3_ (+1 0 _

B‘(+1 1) B‘(+1 o) B‘(o +1>‘+|2

So,A* =1, = B®. The statemert is
SLy(Z) € ,A-%; 1, ,B-= Z/4%/,2/6

This meansthat ewvery elemen of SL,(Z) has a unique expansionof
one of the following two forms

(1) AmB™AB "2 A 888AB "«

(2) AmB™AB "2 A 888AB "« A
where,in both caseseatin, = 1or2andm= 0,1,2 or 3.
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Proof. By debnition, elemerts of the amalgamatedproduct , A- % .+
,B- have the form

ATIB" A B2 AT §88A™ B "k

subject to the condition that A* = B® = | and A2 = B3. This last
condition implies that, if any of the powers of A are 2 or more or any
of the powersof B are 3 or more, then we can convert it into a power
of the other letter and move it to the left. For example,

ABAB2?AB* = ABAB2AB (B% = ABAB?(A%AB
= ABA(B®)B2AB = &54= (A?)ABAB2AB
The only questionis whether the last letter is A or B.

12.2. free group as adjoint functo r. If Sis a set, let G(S) be the
free group generatedby S. This is the set of all sequencegreduced
words)

w = sitsy?dads;t, k. O
wheren; " Z, n; £ Oands; £ s, " S. The length of w is §w) =

> Ingl.

Theorem 12.2. G: Ens! Gpsis adjoint to the forgetful functor F.
l.e.,
Homg,.,(S, FH) £ Homg,,(GS, H)

Proof. The bijection G sendsthe mappingf : S! H to the group
homomorphismGf : GS! H given by

Gf (sy's32 8das)*) = f(s1)™f (sp)™ aéaf (sy)"™.
The inverseis the restriction map; G*1(f : GS! H) = f|S. "

12.3. actions and free products. As lvan Horozov pointed out, we
can tell that PSL,(Z) is a free product from the way that it acts on
upper half-space.The following theorem which is Exercise54 on p.81,
explains how this works.

Theorem 12.3. Supmsethat G,,G,, &, G, # G are sulgroupsof G
which geneate G. Supmsethat G actson a setS. Supmsethere are
subsetsS;, S,,834,S,,' S and an element

s" s\ s
in the complementof the setsS; with the following property. For all
g ! G%gb f: e,
(1) o(S;)" S;forallj#iand
(2) 9(s) " S
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Then G is the free product of the groupsG;:
G = Gy %G, YBbéaY s,

Proof. By the universal property of the free product, there is a homo-
morphism

%: Gy %G, YB8A% G, ! G
which is the inclusion map on ead G;. Sincethe groupsG,; generateG,
this homomaphism is onto. Thus, it sulces to show that the kernel
of %is trivial . So, supposethat there is an elerert in the kernel of %
This hasthe form

010, ddag;,
whereg; F eis an elemet of G; andi; F i .
Supposefor examplethat this elemen is g.0,gz whereg; " Gs, g "
Go, (0%} " Gy Then
019:95(S) " Gs

sincegs(s) " S4,02(9a(S)) " G2(Sa) ' So, di(%9(S)) " 9i(Ss) ' Ss.
Therefore,:0,0; £ €. And in general,g; 8849, £ e which implies that
%hasa trivial kerneland is thus an isomorphism.

Corollary 12.4. PSL,(2) £ z/2%z/3.
Proof. We apply the theoremto G = PSL,(Z),G; = ,A- whereA =

0 1 _ _ 0 1 _
+1 0 and G, = ,B- whereB = (+1 1). Let S = H be the

upper half plane. Let
Si={z=x+iy" H|x< 0}
Then Az = +1/z. So, A reversesthe sign of the real part of z. There-
fore, A sendss = 1/ 4+ i andthe set{z=x+1iy " H|x > 0} into
S;. Let S; = X (Y where
X={z" H||z+ < land|z| # 1}
Y={z=x+iy" H|x. Y2and|z|> 1}
Then B(X) =Y,Bs" X andB(S;) ' X. Therefore,the conditions

of the theorem are satispedand we concludethat PSL,(Z) is the free
product of the subgroupsgeneratedby A and B. "



48

MATH 101A: ALGEBRA | PART A: GROUP THEORY

S1

So




