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7. Catego r y th eor y and pr odu cts

I want to prove the theorem that a Þnite group is nilpotent if and
only if it is the product of its Sylow subgroups. For this we Þrst have
to go over the product of groups. And this looks like a good time to
intr oducecategory theory.

7.1. cat egories. I gave the deÞnition of a category and two examples
to illustr ate the deÞnition: Gps is the category of groups and Ens is
the category of sets.

DeÞni ti on 7.1. A category C consists of four things: C = (Ob(C), Mor, ◦, id)
where

(1) Ob(C) is a collection of objects. This collection is usually not
a set. For example, Ob(Gps) is the collection of all groups and
Ob(Ens) is the collection of all sets.

(2) For any two objects X,Y ∈ Ob(C) there is a set of morphisms

MorC(X, Y )

which are written f : X → Y . For example, in MorGps(G, H)
is the set of homomorphisms φ : G → H and MorEns(S, T ) is
the set of all mappings f : S → T .

(3) For any three objects X, Y, Z, we have a composition law:

MorC(Y, Z) ×MorC(X, Y ) → MorC(X, Z)

sending (g, f ) to g ◦ f . Composition must be associative.
(4) Every object X ∈ Ob(C) has an identit y idX ∈ MorC(X,X) so

that idY ◦ f = f = f ◦ idX for any f : X → Y .

Notethat thereareonly two assumptionsabout the structure. Namely,
associativit y of composition and the existenceof units.

The idea of category theory is to extract elementary conceptsout
of di!cult mathematics. We look only at composition of morphisms
and forget the rest of the structure. Then we can ask: What are
the properties that can be expressedonly in terms of composition of
morphisms? One of theseis the product.

7.2. pro duct of groups .

DeÞni ti on 7.2. If G, H are groups, then the product G×H is defined
to be the cartesian product of sets

G×H = {(g, h) | g ∈ G, h ∈ H}
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with the group law given coordinate-wise by

(g1, h1)(g2, h2) = (g1g2, h1h2).

These are several things to notice about this deÞnition. The Þrst is
that G ×H contains a copy of G, H which commute. By this I mean
that there are monomorphisms (1− 1 homomorphisms):

j1 : G → G×H, j2 : H → G×H

given by j1(g) = (g, e), j2(h) = (e, h). These inclusion maps have
commuting images since

j1(g)j2(h) = (g, e)(e, h) = (g, h) = (e, h)(g, e) = j2(h)j1(g)

7.2.1. internal direct product.

Lemm a 7.3. If φ : G → K, ψ : H → K are homomorphisms with
commuting images then there is a unique homomorphism f : G×H →
K so that f ◦ j1 = φ and f ◦ j2 = ψ.

Proof. This is obvious. f must be given by f (g, h) = j1(g)j2(h). This
is a homomorphism since[j1(G), j2(H)] = {e}. !
The orem 7.4. Suppose that G contains normal subgroups H, K so that
H ∩K = {e}, [H, K] = {e} and HK = G. Then the homomorphism
f : H × K → G given by the inclusion maps H ↪→ G, K ↪→ G is an
isomorphism.

We say that G = H ×K is the internal direct product in this case.

Proof. The map is given by f (h, k) = hk. This is surjective since
HK = G. It is 1− 1 sinceH ∩K = {e}. It is a homomorphism since
[H, K] = {e}. !
7.2.2. universal property. The product G×H hastwo other projection
homomorphisms

p1 : G×H → G, p2 : G×H → H

given by p1(g, h) = g, p2(g, h) = h. Thesesatisfy the following Òuni-
versalÓ property which is obvious (obviously true) and which I also
explainedin categorical terms.

The orem 7.5. Suppose that G, H, K are groups and φ : K → G, ψ :
K → H are homomorphisms. Then there exists a unique homomor-
phism f : K → G×H so that p1 ◦ f = φ and p2 ◦ f = ψ.

The unique homomorphism is f (x) = (φ(x), ψ(x)) and it is writ ten
f = φ× ψ.
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7.3. cat egorical pr oduct. The last theorem is categorical since it
involvesonly composition of homomorphism. It says that G ×H is a
categorical product .

DeÞni ti on 7.6. Suppose that X, Y are objects of a category C. Then
Z ∈ C is the product of X and Y if there are morphisms p1 : Z →
X, p2 : Z → Y so that for any other object W and any morphisms
φ : W → X,ψ : W → Y there is a unique morphism f : W → Z so
that p1 ◦ f = φ and p2 ◦ f = ψ.

The condition can be written as a commuting diagram:

X

W

!
!!!!!!!!!!

" """
""

""
""

"

∃!f
##Z

p1
$$#######

p2%%$$
$$

$$
$

Y

We say that Z is the product of X,Y in the category C and we writ e
Z = X × Y . We also call Z the categorical product of X and Y .
Theorem 7.5 was writ ten in such a way that it is obvious that the
product of groups is the categorical product.

The next point I made was that the deÞnition of a product deÞnes
Z = X × Y uniquely up to isomorphism.

The concept of an isomorphism is categorical:

DeÞni ti on 7.7. Two objects X, Y in any category C are isomorphic
and we write X ∼= Y if there are morphisms f : X → Y and g : Y → X
so that f ◦ g = idY and g ◦ f = idX .

The deÞnition of product is by a ÒuniversalconditionÓwhich forces
the object Z to beuniqueup to isomorphism if it exists. (If the product
does not exist, it suggeststhat the category is not large enough and
perhapswe should add more objects.)

The orem 7.8. The product Z = X × Y is unique up to isomorphism
assuming it exists.

Proof. Supposethat Z ′ is another product. This means what we have
morphisms p′

1 : Z → X, p′
2 : Z → Y so that for any W , such as

W = Z, any morphismsW → X, W → Y (such as p1, p2) there is a
unique morphism g so that p′

i ◦ g = pi for i = 1, 2. In other words, the
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following diagram commutes.
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Similarly, sinceZ is the product, there is a unique morphism f : Z ′ →
Z so that pi ◦ f = p′

i for i = 1, 2. Now, take Z and Z. We have two
morphisms Z → Z making the following diagram commute:

X

Z

p1
!!$$$$$$$

p2 ""#
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id Z ##Z
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$$#######

p2%%$$
$$

$$
$

Y

By the uniquenessclausein thedeÞnition of the product, we must have

f ◦ g = idZ .

Similarly, g ◦ f = idZ ′. So,Z ∼= Z ′. !
7.4. pro ducts of ni lp oten t groups. Finally, I proved the following
theorem which we need. I usedthree lemmas without proof. But, I am
giving the proofshereafter the proof of the theorem (and retroactively
in Corollary 5.3).

The orem 7.9. If G, H are nilpotent groups of nilpotency class c1, c2

resp. then G×H is nilpotent of class c = max(c1, c2).

The proof is by induction on c using the following lemma.

Lemm a 7.10. The center of G×H is Z(G) × Z(H).

Proof. This is obvious. An element (x, y) ∈ G×H is centr al if

(x, y)(g, h) = (xg, yh) = (gx, hy) = (g, h)(x, y)

for all g ∈ G, h ∈ H. But this is the same as saying that x ∈ Z(G) and
y ∈ Z(H). !
Lemm a 7.11. If A " G, B " H then

G×H

A×B
∼= G/A×H/B.
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Proof. It su!c esto Þndan epimorphismφ : G×H → G/A×H/B with
kernelA×B. Such an epimorphism is givenby φ(g, h) = (gA, hB). !
Proof of Theorem 7.9. By induction on c. If c = 1 then G, H are both
abelian. Then G×H is also abelian, which is the sameas being nilpo-
tent of class1.

Now supposethat the theoremis true for c−1. SinceG/Z(G), H/Z(H)
are nilpotent of classc1 − 1, c2 − 1, their product

G/Z(G) ×H/Z(H)

is nilpotent of class max(c1− 1, c2− 1) = c− 1. By the lemmasabove,
this is isomorphic to G×H modulo its center. Therefore,by Corollary
5.3, G×H is nilpotent of classc. !


