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2. Examples

Today, | gave some examples of rings and functors assaiated to
rings.

2.1. Z, the integers. The brst exampleis Z = (Z,+,-,0,1). This is
a ring which hasthe property of being the initial object in the cate-
gory of rings. In other words, for any ring R there is a unique ring
homomorphism
1 Z — R.

Thisisgivenby ' (1) = 1,!'(2) = 1+ 1,--- and! (—n) = =!I (n). The
uniquenessfollows from the fact that Z is generatedas an additive
group by 1. So,! is determinedby what it doesto 1 whichis! (1) = 1
by debnition of a ring homomorphism.

2.2. U(R), the group of units.

Definition 2.1. A unit in aring R is any invertible elemen. I.e.,
X € Risaunit if xy = yx = 1 for somey € R. The units of a ring
form a group called the group of units U(R).

Proposition 2.2. U is a functor from the category of rings to the
category of groups.

Proof. Any ring homomorphism! : R — S takesunits to units since
Xy = yx = 1implies

Pxy) =) =ty =M x)=1(1)= 1

In the next example,l constructedthe adjoint of this functor.

2.3. group rings. Supposethat G is a multiplicativ e group and R is
a comnutativ e ring. Then the group ring RG is debPnedto be the set
of all Pnite linear combinations

DTG
wherer; € R, g; € G wherewe are allowed to simplify (i.e., there is an
equivalencerelation) using the relation

rg+sg=(r+s)g

whene\er the g; are not distinct.
Addition is debnedby just putting the terms together. For example,

(ag; + bg) + (ch; + dhy) = ag, + bg + ch; + dhs.
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In ! notation this is

n+m

Zrigi + Zsjhj = Z rig;
i=1 j=1 i=1

wherewe usethe sOsaind hOsvhenthe index i becomesoo large. l.e.,

M+t; = S5y 0ntj = hj.
Multiplication is given by

(1) (Ssn) = Srson

Example 2.3. Supposethat G = (t|t3). This is the group generated
by t modulo the relation t* = 1. So,G = {1,t, t*} is the multiplicativ e
group which is isomorphicto the additive group Z/ 3Z. The group ring
is

RG = {a+ bt+ ct*|a,b,c€ R}

Example 2.4. Let G be the inPnite cyclic group Z = (t) = {t"|n €
Z}. This is the multiplicativ e version of the additive group Z. Then
the group ring RZ is the ring of all Laurent polynomials

at"+a, t" et agtagtT At
wherea; € R.
The usual notation for the Laurent polynomial ring is
R[t,t7!]= RZ

Here, the square brackets indicate that this is the ring generatedby
R,t,t~1. In general,if R is a subring of aring S and x;,--- ,X, € S
then R[x4, - -, X,] is dePnedto be the smallestsubring of S containing
R andthe elemens x4, - - - , X,,. (l.e., youjust takethe intersectionof all
sud subrings.) This isin cortrast to the round bradket notation which
indicates a beld. For exanple Q(t) is the smallestbeld cortaining Q
andt.

Recallthat a field is a commutativ e ring sothat every nonzeroele-
mert x hasan inversey (xy = yx = 1).

Proposition 2.5. There is a bijection
U(R) = HomRings(Z[ta t_l]a R)

given by sending X € U(R) to the homomorphism ! : Z[t,t7'] — R
which sends Y N’ to > nx*. (This is called the evaluation map since
it sends a Laurent polynomial to its value at X.)
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Theorem 2.6. The adjoint of the unit functor U is given by the integer
group ring functor GPS — RINQGS which send G to ZG. Ie.,

Homg,s(G, U(R)) & HoMg;,,s(ZG, R)

Proof. Supposethat f : G — U(R) is a group homomorphism. l.e.,
f (gh) = f (g)f (h). Thenwe geta ring homomorphism! : ZG — R by

1O “mig) = ) nif (g)

This is additive by depbnition and multiplicativ e since f is multiplica-
tive. Also ! (1) = f (1) = 1. Cornversely G is cortained in the group of
units of ZG. So,any ring homomorphism! : ZG — R inducesa group
homomorphism

G UzG) 2% U(R).

And it is easyto seethat these constructions are inverseto eadh
other and therefore give a bijection between Homg,;(G, U(R)) and
Homgi,gs(ZG, R). O

Corollary 2.7. If there is an inverse system of rings, the units of the
wnverse limit are the inverse limit of the units:

U(lim R;) = lim U(R,)

What follows is debnitely not the best proof of this fact. Howewer,
it illustrates the useof categay theory.

Proof. | usedthe theorem which gives a bijection. But the natural

mapping is a homomorphismfor the following reason. Given any dia-

gram of rings R; we get a diagram of groupsU(R;) sinceU is a func-

tor. The homomorphismslim R; — R; induce group homomorphisms
U(lim R;) — U(R;) which inducesa group homomorphism

U(lim R,) — lim U(R,).

| want to show that this is a bijection.
Now, usethe natural bijections:

U(R;) & Homg,,(Z,U(R;)) & HoMgin,s(ZIL, t'], R;)
Then the universality of the inverselimit can be stated as:
Homg;,gs(X, lim R;) 2 lim Homg,,,(X, R;)
for all rings X . Apply this to X = Z][t, t~!] gives
U(lim R;) 2 lim U(R,).
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2.4. matrix rings over fields. Supposethat K is a peld. Consider
the set of n x n matrices with coe"cients in K. We write A = (&;).
Using the usual addition and multiplication of matrices:

(A+B)i = a;+ by

(AB);; = Z b
k=1

we get aring M, (K) calledthe n x n matriz ring over K.

| usedthis exampleto illustrate the conceptof equivalencebetween
rings and additive categories. When we take n x n matrices over K,
there are somespecial matrices which have special signibPcance These
are the idempoterts, e.g.,

000 - 0
010 .- 0
e,= [000 - 0
000 - 0

The dePnition is: e € R is an idempotent if € = e. For matrices,
the Opimitiv eOidempoterts are e, the diagonal matrix with 1 in the
il position and O everywhere else. Two idempoterts e, e, are called
orthogonal if ee; = ee; = 0. (A primitive idempotent is one which
cannot be written asa sum of orthogonal idempotents.) We can write
unity |,, asa sum of n orthogonal idempotents:

1= et+e+---+e,.
This is a maximal sud decomposition. This is signibcam becauseof
the following generalconstruction.
2.5. idempotents give a category. Now supposethat R is any ring
and

1= egtet---+e,
is a decompsition of unity into orthogonalidempotents. Then we can

construct a categoryC asfollows. The objects of C arethe idempotents
e, -, e, and the morphism setsare the sets

Home(e;, ;) := Re,.

Note that this is a additive group. In fact, aRb is an additive group
for any a,b € R sinceit is closedunder addition:

arb+ asb= a(r + s)be aRb
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and negation:
—arb= a(-r)be aRb
and cortains 0 = a0b.
Composition is debPnedby multiplication:
(exs€) o (ejre;) = (erse)(ejre;) = e.sere;
Note that, sincemultiplication is biadditive, composition givesa biad-
ditive mapping
Home(e;, e:) x Home(e;, €;) — Home(e;, €x)
The identity morphism of g; is
e = gle; € Home(e;, &) = eRe;
It is easyto ched that this is the identity morphism:
(eire)e = ere; = ej(ere;)
So, we have a category This category has additional structure since
the Hom sets are additive groups and composition is biadditive. A
categorywith this kind of structure is calleda pre-additive category. (It
would be an additive category if it alsohad a zeroobject and wasclosed

under bnite products and/or Pnite coproducts. (They are equivalent
in a pre-additive categos.)



