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4. LOCALIZATION

Today | talked about localization. | explainedthe basic dePnitions,
gave examplesand | alsotried to explain what the word OlaalOrefers
to. All ringsare commutativ e here.

4.1. basic definitions.

Definition 4.1. A subsetS ! R is called a multiplicative set if S is
closedunder multiplication, 0/ Sand1" S.

Somepeopleleave out the assumptionthat 1" S. It is not necessary
sinceyou can always add 1 to the set (take the union with {1}).

Definition 4.2. If S is a multiplicativ e setin aring R then S71R is
debnedto be the set of equivalenceclassesof symbols > where z "
R,a"™ S and

Tu Lif (e S) xbt = ayt
a b

This is a clumsyequivalencerelation. So,| reformulated it asfollows.
This equivalencerelation is the transitive relation generatedby the
symmetric relation given by

Lot (g S)
a ta
The reasonis that:

bt t
T o WV _ ayt oy
a

abt abt b

Proposition 4.3. S7IR is a ring with addition and multiplication
given by

x+y_:cb+ay
a b ab
Ty _ Ty
a b ab

and j(x) = 5 gives a ring homomorphism j : R' S7IR.

Proof. We needto shav that addition and multiplic ation are well-
debned. The rest is straightforward. To showv that addition is well-
debned,we can usethe strongerrelation %:

5T ty _ satb+ saty _ (st)(xb+ ay) y xb+ ay
sa  th satb - (st)ab T
Similarly,

sr ty  sxty  (st)(xy) ., xy
—a—- = = % —.
sa tb  satb (st)adb ab
So, multiplication is alsowell-debPned. !
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4.2. examples. | gave a bunch of examplesbut | delayed the expla-
nations for the end of the lecture.

Example 1. R = Z with multip licativesetS = {n" Z|n € 0}. Then
S-1z = Q.
This is a special caseof the more generalexample:

Example 2. Supposethat R is any domainand S = R\ 0}. Then
Q(R) = SR

is the quotient field or field of fractions of R. This is a beld sincethe
nonzeroelemerts of R are invertible:

() =2

This examplerequired a discussionabout which elernrerts are zeroand
which are 1.

Proposition 4.4. An element % " SR is equal to zero if and only if
there is an elementt" S so that xt = 0.

Proof. If suth at existsthen
r  at 0,0
L = —
1

Topl = = = (0

S ° st st i)

since0al = 0= st &0. Conversely if
xz , 0

—# — = 4(0

S #1700

then thereisat" S sothat xt = z1t = st0= 0. !
| forgot to do the samediscussionwith 1.

Proposition 4.5. An element 2 " S7'R is equal to 1= 1 = j(1) if
and only if there exists t" S so that tx = ts.

Proof. This is just the debnition of the equivalencerelation. !

Example 3. Let R = C°(R). This is the ring of cortinuous functions
f R" R with the usual pointwise addition and multiplication. Let
S be the set of all functions f which are nonzeroat 1:

S={/1f@) € 0

Then S is clearly a multiplicativ eset. | claimthat S~ R isa Olaal ringO
which meansthat the nonunits form an ideal. A fraction f(z)/g(z) is
an elemen of S7R if g(1) € 0. It is invertible if f(1) € 0. Sothe
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nonunits are given by the equation f(1) = 0 which clealy debPnesan
ideal. In fact it is the kernel of the evaluation map

ev1 0 STIR' R
This is a special caseof the following more generalexample.

Example 4. If P! R is a prime ideal then its complemen S = R\ P
is a multiplicativ e set. (In fact theseconditions are equivalert.) So,we
can form the ring S—*R which is called the localization of R at P and
written Rp.

Another special caseof this is the following.

Example 5. Supposethat p " Z is irreducible (i.e. a prime number).
Then (p) is a prime ideal and we can form the localization:

— o157 [0
Zp=5"2={" Qlp(b}
This is a subring of Q.
What is the relationship betweenZ, and Z,?

4.3. universal property. In your homework you proved that if any
integern which is not divisible by p is uniquely invertible in Z,. There-
fore, by the following universal property of the localization, there is a
ring homomorphism

Zp ' Zp
Is it onto? Is it a monomorphism?

Theorem 4.6. If S ) R is a multiplicative set then S™R has the
following universal property: Given any ring homomorphism

¢»:R' R
so that ¢(S) ! U(R') then there exists a unique ring homomorphism
®:STIR' R sothat o*j= ¢. Le., the following diagram commutes.

R!!'I : --;RI

w /

N "o
i e i

SR

Proof. (Existence) The ring homomorphism ¢ is given by ¢(z/s) =
#(x)é(s)~L. You actually needto shaw that this is a homomorphism.
This follows from the fact that the debnition of addition and multipli-
cation in S~1R usedthe rules which hold for arbitrary elemerts of the
form zs~1.
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(Unigueness)Supposethat ¢ : SR ' R is a homomorphism
which extendsj. Then the equation
x

W'l

s 1
givesthe equation

o(5)=0(])e(3) = dee

where (1/s) = ¥(s)~! = ¢(s)~! since inducesa group homomor-
phism
U@):UR)" U(R).

4.4. local rings. Localization is usedto produce local rings.

Definition 4.7. A local ring is a ring R with a unique maximal ideal
m.

Proposition 4.8. A ring R s local if and only if the complement
R\U(R) of the set of units is an ideal.

The proof usedthe followings two obvious properties of U(R).
Lemma 4.9. An ideal in R cannot contain any units.

This implies that any ideal is cortained in R\U(R). So,if this is an
ideal, it must be maximal.

Lemma 4.10. Any element a "
ideal (a).

So, if there is only one maximal ideal, it cortains all sud a. So,
m= R\U(R).

The term OlaalizationOis justiPed by the following theorem which
| forgot to prove. So,you cando it for homework.

R which is not a unit generates an

Theorem 4.11. If P is a prime ideal in R then Rp s a local ring.
What | did explain is what the Ol@alOmeans,at leasttopologically.
4.5. germs of functions.

Definition 4.12. Supposethat X,Y are topological spacesand f :
X' Yisamapping. Let zo " X. Thenthe germ of f at z( is debned
to be the equivalenceclassof f under the equivalencerelation f # g if
there exists an open neighborhood U of xg in X sothat

flu = glu
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This is an equivalence relation since,if g|v = h|v, then

fluav = glunv = hlunv

and U + V is an open neighborhood of zo. Note that f needonly be
debnedin a neighborhood of xo.

When the target Y is aring, the setof map germsformsaring. If we
put somerestriction on the functions f (e.g.,continuous,dilerentiable,
polynomial), we get a subring. For example, we have a ring of germs
at 1 of cortinuous functions R' R. The notation is with a comma:

gri(f) R 1" R

In Example 3, we localizedthe ring of cortinuousfunctionsR ' R
at the maximal ideal S = {f]| f(1) € 0} (making it into the unique
maximal ideal). Two functions f, ¢ give the samemap germ at 1 if
there existsan e > 0 sothat

flx) =g(x) & (1, €1+ ¢)

In other words, the functions f, g agreein the ¢ neighborhood of 1 and
the germsis just the function restricted to this arbitrarily smallinterval
about 1.

The following theorem represets the intuitiv e conceptthat Olaal-
izationOrefersto restricting attention to a neighborhood of a point.

Theorem 4.13. If S = {f| f(1) € O} then ST1CO(R) is isomorphic

to the ring of germs at 1 of continuous functions R, 1" R.

Proof. Let G bethering of germsat 1 of cortinuousfunctionsR, 1" R.
By debnition, we have an epimorphismof rings

gr1:C°(R)' G
Forany f" S, thereisane > Osothat f(x) € Oforall z " (1, € 1+¢).
Let g:R' R begivenby
1/f(z) if |z, 1]- €¢/2
g(x) = < 1/f(d, €/2) ifz- 1, ¢/2
1/f(1+¢/2) ifx. 1+¢/2

This is a cortinuousfunction sothat the product f &g is equalto 1in a
neighborhood of 1. Therefore, gr1(f) is invertible in the ring of germs.
So, by the universal property we have a ring homomorphism

g STICUR) G

which is surjective. So,we just have to show that the kernelis zera
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Supposethat f/g" kergr,. Then, for somee > 0,
f(@)/g(z) =0 & " (1, €1+ ¢).
But this implies that f(x) = 0 in that interval. Let o : R' R bea
cortinuousfunction sothat ~(1) € Obut h(z) = Owhenewer |z, 1. e.
(For example,h(x) = max(0,e, |z, 1]).) Then the product fah = 0
and in S71C°(R) we have
/
g
Therefore, gr, is an isomorphismof rings. !

h

~~

0
—=0.
gh

El
=

In algebraicgeometry we shouldtake C instead of R and we should
take the Zariski topology. The open subsetsof C are then the comple-
merts of Pnite sets. We should take polynomial functions

C' C
and invert the oneswhich are not zero at somepoint, say a. This is
the complemen of the maximal ideal (X, a) ) C[X]. Then we get
the local ring
C[AX](X —a)
which is supposedto restrict attention to the behavior of polynomials
at the point a.



