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4. Tensor product

Here is an outline of what I did:
(1) categorical deÞnition
(2) construction
(3) list of basicproperties
(4) distributive property
(5) right exactness
(6) localization is ßat
(7) extension of scalars
(8) applications

4.1. deÞni ti on. First I gave the categoricaldeÞnition and then I gave
an explicit construction.

4.1.1. universal condition. Tensor product is usually deÞnedby the
following universalcondition.

DeÞni ti on 4.1. If E , F are two modulesover a commutativ e ring R,
their tensor product E ⊗ F is deÞnedto be the R-module having the
following universalproperty. First, there existsan R-bilinear mapping

f : E × F → E ⊗ F.

Second,this mapping is universal in the sensethat, for any other R-
module M and bilinear mapping g : E ×F → M , there existsa unique
R-module homomorphismh : E ⊗ F → M making the following dia-
gram commute.

E × F
f !!

g ""!!
!!

!!
!!

! E ⊗ F

∃!h##" "
"

"
"

M

As with all universalconditions, this deÞnitiononly givesthe unique-
nessof E ⊗ F up to isomorphism. For the existencewe needa con-
struction.

4.1.2. construction of E ⊗ F . The mapping f : E × F → E ⊗ F is
not onto. However, the imagemust generate E ⊗ F otherwisewe get
a contradiction. The elements in the imageof f are denoted

f (x, y) = x ⊗ y.

DeÞni ti on 4.2. The tensor product E ⊗ F is deÞnedto be the R
module which is generatedby the symbols x ⊗ y for all x ∈ E, y ∈ F
modulo the following conditions
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(1) x ⊗− is R-bilinear. I.e.
(a) x ⊗ r y = r (x ⊗ y) for all r ∈ R
(b) x ⊗ (y + z) = (x ⊗ y) + (x ⊗ z)

(2) −⊗ y is R-bilinear. I.e.,
(a) r x ⊗ y = r (x ⊗ y) for all r ∈ R
(b) (x + y) ⊗ z = (x ⊗ z) + (y ⊗ z)

I pointed out that these conditions require R to be commutativ e
since

rs(x ⊗ y) = r (sx ⊗ y) = sx ⊗ r y = s(x ⊗ r y) = sr(x ⊗ y).

Propositi on 4.3. E ⊗ F as given in the second deÞnition satisÞes
the universal condition of the Þrst deÞnitionsand therefore, the tensor
product existsand is unique up to isomorphism.

Proof. I said in classthat this is obvious. If there is a bilinear mapping
g : E × F → M , the induced mapping h : E ⊗ F → M must take
the generators x ⊗ y to g(x, y). Otherwise the diagram will not com-
mute. Therefore, h is given on the generatorsand is thus unique. The
only thing we needis to show that h is a homomorphism. But this is
equivalent to showing that the elements of the form

rx ⊗ y − r (x ⊗ y)

and elements corresponding to the other three conditions in the second
deÞnition go to zero in M . But this element goesto

g(r x, y) − r g(x, y) = 0

sinceg is R-bilinear and similarly for the other three elements. So, h
is an R-module homomorphismand we are done. !

4.1.3. functorial properties of tensor product. The Þrst properties I
mentioned were the categorical properties which follow directly from
the deÞnition.

Propositi on 4.4. For a Þxed R-module M , tensor product with M is
a functor

M ⊗− : R-M od→ R-M od.

What this meansis that, given an homomorphismf : A → B there
is an R-module homomorphism

1⊗ f : M ⊗ A → M ⊗ B

which satisÞestwo conditions:
(1) 1⊗ idA = idM ⊗A
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(2) 1⊗ f g = (1⊗ f )(1 ⊗ g).
The deÞnition is (1⊗ f )(x⊗y) = x⊗ f (y). This givesa homomorphism
sincethe mapping M × A → M ⊗ B given by

(x, y) &→ x ⊗ f (y)

is bilinear and thereforeinducesthe desiredmapping 1⊗ f .
More generally, given two homomorphismsf : M → N, g : A → B

we get a homomorphism

f ⊗ g : M ⊗ A → N ⊗ B

by the formula
(f ⊗ g)(x ⊗ y) = f (x) ⊗ g(y).

4.2. exact functo rs and ßat mo dul es. Flat modules are thosefor
which the functor M ⊗− is exact. An exact functor is one that takes
short exact sequencesto short exact sequences.So, Þrst I explained
the deÞnitions.

DeÞni ti on 4.5. An exact sequence is a sequenceof modules and ho-
momorphismsso that the image of each map is equal to the kernel
of the next map. A short exact sequence is an exact sequenceof the
following form:

0→ A !−→ B
"−→ C → 0.

In other words, ! : A → B is a monomorphism, " : B → C is an
epimorphismand im ! = ker" or: C ∼= B/! A.

Sometimesshort exact sequencesare written:

A " B # C.

DeÞni ti on 4.6. A functor F : R-Mod → R-Mod is called exact if it
takesshort exact sequencesto short exact sequences. Thus the short
exact sequenceabove should give the short exact sequence

0→ F A F !−→ F B
F "−→ F C → 0.

DeÞni ti on 4.7. An R-module M is called ßat if M ⊗ − is an exact
functor. I.e.,

0→ M ⊗ A 1⊗!−−→ M ⊗ B
1⊗"−−→ M ⊗ C → 0

is exact for all short exact sequencesA " B # C.

One of the main results (which we will seeis actually trivial) is that
S−1R is ßat for any multiplicativ e set S. I.e., localization is exact.



MATH 101A: ALG EBRA I, PART C: MUL TILINEAR ALG EBRA 15

4.3. l ist of pr operti es. I explainedthat the exactnessof localization
wasoneof the key ideas. However, the explanation required an under-
standing of the basicproperties of tensor product. So, I went back to
the beginning with this list.

(0) (unity) R ⊗M ∼= M .
(1) (commutativ e) M ⊗ N ∼= N ⊗M
(2) (distri butive) N ⊗⊕Mi

∼=
⊕

(N ⊗Mi )
(3) (associative) (A ⊗ B) ⊗ C ∼= A ⊗ (B ⊗ C)
(4) (right exactness) M ⊗ − is right exact, i.e., a short exact se-

quenceA " B # C givesan exact sequence

M ⊗ A 1⊗!−−→ M ⊗ B
1⊗"−−→ M ⊗ C → 0

(5) (localization is exact) I.e., we get an exact sequence:

0→ S−1A → S−1B → S−1C → 0.

(6) (extension of scalars) Given a ring homomorphism R → S,
every R-module M givesan S module S⊗R M .

4.3.1. Grothedieck ring. I did not prove properties (1) and (3). I said
they were obvious. However, I put the Þrst three conditions into a
conceptual framework by pointing out that theseare the axioms of a
ring. The only thing that we donÕthave is an additive inverse. The
algebraicconstruction is as follows.

First, you take the set of all isomorphismclassesof Þnnitely gener-
ated R-modules [M ]. This set has addition and multiplication given
by

[M ] + [N ] = [M ⊕ N ]

[M ][N ] = [M ⊗ N ]

Addition and multiplication areassociative and commutativ e and have
units: [0] is the additive unit and [R] is the multiplicativ e unit. It just
doesnÕthave additive inverses. So, Grothendieck said to just put in
formal inverses:

[M ]− [N ]

which are deÞnedlike fractions:

[M ]− [N ] = [A]− [B ]

if there exists another module C so that

M ⊕ B ⊕ C ∼= N ⊕ A ⊕ C.

This givesa ring whosenameis G(R). The notation K 0(R) is for the
ring of formal di!erences of f.g. projective R-modules.



16 MATH 101A: ALG EBRA I, PART C: MUL TILINEAR ALG EBRA

4.3.2. R⊗M ∼= M . After usingthis formula many times in the lecture,
I decidedI shouldprove it. I put the proof at the beginning in the notes
whereit belongs.

Theo rem 4.8. R ⊗M ∼= M for any R-module M .

Proof. Sincethe mapping

R ×M → M

given by (r, x) &→ r x is bilinear it inducesa mapping

µ : R ⊗M → M

so that µ(r ⊗ x) = rx. The inversemapping # : M → R ⊗M is given
by #(x) = 1⊗ x. We carefully checked that theseare inverseto each
other:

#µ(r ⊗ x) = #(r x) = 1⊗ r x = r (1⊗ x) = r ⊗ x

µ#(x) = µ(1⊗ x) = 1x = x.
So, thesemapsare both isomorphismsof R-modules. !

4.3.3. distributive property. I gave a category theory proof of the dis-
tributivit y of tensor product over direct sum. First I pointed out that
the following formal characterization of direct sum.

Lemma 4.9. M is the direct sum of modulesM 1, · · · , Mn if and only
if there are inclusion mapssi : M i → M and projection mapspi : M →
Mi so that

(1) pj ◦ si = $ij , i.e., equal to the identity mappingon Mi if i = j
and equal to 0 if i *= j .

(2)
∑

si ◦ pi = idM .

I drew the following diagramsto illustrate theseequations.

M i
#ij !!

si $$#
##

##
##

#
Mj pj ◦ si = $ij

M

pj

%%$$$$$$$$

M !!

pi $$%
%%

%%
%%

% M
∑n

i=1 si ◦ pi = idM

M

si

%%&&&&&&&&

This lemma wasproved in any preadditiv e categoryin Part B, The-
orem 7.4.
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Theo rem 4.10. If M ∼=
⊕n

i=1 Mi then

N ⊗M = N ⊗
n⊕

i=1

Mi
∼=

n⊕

i=1

(N ⊗Mi ) .

Proof. Considerthe homomorphisms:

N ⊗Mi
1⊗si−−→ N ⊗M

1⊗pj−−−→ N ⊗Mj

a) (1⊗ pj )(1 ⊗ si ) = 1⊗ pj si = 1⊗ $ij = $ij (1⊗ 1).
b)

∑
(1⊗ si )(1 ⊗ pi ) = 1⊗

∑
si pi = 1⊗ 1 = idN ⊗M .

Theseconditions imply that N ⊗M ∼=
⊕

N ⊗Mi by the above lemma.
!

Remark 4.11. This proof works in any preadditive category to show
that any linear functor distributes over direct sum.

4.4. r ight exactness of tensor pr oduct. I didnÕtprove the right
exactnessof tensorproduct this Þrst time becausethe elementary proof
is messyand not very instructiv e. I just explainedthat thi s is a special
caseof a much more general principle that: ÒAll linear left adjoint
functors are right exact.Ó I will explain this later. The statement of
the theorem is the following.

Theo rem 4.12. Tensorproduct with any R-moduleM sendsany exact
sequence of R-modulesof the form:

A !−→ B
"−→ C → 0

to another exact sequence of the sameform:

M ⊗ A → M ⊗ B → M ⊗ C → 0.

This statement appears stronger than the original statement since
the hypothesis is weaker. But I explained that the Þrst statement
implies this second version. Supposethat we know that M ⊗− sends
short exact sequencesto right exact sequencesas above. Then how
can we concludethat it sendsthe more general right exact sequences
A → B → C → 0 to right exact sequences?

The Þrst statement implies that M ⊗− takesepimorphismsto epi-
morphisms. (In fact this is obvious sincethe generatorsx⊗y ∈ M ⊗C
comefrom generatorsx ⊗ ÷y ∈ M ⊗ B.) ThereforeM ⊗ A maps onto
M ⊗ ! (A). If we assumethe weaker condition that the functor M ⊗−
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takesshort exact sequencesto right exact sequences,then it will take
the short exact sequence

0→ ! (A) %→ B
"−→ C → 0

to an exact sequence

M ⊗ ! (A) → M ⊗ B
1⊗"−−→ M ⊗ C → 0

This says that M ⊗ ! (A) maps onto the kernel of 1⊗ " . But M ⊗ A
maps onto M ⊗ ! (A). So, M ⊗ A also maps onto ker(1⊗ " ). So, we
get an exact sequence

M ⊗ A 1⊗!−−→ M ⊗ B
1⊗"−−→ M ⊗ C → 0.

Here is an exampleof how this is used.

Corol lary 4.13. Supposethat I ⊂ R is an ideal. Then

R/I ⊗M ∼= M /I M

where I M is the submodule of M generated by all products of the form
ax where a ∈ I and x ∈ M . In particular, when I = (p) is principal,
we have

R/ (p) ⊗M ∼= M /pM
where pM = {px | x ∈ M }.

Proof. Supposethat I is generatedby elements ai . Then we have an
epimorphismof R modules

⊕

i

R # I

sending(r i ) ∈
⊕

R to
∑

r i ai ∈ I . This givesan exact sequence
⊕

i

R !−→ R → R/I → 0.

Tensorwith M to give
⊕

i

R ⊗M ! ⊗1−−→ R ⊗M → R/I ⊗M → 0.

Using the isomorphismsµ : R ⊗M ∼= M and # : M ∼= R ⊗M we get
an exact sequence

⊕

i

M
µ(! ⊗1)$−−−−−→ M → R/I ⊗M → 0

whereµ(! ⊗1)# sends(xi ) ∈
⊕

M to
∑

ai xi ∈ M . The imageis equal
to I M by deÞnition. So,R/I ⊗M ∼= M /I M as claimed. !
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For Þnitely generated modulesover a PID we can now compute the
tensor product:

M ⊗
(

Rn ⊕
⊕

R/ (pni
i )

)
∼= M n ⊕

⊕
M /p ni

i M .

4.5. localizati on is exact. Recall that a multiplicative set is a subset
S ⊆ R which is closedunder multiplication, contains 1 and does not
contain 0. The localization S−1R was deÞnedto be the ring of all
fractions r /s wherer ∈ R and s ∈ S modulo the equivalencerelation

r
s
∼ r ′

s′

if there is an element t ∈ S so that r s′t = r ′st. This ring is also an
R-module sincewe have an action of R given by

r · x
s

=
rx
s

.

Propositi on 4.14. For any R-moduleM let S−1M be the setof equiv-
alence classesof fractions x/s where x ∈ M , s ∈ S modulo the equiva-
lence relation x/s ∼ y/s ′ if there is a t ∈ S so that ts′x = tsy. Then
S−1M is an R-module with action of R given by r (x/s ) = rx/s and

S−1M ∼= S−1R ⊗M .

Proof. There is an obvious map S−1R ⊗M → S−1M sendingr /s ⊗ x
to rx/s . The inversemap sendsx/s to 1/s ⊗ x. To show that this is
well-deÞned,take an equivalent element tx/ts . This goesto

1
ts
⊗ tx = t

(
1
ts
⊗ x

)
=

t
ts
⊗ x =

1
s
⊗ x.

The rest of the proof is straightforward. !

Theo rem 4.15. S−1R is a ßat R-module. Equivalently, every short
exact sequence of R-modulesA " B # C induces an exact sequence

0→ S−1A → S−1B → S−1C → 0.

Proof. Since tensor product is right exact, it su"ces to show that
S−1A → S−1B is a monomorphism. This is easy. We can assume
that A ⊆ B and supposethat a ∈ A and s ∈ S so that the element
a/s ∈ S−1A goesto zero in S−1B. This means

a
s
∼ 0

s
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in S−1B. By deÞnition this is equivalent to saying that there exists
t ∈ S so that tsa = 0. But this sameequation implies that a/s = 0/ 1
in S−1A. So,we are done. !

The ring S−1R acts on the module S−1M in the obvious way:
r
s

x
t

=
rx
st

.

This makes S−1M into a module over S−1R. This is an example of
Òextensionof scalars.Ó

4.6. extensi on of scalars. We had a concept before called Òrestric-
tion of scalars.ÓThat was when we had a subring S of R or, more
generally, a ring homomorphism# : S → R and we got an induced
map

#∗ : R- Mod → S- Mod
which sent an R-module M to the samething with the action of S
given by s · x = #(s)x. I.e., we restricted the action of the ring to S.

ÒExtensionof scalarsÓgoesthe other way.

Propositi on 4.16. Given a ring homomorphism # : R → S and an
R-module M , S⊗R M is an S-module with action of S given by

s(t ⊗ x) = st ⊗ x.

The module is sometimeswritt en as S⊗$ M becausethe R-module
structure is given by

r (s⊗ x) = (#(r )s) ⊗ x = s⊗ r x.

This is the R-module structure induced from the S-module structure
by restriction of scalars.

Proof. Multiplication by elements of S givesan R-linear map S → S
and thereforegivesan R-linear map S⊗M → S⊗M by naturali ty of
tensor product. This givesa sequenceof ring homomorphisms

S → EndR(S) → EndR(S⊗M )

which deÞnesthe S-module structure on S⊗M . !
One special caseof this is when R is a domain and F = Q(R) is the

Þeldof fractions.

DeÞni ti on 4.17. Supposethat M is a module over a domain R. Then
the rank of M is deÞnedto be the dimensionof Q(R) ⊗M asa vector
spaceover the Þeld Q(R).

r (M ) = dimQ(R) Q(R) ⊗M .
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Theo rem 4.18. For a f.g. module M over a PID R, if

M ∼= Rr ⊕
⊕

R/ (pni
i ),

the number r is equal to the rank of M and is therefore uniquelydeter-
mined.

Proof. This is a calculation using the fact that

R/ (a) ⊗Q(R) ∼= Q(R)/aQ (R) = 0

sinceaQ(R) = Q(R) for a *= 0:

Q(R) ⊗M = Q(R) ⊗ Rr ⊕
⊕

Q(R)/p ni
i Q(R) ∼= Q(R)r .

!
It still remains to show that the numbers pni

i are uniquely deter-
mined.


