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4. TENSOR PRODUCT

Here is an outline of what I did:

(1) categorical definition

(2) construction

(3) list of basic properties

(4) distributive property

(5) right exactness

(6) localization is flat

(7) extension of scalars

(8) applications

4.1. definition. First I gave the categorical definition and then I gave
an explicit construction.

4.1.1. universal condition. Tensor product is usually defined by the
following universal condition.

Definition 4.1. If F, F' are two modules over a commutative ring R,
their tensor product E ® F is defined to be the R-module having the
following universal property. First, there exists an R-bilinear mapping

fExXF—FE®F.

Second, this mapping is universal in the sense that, for any other R-
module M and bilinear mapping g : £ x F' — M, there exists a unique
R-module homomorphism h : F ® F — M making the following dia-
gram commute.

As with all universal conditions, this definition only gives the unique-
ness of E ® F up to isomorphism. For the existence we need a con-
struction.

4.1.2. construction of E ® F. The mapping f : E X F — E® F is
not onto. However, the image must generate ¥ ® F' otherwise we get
a contradiction. The elements in the image of f are denoted

flz,y) =2 @Y.

Definition 4.2. The tensor product ' ® F' is defined to be the R
module which is generated by the symbols x ® y for all x € E,y € F
modulo the following conditions
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(1) + ® — is R-bilinear. Le.
(a) z@ry=r(z®y) forallr € R
b)) z@(y+2)=(z2y)+ (r® 2)
(2) — ®y is R-bilinear. Le.,
(a) re@y=r(z®y) forallr € R
b) (z+y)@2=(2®2)+ (y®2)

I pointed out that these conditions require R to be commutative
since

rs(x@y) =r(st@y) =sz@ry =s(r@ry) = sr(z®@y).

Proposition 4.3. £ ® I as given in the second definition satisfies
the universal condition of the first definitions and therefore, the tensor
product exists and is unique up to isomorphism.

Proof. 1said in class that this is obvious. If there is a bilinear mapping
g: Ex F — M, the induced mapping h : E® FF — M must take
the generators x ® y to g(z,y). Otherwise the diagram will not com-
mute. Therefore, h is given on the generators and is thus unique. The
only thing we need is to show that h is a homomorphism. But this is
equivalent to showing that the elements of the form

rey—r(r®y)
and elements corresponding to the other three conditions in the second
definition go to zero in M. But this element goes to
g(rz,y) —rg(z,y) =0

since ¢ is R-bilinear and similarly for the other three elements. So, h
is an R-module homomorphism and we are done. O

4.1.3. functorial properties of tensor product. The first properties I
mentioned were the categorical properties which follow directly from
the definition.

Proposition 4.4. For a fived R-module M, tensor product with M s
a functor
M ® —: R-Mod — R-Mod.

What this means is that, given an homomorphism f : A — B there
is an R-module homomorphism
I f M®A—-M®B
which satisfies two conditions:
(1) 1 ®ida = idpga
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2)1efe=012)1xg).
The definition is (1® f)(z®y) = 2® f(y). This gives a homomorphism
since the mapping M x A — M ® B given by

(z,y) — 2 f(y)

is bilinear and therefore induces the desired mapping 1 ® f.
More generally, given two homomorphisms f: M — N,g: A — B
we get a homomorphism

f®g  M®A—-N®B

by the formula
(feg)(z®y) = f(z)®9(y).

4.2. exact functors and flat modules. Flat modules are those for
which the functor M ® — is exact. An exact functor is one that takes
short exact sequences to short exact sequences. So, first I explained
the definitions.

Definition 4.5. An exact sequence is a sequence of modules and ho-
momorphisms so that the image of each map is equal to the kernel
of the next map. A short exact sequence is an exact sequence of the
following form:

0—-ASB LN C —0.
In other words, a : A — B is a monomorphism, § : B — (' is an
epimorphism and im « = ker § or: C' = B/aA.
Sometimes short exact sequences are written:

A— B —C.

Definition 4.6. A functor F' : R-Mod — R-Mod is called ezact if it
takes short exact sequences to short exact sequences. Thus the short
exact sequence above should give the short exact sequence

0— FAL pB 5P po =0,

Definition 4.7. An R-module M is called flat if M ® — is an exact
functor. lLe.,

0= MoAES MeoBEA Moc —0

is exact for all short exact sequences A — B — C.

One of the main results (which we will see is actually trivial) is that
ST1R is flat for any multiplicative set S. I.e., localization is exact.
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4.3. list of properties. I explained that the exactness of localization
was one of the key ideas. However, the explanation required an under-
standing of the basic properties of tensor product. So, I went back to
the beginning with this list.

(0) (unity) R®@ M = M.

(1) (commutative) M @ N =2 N @ M

(2) (distributive) N @ ®@M; = (N @ M;)

(3) (associative) (A® B)®@ C =2 A® (B®C)

(4) (right exactness) M ® — is right exact, i.e., a short exact se-

quence A — B — (' gives an exact sequence

MoAXS MeoBX Mo c =0

(5) (localization is exact) L.e., we get an exact sequence:
0—S 14— S'B—S'C—o.

(6) (extension of scalars) Given a ring homomorphism R — S,
every R-module M gives an S module S ®p M.

4.3.1. Grothedieck ring. 1 did not prove properties (1) and (3). I said
they were obvious. However, 1 put the first three conditions into a
conceptual framework by pointing out that these are the axioms of a
ring. The only thing that we don’t have is an additive inverse. The
algebraic construction is as follows.

First, you take the set of all isomorphism classes of finnitely gener-
ated R-modules [M]. This set has addition and multiplication given
by

[M] +[N] = [M & N|

[M][N] = [M ® N|
Addition and multiplication are associative and commutative and have
units: [0] is the additive unit and [R] is the multiplicative unit. It just
doesn’t have additive inverses. So, Grothendieck said to just put in
formal inverses:
[M] — [N]

which are defined like fractions:

[M] — [N] = [A] - [B]
if there exists another module C' so that

MeBaeC=NaoAaC.

This gives a ring whose name is G(R). The notation Ky(R) is for the
ring of formal differences of f.g. projective R-modules.
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4.3.2. R M = M. After using this formula many times in the lecture,
I decided I should prove it. I put the proof at the beginning in the notes
where it belongs.

Theorem 4.8. R® M = M for any R-module M.

Proof. Since the mapping
RxM— M
given by (r,x) + rz is bilinear it induces a mapping
pw:ROM — M
so that u(r ® x) = rz. The inverse mapping ¢ : M — R ® M is given

by ¢(z) = 1 ® x. We carefully checked that these are inverse to each
other:

op(rex)=9¢rzx)=1rr=r(lz)=rex
pop(r) = p(l@x) = lo ==
So, these maps are both isomorphisms of R-modules. O

4.3.3. distributive property. 1 gave a category theory proof of the dis-
tributivity of tensor product over direct sum. First I pointed out that
the following formal characterization of direct sum.

Lemma 4.9. M is the direct sum of modules My, --- , M, if and only
if there are inclusion maps s; : M; — M and projection maps p; : M —
M; so that
(1) pj os; = 6, i.e., equal to the identity mapping on M, if i = j
and equal to 0 if i # j.
(2) > siop; =idy.

I drew the following diagrams to illustrate these equations.

M; % M; Pj © 8 = 0ij
N
M
M M Do Siop; = idy
N

This lemma was proved in any preadditive category in Part B, The-
orem 7.4.
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Theorem 4.10. If M = @}, M; then

NeM=No@P M= NeM).
=1

=1

Proof. Consider the homomorphisms:

NeM 2% Ne M -2 No M,

a) (1®p;)(1®s;) =1®p;jsi =10 0; = d;(1®1).
b) >(1®s)(1®p)=10> spi=1®1=1idygu.
These conditions imply that N @ M = @ N ® M; by the above lemma.
O

Remark 4.11. This proof works in any preadditive category to show
that any linear functor distributes over direct sum.

4.4. right exactness of tensor product. I didn’t prove the right
exactness of tensor product this first time because the elementary proof
is messy and not very instructive. I just explained that this is a special
case of a much more general principle that: “All linear left adjoint
functors are right exact.” I will explain this later. The statement of
the theorem is the following.

Theorem 4.12. Tensor product with any R-module M sends any exact
sequence of R-modules of the form:

As Bl oo
to another exact sequence of the same form:

MRA—-M®B—-M®C—0.

This statement appears stronger than the original statement since
the hypothesis is weaker. But I explained that the first statement
implies this second version. Suppose that we know that M ® — sends
short exact sequences to right exact sequences as above. Then how
can we conclude that it sends the more general right exact sequences
A — B — (' — 0 to right exact sequences?

The first statement implies that M ® — takes epimorphisms to epi-
morphisms. (In fact this is obvious since the generators xt @y € M @ C
come from generators * @ § € M ® B.) Therefore M ® A maps onto
M ® «a(A). If we assume the weaker condition that the functor M @ —
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takes short exact sequences to right exact sequences, then it will take
the short exact sequence

0—>a(A)<—>Bﬁ>C’—>O

to an exact sequence

M®a(A)—>M®Bﬁ>M®C—>O

This says that M ® a(A) maps onto the kernel of 1 ® 8. But M ® A
maps onto M ® a(A). So, M ® A also maps onto ker(1 ® ). So, we
get an exact sequence

MoAXY veoB Moo —o.

Here is an example of how this is used.
Corollary 4.13. Suppose that I C R is an ideal. Then
R/IT®@ M= M/IM

where IM is the submodule of M generated by all products of the form
ax where a € I and x € M. In particular, when I = (p) is principal,
we have

R/(p) @ M = M/pM
where pM = {px|x € M}.

Proof. Suppose that I is generated by elements a;. Then we have an
epimorphism of R modules
@ R—»1T

sending (r;) € @ R to > r;a; € I. This gives an exact sequence
PR RrR—R/I-0.
Tensor with M to give

Prom =5 ReoM - R/II@M 0.

Using the isomorphisms p: R® M = M and ¢ : M = R® M we get
an exact sequence

D N L R/To M -0

where u(a®1)¢ sends (z;) € @ M to Y a;x; € M. The image is equal
to IM by definition. So, R/I @ M = M/IM as claimed. O
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For finitely generated modules over a PID we can now compute the
tensor product:

Mo (R o @ R/(p) = M o @ M/p M.

4.5. localization is exact. Recall that a multiplicative set is a subset
S C R which is closed under multiplication, contains 1 and does not
contain 0. The localization S™'R was defined to be the ring of all
fractions /s where r € R and s € S modulo the equivalence relation

r /

—_

5
if there is an element t € S so that rs’t = r’st. This ring is also an
R-module since we have an action of R given by
x rx
re—=—.
s s

<

/

V)

Proposition 4.14. For any R-module M let S™'M be the set of equiv-
alence classes of fractions x/s where x € M,s € S modulo the equiva-
lence relation x/s ~ y/s' if there is a t € S so that ts'x = tsy. Then
S~IM is an R-module with action of R given by r(z/s) =rxz/s and

STTM~2ST'Re M.

Proof. There is an obvious map ST'R® M — S™'M sending /s ® x
to rz/s. The inverse map sends x/s to 1/s ® x. To show that this is
well-defined, take an equivalent element ¢tz /ts. This goes to

1 1 t 1
—Rltr=t|—Qr)|="—"RQzr=-Q=x.
ts ts ts S

The rest of the proof is straightforward. U

Theorem 4.15. S7'R is a flat R-module. Equivalently, every short
exact sequence of R-modules A — B — C induces an exact sequence

0—-S1'A—S'B—S'C—o.

Proof. Since tensor product is right exact, it suffices to show that
S7tA — S7!B is a monomorphism. This is easy. We can assume
that A C B and suppose that a € A and s € S so that the element
a/s € S~1A goes to zero in S7!B. This means

a 0

—_ A~ —

S S



20 MATH 101A: ALGEBRA I, PART C: MULTILINEAR ALGEBRA

in S7!B. By definition this is equivalent to saying that there exists
t € S so that tsa = 0. But this same equation implies that a/s = 0/1
in S7'A. So, we are done. O

The ring S~'R acts on the module S~'M in the obvious way:
rrrx

st st
This makes S™'M into a module over S~'R. This is an example of
“extension of scalars.”

4.6. extension of scalars. We had a concept before called “restric-
tion of scalars.” That was when we had a subring S of R or, more
generally, a ring homomorphism ¢ : S — R and we got an induced
map
¢* . R-Mod — S-Mod
which sent an R-module M to the same thing with the action of S
given by s -z = ¢(s)x. Le., we restricted the action of the ring to S.
“Extension of scalars” goes the other way.

Proposition 4.16. Given a ring homomorphism ¢ : R — S and an
R-module M, S ®@r M s an S-module with action of S given by

s(t®z) = st .
The module is sometimes written as S ®, M because the R-module
structure is given by
r(s®@z)=(p(r)s) @x =srx.

This is the R-module structure induced from the S-module structure
by restriction of scalars.

Proof. Multiplication by elements of S gives an R-linear map S — S
and therefore gives an R-linear map S ® M — S ® M by naturality of
tensor product. This gives a sequence of ring homomorphisms

S — Endg(S) — Endg(S @ M)
which defines the S-module structure on S & M. O

One special case of this is when R is a domain and F' = Q(R) is the
field of fractions.

Definition 4.17. Suppose that M is a module over a domain R. Then
the rank of M is defined to be the dimension of Q(R) ® M as a vector
space over the field Q(R).

T(M) = dimQ(R) Q(R) ® M.



MATH 101A: ALGEBRA 1, PART C: MULTILINEAR ALGEBRA 21
Theorem 4.18. For a f.g. module M over a PID R, if
M =R &R/,

the number r is equal to the rank of M and is therefore uniquely deter-

mined.

Proof. This is a calculation using the fact that
R/(a) ® Q(R) = Q(R)/aQ(R) =0
since aQ(R) = Q(R) for a # 0:
QR)® M = Q(R)® R & D QR)/p"Q(R) = Q(R)".
O

It still remains to show that the numbers p;” are uniquely deter-
mined.



