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4. TENSOR PRODUCT

Hereis an outline of what | did:

(1) categorical debnition
(2) construction

(3) list of basicproperties
(4) distributive property
(5) right exactness

(6) localization is Rat

(7) extension of scalars
(8) applications

4.1. debnition. First | gave the categoricaldebnitionand then | gave
an explicit construdion.

4.1.1. universal condition. Tensor product is usually debPnedby the
following universal condition.

DebPnition 4.1. If E,F aretwo modulesover a commutative ring R,
their tensor product E ® F is dePnedto be the R-module having the
following universal property. First, there existsan R-bilinear mapping

f :ExF —-E®F.

Second,this mapping is universalin the sensethat, for any other R-
module M and bilinear mappingg: E x F — M, there existsa unique
R-module homomorphismh : E ® F — M making the following dia-
gram commnute.

ExF— ' EgF

\ e
- |
g " #/ dh

M

As with all universalconditions, this debnitiononly givesthe unique-
nessof E ® F up to isomorphism. For the existencewe needa con-
struction.

4.1.2. construction of E ® F. The mappingf : E xF — E®F is
not onto. Howewer, the image must geneate E ® F otherwisewe get
a cortradiction. The elemens in the imageof f are denoted

f(Xy) =X®Yy.
Debnition 4.2. The tensor product E ® F is debnedto be the R

module which is generatedby the symbolsx @ y for all x € E,y € F
modulo the following conditions
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(1) x ® — is R-bilinear. l.e.
@) xery=r(x@y)forallr eR
(b) x@(y+z)= (x®y)+ (x®2)
(2) — ®y is R-bilinear. l.e.,
@ rxey=r(xey)forallr eR
(b) x+y)®z=(x®2)+ (y®2)

| pointed out that these conditions require R to be commutative
since

rIs(X®y)=r(sx@y)=sx®@ry=s(x@ry)=sr(x®y).

Proposition 4.3. E ® F as given in the second debnition satisbes
the universal condition of the prst debnitionsand therefore, the tensor
product existsand is unique up to isomorphism.

Proof. | saidin classthat this is obvious. If there is a bilinear mapping
g: E xF — M, the induced mappingh : E ® F — M must take
the gereratorsx ® y to g(x, y). Otherwisethe diagram will not com-
mute. Therefare, h is given on the generatorsand is thus unique. The
only thing we needis to shaw that h is a homomorphism. But this is
equivalent to shawing that the elements of the form

IXQy—r(xQy)
and elemens correspnding to the other three conditionsin the second
debnitiongoto zeroin M. But this elemen goesto
9(rx,y) —rg(x,y) = 0

sinceg is R-bilinear and similarly for the other three elemerts. So, h
is an R-module homomorphismand we are done. O

4.1.3. functorial properties of tensor product. The brst properties |
mertioned were the categorical properties which follow directly from
the dePnition.

Proposition 4.4. For a bxeal R-module M, tensor product with M is
a functor
M ® — : R-Mod— R-M od.

What this meansis that, given an homomorphismf : A — B there
is an R-module homomorphism
1f M ®A—-M ®B

which satisbegwo conditions:
(1) 1® |dA = |d|\/| ®A
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2) 1efg= (1)1 ®09).
The dePnitionis (1®f )(x®y) = x®f (y). This givesa homomorphism
sincethe mappingM x A — M ® B given by
(X, y) = x@f(y)
is bilinear and thereforeinducesthe desiredmapping1® f .
More generally given two homomorphismsf : M — N,g: A — B
we get a homomorphism
fog:M®A—-N®B

by the formula

(f g (x®y) =f(x)®@dy).
4.2. exact functo rs and Rat modul es. Flat modules are thosefor
which the functor M ® — is exact. An exact functor is onethat takes

short exact sequenceso short exact sequences.So, brst | explained
the dePnitions.

DebPnition 4.5. An exactseuene is a sequenceof modules and ho-
momorphismsso that the image of each map is equal to the kernel
of the next map. A short exact sggquene is an exact seqienceof the
following form:

0—>A!—>BL>C—>O.

In other words,! : A — B is a monomorphism,” : B — C is an
epimorphismand im! = ker" or: C 2 B/! A.

Sometimesshort exact sequencesre written:
A—B —»C.

DebPnition 4.6. A functor F : R-Mod — R-Mod is called exact if it
takes short exact sequenceso shat exact sequeres. Thus the short
exact sequencebove should give the short exact sequence

0-FAfLFB L FCc—o.

Debnition 4.7. An R-module M is called Rat if M ® — is an exact
functor. l.e.,

0-MoAMeBE5MeC—0
is exact for all short exact sequence®\ — B — C.

One of the main results (which we will seeis actually trivial) is that
SR is Rat for any multiplicativ e set S. I.e., localization is exact.
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4.3. list of properti es. | explainedthat the exactnessof localization
was one of the key ideas. Howeer, the explanation required an under-
standing of the basic properties of tensor product. So,| went bad to
the begnning with this list.

(O) (unity) R@M =M.

(1) (commutative)M @ N =2 N @ M

(2) (distributive) N ® &M; = (N ®@ M)

(3) (asswiative) A®B)® C¥A® (B ®C)

(4) (right exactness) M ® — is right exact, i.e., a short exact se-

guenceA — B — C givesan exact sequence

MoA2MeB 2-M®C -0
(5) (localization is exact) l.e., we get an exact sequence:
0—-S'A—-S'B—-S'C—o.

(6) (extension of scalars) Given a ring homomorphismR — S,
every R-module M givesan S module S ®zr M.

4.3.1. Grothdieck ring. | did not prove properties (1) and (3). | said
they were obvious. Howewer, | put the Prst three conditions into a
conceptualframework by pointing out that theseare the axioms of a
ring. The only thing that we donOthave is an additive inverse. The
algebraicconstruction is asfollows.

First, you take the set of all isomorphismclassesf Pnnitely gener-
ated R-modules[M]. This set has addition and multiplication given
by

M]+ [N]=[M &N]

MIIN]= [M ®N]

Addition and multiplication are assaiative and commnutativ e and have
units: [0] is the additive unit and [R] is the multiplicativ e unit. It just
doesnOhave additive inverses. So, Grothendie& said to just put in
formal inverses:

[M]—I[N]
which are debnedlike fractions:

M]—INT= [A] - [B]
if there exists another module C sothat
MaeBadC=NadA®C.

This givesa ring whosenameis G(R). The notation K((R) is for the
ring of formal di'lerences of f.g. projective R-modules.
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4.3.2. RM = M. After usingthis formula many timesin the lecture,
| decidedI shouldproveit. | put the proof at the beginning in the notes
whereit belongs.

Theorem 4.8. R@M = M for any R-module M .

Proof. Sincethe mapping
RxM —M
given by (r,x) — rx is bilinear it inducesa mapping
HL:R®M — M
sothat p(r ® x) = rx. The inversemappng #: M — R ® M is given
by #(x) = 1® x. We carefully chedked that theseare inverseto eadh
other:
HU(r @ x) = #(rx) = 1@rx=r(lex)=r ®x
PE(X) = H(l ® X) = Ix = X.
So, thesemapsare both isomorphismsof R-modules. O

4.3.3. distributive property. | gave a categorytheory proof of the dis-
tributivit y of tensor product over direct sum. First | pointed out that
the following formal characterization of direct sum.

Lemma 4.9. M is the direct sum of madulesM, --- , M, if and only
if there are inclusion mapss; : M; — M and projection mapsp, : M —
M; sothat
(1) p osi = &, i.e,, equal to the identity mappingon M; if i = |
andequalto Oif i # j.
(2) Yosiop = idm.

I drew the following diagramsto illustrate theseequations.

#.
Mj ———— M
S
M
I — Y
N
M

This lemmawas proved in any preadditiv e categoryin Part B, The-
orem?7.4.

P osi = §

Zinzl S o pi = IdM
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Theorem 4.10. If M = B, M; then

n n
NoM=NaPM=PNoM).
i=1 i=1

Proof. Considerthe homomorphisms:

NoM 2N oM 2L N e M,

a) (1®pj)(l®s.) = 1®iji = 1®$J = $J' (1@1)

b) >(1os)(leop)=10) sip=1®@1=idvem.
Theseconditionsimply that N @M = N ® M; by the above lemma.
]

Remark 4.11 This proof works in any preadditive categoryto shav
that any linear functor distributes over direct sum.

4.4. right exactness of tensor product. | didnOtprove the right
exactnesof tensorproduct this Prsttime becausdhe elenenary proof
is messyand not very instructive. | just explainedthat thisis a special
caseof a much more geneal principle that: OAIl linear left adjoint
functors are right exact.O | will explain this later. The statemert of
the theoremis the following.

Theorem 4.12. Tensorproduct with any R-moduleM sendsany exact
sguene of R-modulesof the form:

ALB-C—0
to another exactsequene of the sameform:
MA—-M®B —->M®C —D0.

This statemert appears stronger than the original statemen since
the hypothesisis weaker. But | explained that the Prst statement
implies this secoml version. Supposethat we know that M ® — sends
short exact sequencedo right exact sequencesas above. Then how
can we concludethat it sendsthe more generalright exact sequences
A — B — C — 0to right exact sequences?

The prst statement implies that M ® — takesepimorphismsto epi-
morphisms. (In fact this is obvious sincethe generatorsx y e M @ C
comefrom generatorsx ® ¥ € M ® B.) ThereforeM ©® A mapsonto
M ®! (A). If we assumethe wealer condition that the functor M ® —
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takesshort exact seqiencesto right exact sequiencesthen it will take
the short exact sequence

0-1(A)%B -C—0
to an exactsequence
Ma!(A)—-MeB-25M®C—0

This saysthat M ® ! (A) mapsonto the kernelof 1®". But M ® A
mapsonto M ® ! (A). So,M ® A alsomapsonto ker(1®"). So,we
get an exact sequence

MoA2MeB 22MeC 0.
Hereis an exampleof how this is used.

Corollary 4.13. Supmsethat | C R is an ideal. Then
Rl @M = M/l M

whee | M is the submalule of M genented by all products of the form
ax wherea el andx € M. In particular, whenl = (p) is principal,
we have

R/(p) ®M 2 M/pM

where pM = {px|x € M }.

Proof. Supposethat | is generatedby elements a. Then we have an
epimorphismof R modules

PR |
i
sending(ri) e @R to >_ria € 1. This givesan exact sequence
PR—-R RN —0.
i

Tensorwith M to give
PrReM “5RE&M —RI &M — 0.
i
Using the isomorphismsp: R@M 2 M and#: M 2 R® M we gd
an exact sequemwe
Dm L2 M S RI @M -0
i

wherep(! ® 1)# sends(xj) € @M to > ax; € M. The imageis equal
to I M by debPnition. So,R/ @ M 2 M/l M asclaimed. O
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For Pnitely generatel modulesover a PID we can now compute the
tensor product:

|w®(RM@Q9Ruw»>eM”@QBmmPM.

4.5. localizati on is exact. Recallthat a multiplicative set is a subset
S C R which is closedunder multiplication, cortains 1 and does not
cortain 0. The localization S™'R was debPnedto be the ring of all
fractionsr/s wherer € R and s € S modulo the equivalencerelation

rr

s g
if thereis an elemen t € S sothat rs't = r’st. This ring is also an
R-module sincewe have an action of R given by

X _ rx
s s’

Proposition 4.14. For any R-module M let S~'M ke the setof equiv-

alene classesof fractions x/s where x € M,s € S madulo the equiva-

lence relation x/s ~ y/s’ if thereis at € S sothat ts’x = tsy. Then
S~!M is an R-module with action of R givenbyr(x/s) = rx/s and

S'M S 'R M.

Proof. There is an obvious map S"'R ® M — S~!M sendingr/s ® x
to rx/s. The inversemap sendsx/s to 1/s ® x. To show that this is
well-dePnedtake an equivalert elemen tx/ts . This goesto

1 1 t 1
— QX =1 =®X]= —@X= -QX
ts ts ts S

The rest of the proof is straightforward. O

Theorem 4.15. S'R is a Bat R-module. Equivalently, every short
exactseguene of R-modulesA — B — C induces an exactsauene

0—-S'A—-S'B-S'C—o0.

Proof. Since tensor product is right exact, it su"ces to show that
S!A — S7!B is a monomorphism. This is easy We can assume
that A C B and supposethat a € A and s € S sothat the elemert
als € S7'A goesto zeroin S7!B. This means

a o0

—_ A~ —

S S
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in S™'B. By dePnition this is equivalert to saying that there exists
t € S sothat tsa = 0. But this sameequation implies that a/s = 0/1

in S7*A. So,we are done. O
The ring SR acts on the module S~!'M in the obvious way:
rx _ rx
st st

This makes S™'M into a module over S™'R. This is an example of
Oextensiorof scalars.O

4.6. extensi on of scalars. We had a conceptbefore called Orestric-
tion of scalars.OThat was when we had a subring S of R or, more
generally a ring homomorphism# : S — R and we got an induced
map
#* . R-Mod — S-Mod
which sert an R-module M to the samething with the action of S
givenby s - x = #(s)x. l.e., we restricted the action of the ring to S.
OExtensionof scalasOgoesthe other way.

Proposition 4.16. Given a ring homomophism# : R — S and an
R-module M, S ®g M is an S-module with action of S given by

S(t ® X) = st® X.
The module is sometimeswritt enasS ®g M becausehe R-module
structure is given by
r(s@x) = (#(r)s) ®x = s®rx.

This is the R-module structure induced from the S-module structure
by restriction of scalars.

Proof. Multiplication by elemerts of S givesan R-linearmap S — S
and thereforegivesan R-linear mapS®M — S® M by naturality of
tensor product. This givesa sequenceof ring homomorphisms

S — EndR(S) — EndR(S (029 M)
which debPneghe S-module structure on S @ M. O

One special caseof this is whenR is a domainand F = Q(R) is the
peld of fractions.

Debnition 4.17. Supposethat M is a module overadomainR. Then
the rank of M is dePnedto be the dimensionof Q(R) ® M asa vector
spaceover the beld Q(R).

r(M) = dimor) Q(R) @ M.
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Theorem 4.18. For af.g. moduleM overa PID R, if
M =R o PR/ ("),
the numter r is equalto the rank of M and is therefore uniquely deter
mined.
Proof. This is a calculation using the fact that
R/(a) ® Q(R) = Q(R)/aQ(R) = 0
sinceaQ(R) = Q(R) for a# 0:
QR)®M = QR) @R & P Q(R)/p"Q(R) = Q(R)".
U

It still remains to show that the numbers p are uniquely deter-
mined.



