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algebra.

CONTENTS
[1.  Bilinear forms and quadratic forms| 1
(L.1. definition of bilinear forml 1
[1.2.  quadratic form| 2
[1.3.  nondegenerate bilinear forms| 3
[1.4. nonsingular bilinear forms| 3
2. Matrix of a bilinear forml 6
[2.1.  matrix as homomorphism| 6
2.2. dual bases 7
[2.3.  basis for homomorphisms| 7
[3.  Naturality and contravariant functors| 9
(3.1.  natural transformations| 9
[3.2. _contravariant functors| 10
[3.3.  unnaturality of the duall 10
[4.  Tensor product| 12
4.1, definitionl 12
4.2, exact functors and flat modules| 14
[4.3. list of properties| 15
[4.4.  right exactness of tensor product) 17
4.5. localization is exactl 19
4.6. _extension of scalars| 20
0. Modules over a PIDI 22
b1 rank 22
5.2. p-rank 22
[5.3.  p-primary modules| 24




MATH 101A: ALGEBRA I, PART C: MULTILINEAR ALGEBRA 1

1. BILINEAR FORMS AND QUADRATIC FORMS

To save time, I am talking about bilinear forms and quadratic forms
at the same time. We assume throughout that R is a commutative
ring. (This will make E ®g F' into an R-module for R-modules E, F.)

1.1. definition of bilinear form.

Definition 1.1. If E, F' are R-modules, a bilinear form on E x F' is
an R-bilinear map
f:ExXF —R.

Le.,

(1) f(z,—): F — R is linear for each z € E and
(2) f(—,y): E — R is linear for each y € F.

In the case F = F, f is called a bilinear form on E.

Example 1.2. F=F =R"and f: E x FF — R is given by

i=1

In this example you can see why R needs to be commutative:

[z, ry) :Zxﬂ“?/z‘ :rzxiyizrf(xay)

holds because x;r = rx;. This is an example of a symmetric bilinear
form on E where symmetric means

flz.y) = [y, ).
Example 1.3. £ = R" = F and f is given by
f(x,y) = Z%?Jj - LjYi-
i<j
This is an example of an alternating form which means
Note that “symmetric” and “alternating” only apply to the case ' = F.

Example 1.4. Take R = Rand £ = F = C°(I), the ring of continuous
functions I = [0, 1] — R considered as an R-module. Then f is given

by
F(6.0) = /O o) (x) de.

This is a symmetric bilinear form.
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The notation
fx,y) = (z,y)
is sometimes used, especially in this last example.
Here is a general example where E # F.
Example 1.5. Let E be any R-module and let F' = Hompg(E, R). Let
f:ExHomg(E,R) — R

be given by
[z, g9) = g(x).
This is R-linear in x by definition and it is R-linear in g because of

the way the R-module structure of Homg(FE, R) is defined, namely by
pointwise addition and scalar multiplication given by

rg(x) = g(rz)

This definition only works if R is commutative:
s(rg)(z) = rg(sz) = g(rsz) = (rs)g(x).

1.2. quadratic form. I gave two definitions of a quadratic form and
showed that one implies the other.

Definition 1.6. (This definition requires + € R.) A quadratic form

2
on F is a function f: EF — R so that
1

for some symmetric bilinear form g on E.
The second definition works for any ring R.

Definition 1.7. A quadratic form on FE is a function f : £ — R so
that

(1) f(rz) =r*f(z) for every r € R,z € E.
(2) The function g(z,y) := f(x +y) — f(x) — f(y) is a symmetric
bilinear form on F.

To see that the second definition implies the first, suppose that x = y.
Then

g(@, ) = f(2x) = 2f(x) = 4f(x) — 2f(z) = 2f ().
This implies that f(z) = 3g(z,z) if 3 € R. Conversely, f(z) =
% g(x,z) is easily seen to satisfy the second definition.
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1.3. nondegenerate bilinear forms.

Definition 1.8. Given a bilinear form f: Ex F — Rand S C E, |
defined

St={yecF|f(x,y) =0Vr €S}
Similarly, if 7" C F' then

T ={zcE|flr,y) =0Yy T}

Proposition 1.9. Suppose E = F and f : E x E — R is symmetric
or alternating. Then

St=4~g
for any S C F.

It is easy to see that S+ is always a submodule of F' and L T is
always a submodule of E. However, in class I only pointed this out in
the case of Y F' C E and E+ C F. These are important because they
are the kernels of the maps

¢ E — Hompg(F, R)
and
Yy F — Hompg(E, R).

Definition 1.10. We say that f : E x F' is nondegenerate on the left
if F+ =0, i.e., ¢ is a monomorphism. We can that f is nondegenerate
on the right if E+ =0, i.e., 1; is a monomorphism.

Lang uses the notation Ey = *F and F, = E*.

Proposition 1.11. Fvery bilinear form f : E X F' — R induces a
nondegenerate (on both sides) bilinear form

f:E/Eyx F/Fy — R
by the equation

f(fL‘—f—Eo,y—i—Fo) :f($,y)

1.4. nonsingular bilinear forms.

Definition 1.12. A bilinear form f : £ x F' — R is nonsingular on
the left if

¢ : E = Homp(F, R)
is an isomorphism. It is nonsingular on the right if
Vs F = Hompg(E, R)

is an isomorphism. f is called nonsingular if it is nonsingular on both
sides.
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We discussed why nonsingularity on the left and right were different.
It is because a module is not always equal to its “double dual.”

Definition 1.13. The dual E* of any R module FE is defined by
E* = Hompg(F, R).

If f: ExF — R is nonsingular on the left then ¢, : £ = F*.
Nonsingularity on the right would mean that
Yy F = Hompg(F*,R) = F*™

But there are well-known examples where this is not true. There are
also easy examples: If F' is a torsion module over a PID R then F™* = 0.
The well-known example is V' a countably infinite dimensional vector
space over Q. Then V* is uncountable dimensional and V** is even
bigger dimensional.
There is a related isomorphism:

Proposition 1.14. The mapping which sends a bilinear form f to
¢p: B — F* and to ¢y : F' — E* gives isomorphisms of R-modules:
L*(E x F,R) = Homg(E, Homg(F, R))
= Hompg(F,Homg(FE, R))

Proof. The inverse of the first mapping is given by sending ¢ : £ — F*
to

[, y) = o(x)(y).
O

This proposition is about all possible f. For a fixed nonsingular f,
we get a different formula:

Theorem 1.15. If f : E x F' — R is nonsingular then we get an
induced isomorphism of R-modules

Endg(E) = L*(E x F,R)
where A € Endg(E) is mapped to the function fA given by
fA(z,y) = f(Az,y).
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Remark 1.16. On the second day, I pointed out that this theorem re-
quires only that f : E X ' — R be nonsingular on the left.

Proof. We know that
L*(E x F,R) = Homg(E, F*)
and that a bilinear form g maps to the homomorphism ¢, : £ — F*
given by
60() = 9(z, ).
The definition of nonsingular on the left means that ¢ : £ — F™* is an
isomorphism. But, [ = F implies that
Hompg(E, F*) =2 Homg(E, E) = Endg(E).

We conclude that

L*(E x F,R) = Homg(E, F*) = Homg(E, E) = Endg(E).
The only question is: What is the formula for this isomorphism?

The isomorphism is given by composition with the inverse gb;l :
F* — E. So, g corresponds to A = ¢JZ1 o ¢4 which, when applied to
x € I gives

Az = ¢ (¢4(2)).
Applying ¢ to both sides we got:
f(Az, =) = ¢y(z) = g(z, —)
which is the formula in the theorem. U

The significance of this theorem is that it shows the need for a second
bilinear form, namely f, in order to express ¢ in matrix form.



6 MATH 101A: ALGEBRA I, PART C: MULTILINEAR ALGEBRA

2. MATRIX OF A BILINEAR FORM

Suppose that £ = R™ and F' = R™ are free R-modules with bases
{ai,--+ ,a,} and {by,--- b, }. If f: E'x F — R is any bilinear form,
we get a bunch of scalars:

f(ai, b]) = gij c R.

These scalars determine the bilinear form f uniquely since arbitrary
elements z € E,y € F are given by

a::Z:v,-ai, y:Zyjbj.
Then
flay) =T <Z Tia;, Z%‘@') =D wmyiflanb) =D > wiyig;
J (]

This can be written in matrix form as
f(X,Y) = tEXGY

where X, Y are column vectors with coordinates x;, y;, X is the trans-
pose and G = (g;;) is the n x m matrix with ij-entry equal to g;;.

2.1. matrix as homomorphism. At this point I tried to explain that
there are hidden nonsingular forms in the matrix equation. This is
because the product of a row matrix and a column matrix is the their
dot product:

fXY) = (X, GY),

(X, Z)p, = lezl

is the dot product in E. This is a nonsingular symmetric bilinear form.
The bilinear form can also be written in terms of the dot product in F"

F(X,Y)=('GX,Y),

The point is that, given a fixed nonsingular form on E or F' we can
express bilinear forms as homomorphisms:

where

Proposition 2.1. If E, F' are free and finitely generated over R then
a bilinear form f on E x F is given by

where G = (g;;) € Hompg(F, E) is uniquely determined by f.
This is just a rewording of what I explained earlier (that the ma-
trix determines f). I just needed to explain how matrices give ho-

momorphisms. This is just standard linear algebra but over arbitrary
commutative rings.
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2.2. dual bases. First, we need the dual basis on F. If by,--- ,b,, is
the basis for F' then we have the dual basis b7, --- , b, € F* given by

Le., b} picks out the jth coordinate of x.

Theorem 2.2. The b form a basis for F* = R™.

Proof. First, the b; generate F*. To show this let f : FF — R be any
homomorphism. Then f is determined by the numbers f(b;) =¢; € R
and f = > ¢;bf by the following:

flz)=f (Z xibi) = inf(bi) = inci = chbf(x)

This shows that f = > ¢;b;. Therefore, these dual elements b} generate
F* and give an epimorphism

¢:R™ — F*.

Next we have to show that ¢ is 1-1, i.e., its kernel is zero. So, suppose
that

O(x1,- - Tm) = leb;‘ =0¢e F".
If we apply this element of F'* to the basis element b; we get

Since this is true for all j, x = (21, - ,z,) = (0,---,0). So, ¢ is an
isomorphism and the 0} form a basis for F™*. U

2.3. basis for homomorphisms.

Corollary 2.3. If E = R" and F = R™ are free with bases {a;},{b;}
then Hompg(F, E) = R™™ is free with basis the functions a;b; given by

a;bj(y) = y;a;
ify=>"y;b;.

This corollary says that a homomorphism is given by a linear com-
bination
9= Z gijaib;
4]
and the action of ¢ is given by

g(x) =g (Z ijj> = ijgijai = (ag, -+ ,a,)GX
,J

(matrix multiplication) where G = (g;;) and X = (z;).
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I gave a (much longer than necessary) categorical proof of this corol-
lary using the following lemma.

Lemma 2.4.
Hompz(M,A® B) = Homg(M, A) ® Homg(M, B)

Proof. This follows from the universal property of the product
AxB=A&B

namely, a homomorphism into the product f : M — A @ B is given
uniquely by the projections p1f : M — A and pof : M — B. So, the
isomorphism in the lemma is given by

f = <p1f7p2f)

and the inverse is given by

(f,9) = s1f + sag
where s1: A - A® B and s, : B — A® B are the inclusion maps. [
Proof of Corollary. Since E = R"™ we have by the lemma that

Homp(F, E) & Homp(F, &, R) = @) Homp(F, R) = (F*)".

Since the ith inclusion map s; : R — F = R" is given by
si(r) =ra;
the basis elements of Hompg(F, E) are

* >k



MATH 101A: ALGEBRA I, PART C: MULTILINEAR ALGEBRA 9

3. NATURALITY AND CONTRAVARIANT FUNCTORS

Somehow, I got into a long explanation about contravariant functors
and naturality.

3.1. natural transformations. The concept of “naturality” is made
precise with the definition of a natural transformation. One example I
used was the commutator subgroup G’ = [G, G] of a group G vs. its
center Z(G). I claimed that G’ was natural but Z(G) was not natural.
This comes from the fact that any homomorphism G — H sends G’
into H' but does not necessarily send Z(G) to Z(H).

Definition 3.1. Suppose that F,G : A — B are functors between
categories A, B. Then a natural transformation n : F — G is defined
to be an operation which assigns to each object A € A a morphism in
B of the form n4 : FA — G A so that, for all morphisms f: A — B in
A, we have the following commuting square of morphisms in B.

Ff
FA——FB

ﬂAl J/WB
Gf

GA—GB

For example, if A = B = Gps, the inclusion map is a natural trans-
formation from G’ to G. This is a natural transformation from the
commutator subgroup functor to the identity functor.

Another example is the torsion submodule tM of a module M over a
PID R. The following commuting diagram shows that ¢tM is a natural
submodule of M and M /tM is a natural quotient module.

tN ——> N — N/tN

]

tM —— M — M/tM

The two squares in this diagram mean we have two natural transfor-
mations

t —id — id/t

“Natural” is not the same as “functorial.” It means more. In order
to have naturality, we need two functors and a natural transformation.

The dual E* of E is thus functorial but not natural. But it is con-
travariantly functorial.



10 MATH 101A: ALGEBRA I, PART C: MULTILINEAR ALGEBRA

3.2. contravariant functors.

Definition 3.2. If A and B are categories, a contravariant functor
F:A—-B
is a pair of mappings
(1) a mapping F' : Ob(A) — Ob(B), i.e., for each A € A we have

FAeB.
(2) for every morphism f: A — B in A we get a morphism

Ff=f":FB—FA

satisfying the two conditions:

(a) FZdA = (ZdA)* = idFA

(b) (fog) =g of
Example 3.3. Suppose that X is any fixed R-module. Then we have
a contravariant functor

Hompg(—, X) : R-Mod — Z-Mod
sending M to Hompg(M, X).

Example 3.4. If X is a topological space, let C°(X) be the ring of all
continuous functions X — R. This is a contravariant functor

C°: Top — Rings

from the category of topological spaces and continuous maps to the
category of rings and ring homomorphisms.

Duality £ — E* = Hompg(F, R) is a contravariant functor.
So, E* is functorial and its elements behave in a functorial way.
However, the dual basis is not natural.

3.3. unnaturality of the dual.

Theorem 3.5. There is no natural isomorphism E = E* in the cate-
gory of finitely generated free R-modules and isomorphism.

First, what does this theorem say? We take the category C whose ob-
jects are f.g. free R-modules and whose morphisms are isomorphisms.
By a natural isomorphism ¢g : £ — E* we mean an isomorphism which
makes the following diagram commute for any isomorphism f : £ = F
of f.g. free R modules:

p—l.F

| e

ETF
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Proof. 1 proved this by contradiction. But the proof assumes the 141 #
0, i.e., the characteristic of the ring is not 2. Suppose there is such a
natural isomorphism. Let £ = F = R? be free on two generators v, w.
Then E* is free on the dual basis elements v*, w*. Let f: F — FE be
the isomorphism given by f(v) = v and f(w) = v +w (doing two cases
at once). Then f*(w*) = +w* since

ffw (zv + yw) = w* f(zv + yw) = w*(zv + yv £ yw) = ty
and f*(v*) = v* + w* since

f o' (zv + yw) = 0" f(zv + yw) = v*(zv + yv £ yw) = x + y.
Now suppose that there is some isomorphism ¢ : £ — E* which makes

the diagram commute. Then ¢ = f*¢f. Suppose that ¢(v) = zv* +
yw*. Then

o(v) = fof(v) = fTo(v) = [H(av" +yw") = 2v” + zw” + yw™.
In order for this to be equal to f(v) = zv* + yw* we must have
y=z+y=z-y
since the same isomorphism ¢ must work for both functions f. This

implies that z = 0 and 2y = 0. But, for ¢ to be an isomorphism, we
must have y invertible in the ring. So, 2 = 0. U

When you looked at this counterexample, you can see one of the
reasons that the dual basis is not natural: When we changed the second
basis element from w to v + w, it was the dual basis element v* which
changed. This dual element v* depends not on v but on your choice of
the other basis element w (or, in higher dimensions, v} depends on all
vj where j # ). The reason is that the other basis elements must span
the kernel of v} by definition. So, they are the ones that determine
what v} are up to a scalar multiple.
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4. TENSOR PRODUCT

Here is an outline of what I did:

)
) list of basic properties
) distributive property
) right exactness
) localization is flat
)

4.1. definition. First I gave the categorical definition and then I gave
an explicit construction.

4.1.1. universal condition. Tensor product is usually defined by the
following universal condition.

Definition 4.1. If F, F' are two modules over a commutative ring R,
their tensor product E ® F is defined to be the R-module having the
following universal property. First, there exists an R-bilinear mapping

fExXF—FE®F.

Second, this mapping is universal in the sense that, for any other R-
module M and bilinear mapping g : £ x F' — M, there exists a unique
R-module homomorphism h : F ® F — M making the following dia-
gram commute.

d E@F

\\ e
“ |
g e Jh

M

As with all universal conditions, this definition only gives the unique-
ness of E ® F up to isomorphism. For the existence we need a con-
struction.

4.1.2. construction of E ® F. The mapping f : E X F — E® F is
not onto. However, the image must generate £ ® F' otherwise we get
a contradiction. The elements in the image of f are denoted

flz,y) =1 ®vy.

Definition 4.2. The tensor product ' ® F' is defined to be the R
module which is generated by the symbols x ® y for all x € E,y € F
modulo the following conditions
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(1) + ® — is R-bilinear. Le.
(a) z@ry=r(z®y) forallr € R
b)) z@((y+2)=(z®y)+ (r® 2)
(2) — ®y is R-bilinear. Le.,
(a) re@y=r(zx®y) forallr € R
b) (z+y)@2z=(2®2)+ (y®2)

I pointed out that these conditions require R to be commutative
since

rs(x@y) =r(st@y) =sx@ry =s(r@ry) = sr(z®@y).

Proposition 4.3. £ ® I as given in the second definition satisfies
the universal condition of the first definitions and therefore, the tensor
product exists and is unique up to isomorphism.

Proof. 1said in class that this is obvious. If there is a bilinear mapping
g: Ex F — M, the induced mapping h : E® FF — M must take
the generators x ® y to g(z,y). Otherwise the diagram will not com-
mute. Therefore, h is given on the generators and is thus unique. The
only thing we need is to show that h is a homomorphism. But this is
equivalent to showing that the elements of the form

rey—r(r®y)
and elements corresponding to the other three conditions in the second
definition go to zero in M. But this element goes to
g(rz,y) —rg(z,y) =0

since ¢ is R-bilinear and similarly for the other three elements. So, h
is an R-module homomorphism and we are done. O

4.1.3. functorial properties of tensor product. The first properties I
mentioned were the categorical properties which follow directly from
the definition.

Proposition 4.4. For a fived R-module M, tensor product with M s
a functor
M ® —: R-Mod — R-Mod.

What this means is that, given an homomorphism f : A — B there
is an R-module homomorphism
I f M®A—-M®B
which satisfies two conditions:
(1) 1 ®ida = idpyga
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2)1efe=01)1xg).
The definition is (1® f)(z®y) = 2® f(y). This gives a homomorphism
since the mapping M x A — M ® B given by

(z,y) — 2 f(y)

is bilinear and therefore induces the desired mapping 1 ® f.
More generally, given two homomorphisms f: M — N,g: A — B
we get a homomorphism

f®g  M®A—-N®B

by the formula
(feg)(z®y) = f(z)®9(y).

4.2. exact functors and flat modules. Flat modules are those for
which the functor M ® — is exact. An exact functor is one that takes
short exact sequences to short exact sequences. So, first I explained
the definitions.

Definition 4.5. An exact sequence is a sequence of modules and ho-
momorphisms so that the image of each map is equal to the kernel
of the next map. A short exact sequence is an exact sequence of the
following form:

0—-ASB LN C —0.
In other words, a : A — B is a monomorphism, § : B — (' is an
epimorphism and im«a = ker § or: C' = B/aA.
Sometimes short exact sequences are written:

A— B —C.

Definition 4.6. A functor F' : R-Mod — R-Mod is called ezact if it
takes short exact sequences to short exact sequences. Thus the short
exact sequence above should give the short exact sequence

0— FAL pB 5P po =0,

Definition 4.7. An R-module M is called flat if M ® — is an exact
functor. lLe.,

0= MoAES MeoBEL Moc —0

is exact for all short exact sequences A — B — C.

One of the main results (which we will see is actually trivial) is that
STIR is flat for any multiplicative set S. ILe., localization is exact.
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4.3. list of properties. I explained that the exactness of localization
was one of the key ideas. However, the explanation required an under-
standing of the basic properties of tensor product. So, I went back to
the beginning with this list.

(0) (unity) R@ M = M.
(1) (commutative) M @ N = N @ M
(2) (distributive) N @ ®@M; = (N @ M;)
(3) (associative) (A® B)®@ C =2 A® (B® C)
(4) (right exactness) M ® — is right exact, i.e., a short exact se-

quence A — B —» (' gives an exact sequence

MoAXS MeoBX Moo —0

2
3
4

(5) (localization is exact) L.e., we get an exact sequence:
0—S 14— S'B—S'C—o.

(6) (extension of scalars) Given a ring homomorphism R — S,
every R-module M gives an S module S ®p M.

4.3.1. Grothedieck ring. 1 did not prove properties (1) and (3). I said
they were obvious. However, 1 put the first three conditions into a
conceptual framework by pointing out that these are the axioms of a
ring. The only thing that we don’t have is an additive inverse. The
algebraic construction is as follows.

First, you take the set of all isomorphism classes of finnitely gener-
ated R-modules [M]. This set has addition and multiplication given
by

[M] +[N] = [M & N|

[M][N] = [M ® N|
Addition and multiplication are associative and commutative and have
units: [0] is the additive unit and [R] is the multiplicative unit. It just
doesn’t have additive inverses. So, Grothendieck said to just put in
formal inverses:
[M] — [N]

which are defined like fractions:

[M] - [N] = [A] - [B]
if there exists another module C so that

MeBaC=NaoAaC.

This gives a ring whose name is G(R). The notation Ky(R) is for the
ring of formal differences of f.g. projective R-modules.
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4.3.2. R M = M. After using this formula many times in the lecture,
I decided I should prove it. I put the proof at the beginning in the notes
where it belongs.

Theorem 4.8. R® M = M for any R-module M.

Proof. Since the mapping
RxM— M
given by (r,x) + rz is bilinear it induces a mapping
pw:ROM — M
so that u(r ® x) = rz. The inverse mapping ¢ : M — R ® M is given

by ¢(z) = 1 ® x. We carefully checked that these are inverse to each
other:

op(rex)=9¢rzx)=1rr=r(lz)=rex
pop(r) = p(l@x) = 1o ==
So, these maps are both isomorphisms of R-modules. O

4.3.3. distributive property. 1 gave a category theory proof of the dis-
tributivity of tensor product over direct sum. First I pointed out that
the following formal characterization of direct sum.

Lemma 4.9. M is the direct sum of modules My, --- , M, if and only
if there are inclusion maps s; : M; — M and projection maps p; : M —
M; so that
(1) pj os; = 65, i.e., equal to the identity mapping on M, if i = j
and equal to 0 if i # j.
(2) dos;0p; =idyy.

I drew the following diagrams to illustrate these equations.

M; % M; Pj © 8 = 0ij
N
M
M M Do Siop; = idy
N

This lemma was proved in any preadditive category in Part B, The-
orem 7.4.
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Theorem 4.10. If M = @}, M; then

NeM=No@P M= NeM).
=1

=1

Proof. Consider the homomorphisms:

NeM 2% Ne M -2 No M,

a) (1®p;)(1®s;) =1®p;jsi =19 0; = d;(1®1).
b) >(1®s)1@p)=10> spi=1®1=1idygu.
These conditions imply that N @ M = @ N ® M; by the above lemma.
O

Remark 4.11. This proof works in any preadditive category to show
that any linear functor distributes over direct sum.

4.4. right exactness of tensor product. I didn’t prove the right
exactness of tensor product this first time because the elementary proof
is messy and not very instructive. I just explained that this is a special
case of a much more general principle that: “All linear left adjoint
functors are right exact.” I will explain this later. The statement of
the theorem is the following.

Theorem 4.12. Tensor product with any R-module M sends any exact
sequence of R-modules of the form:

As Bl oo
to another exact sequence of the same form:

MRA—-M®B—-M®C—0.

This statement appears stronger than the original statement since
the hypothesis is weaker. But I explained that the first statement
implies this second version. Suppose that we know that M ® — sends
short exact sequences to right exact sequences as above. Then how
can we conclude that it sends the more general right exact sequences
A — B — (' — 0 to right exact sequences?

The first statement implies that M ® — takes epimorphisms to epi-
morphisms. (In fact this is obvious since the generators xt @y € M @ C
come from generators * @ § € M ® B.) Therefore M ® A maps onto
M ® «a(A). If we assume the weaker condition that the functor M @ —
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takes short exact sequences to right exact sequences, then it will take
the short exact sequence

0—>a(A)<—>Bﬁ>C’—>O

to an exact sequence

M®a(A)—>M®Bﬁ>M®C—>O

This says that M ® a(A) maps onto the kernel of 1 ® 8. But M ® A
maps onto M ® a(A). So, M ® A also maps onto ker(1 ® ). So, we
get an exact sequence

MoAXY veoB Moo —o.

Here is an example of how this is used.
Corollary 4.13. Suppose that I C R is an ideal. Then
R/IT®@ M= M/IM

where IM is the submodule of M generated by all products of the form
ax where a € I and x € M. In particular, when I = (p) is principal,
we have

R/(p) @ M = M/pM
where pM = {px|x € M}.

Proof. Suppose that I is generated by elements a;. Then we have an
epimorphism of R modules
@ R—»1T

sending (r;) € @ R to > ra; € I. This gives an exact sequence
PR RrR—R/I-0.
Tensor with M to give

Prom =5 ReM— R/IeM 0.

Using the isomorphisms p: R® M = M and ¢ : M = R® M we get
an exact sequence

D N L R/To M -0

where u(a®1)¢ sends (z;) € @ M to Y a;x; € M. The image is equal
to IM by definition. So, R/I @ M = M/IM as claimed. O
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For finitely generated modules over a PID we can now compute the
tensor product:

Mo (R o @ R/(p) = M o @ M/p M.

4.5. localization is exact. Recall that a multiplicative set is a subset
S C R which is closed under multiplication, contains 1 and does not
contain 0. The localization S™'R was defined to be the ring of all
fractions /s where r € R and s € S modulo the equivalence relation

r /

—_

5
if there is an element t € S so that rs’t = r’st. This ring is also an
R-module since we have an action of R given by
x rx
re—=—.
s s

<

/

V)

Proposition 4.14. For any R-module M let S™'M be the set of equiv-
alence classes of fractions x/s where x € M,s € S modulo the equiva-
lence relation x/s ~ y/s' if there is a t € S so that ts'x = tsy. Then
S~M is an R-module with action of R given by r(z/s) =rxz/s and

ST'M~2ST'Re M.

Proof. There is an obvious map ST'R® M — S™'M sending /s ® x
to rz/s. The inverse map sends x/s to 1/s ® x. To show that this is
well-defined, take an equivalent element tx/ts. This goes to

1 1 t 1
—Rltr=t| —Qr)|="—"QRQzr=-Q=x.
ts ts ts S

The rest of the proof is straightforward. U

Theorem 4.15. S7'R is a flat R-module. Equivalently, every short
exact sequence of R-modules A — B — C induces an exact sequence

0—-S'A—S'B—S'C—o.

Proof. Since tensor product is right exact, it suffices to show that
S7tA — S7!'B is a monomorphism. This is easy. We can assume
that A C B and suppose that a € A and s € S so that the element
a/s € S71A goes to zero in S7!B. This means

a 0

—_ A~ —

S S
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in S7!B. By definition this is equivalent to saying that there exists
t € S so that tsa = 0. But this same equation implies that a/s = 0/1
in S7'A. So, we are done. O

The ring S~'R acts on the module S™'M in the obvious way:
rrrx

st st
This makes S™'M into a module over S~'R. This is an example of
“extension of scalars.”

4.6. extension of scalars. We had a concept before called “restric-
tion of scalars.” That was when we had a subring S of R or, more
generally, a ring homomorphism ¢ : S — R and we got an induced
map
¢* . R-Mod — S-Mod
which sent an R-module M to the same thing with the action of S
given by s -z = ¢(s)x. Le., we restricted the action of the ring to S.
“Extension of scalars” goes the other way.

Proposition 4.16. Given a ring homomorphism ¢ : R — S and an
R-module M, S ®@r M 1is an S-module with action of S given by

s(t®z) =st® .
The module is sometimes written as S ®, M because the R-module
structure is given by
r(s®@z)=(p(r)s) @xr =srx.

This is the R-module structure induced from the S-module structure
by restriction of scalars.

Proof. Multiplication by elements of S gives an R-linear map S — S
and therefore gives an R-linear map S ® M — S ® M by naturality of
tensor product. This gives a sequence of ring homomorphisms

S — Endg(S) — Endg(S @ M)
which defines the S-module structure on S & M. O

One special case of this is when R is a domain and F' = Q(R) is the
field of fractions.

Definition 4.17. Suppose that M is a module over a domain R. Then
the rank of M is defined to be the dimension of Q(R) ® M as a vector
space over the field Q(R).

T(M) = dimQ(R) Q(R) ® M.



MATH 101A: ALGEBRA 1, PART C: MULTILINEAR ALGEBRA 21
Theorem 4.18. For a f.g. module M over a PID R, if
M =R &R/,

the number r is equal to the rank of M and is therefore uniquely deter-

mined.

Proof. This is a calculation using the fact that
R/(a) ® Q(R) = Q(R)/aQ(R) =0
since aQ(R) = Q(R) for a # 0:
QR)® M = Q(R)® R & D QR)/p"Q(R) = Q(R)".
O

It still remains to show that the numbers p;” are uniquely deter-
mined.
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5. MODULES OVER A PID

I spent one more day to finish the uniqueness part of the structure
theorem for f.g. modules over a PID. First I reviewed properties of the
rank.

5.1. rank. Recall that if R is any domain, Q(R) is a field. So, for any
R-module M, we can define the rank of M to be

rM = dimgry M ® Q(R).

We know that Q(R) = S™'R is a flat R-module. Therefore, any
short exact sequence of R-modules

0 A—-B—-C—=0
gives a short exact sequence of vector spaces

0-QRI®A—-QR)®B—QR)®C —0.

Lemma 5.1. If0 - A — B — C — 0 is a short exact sequence of
vector spaces over a field F' then

(1) B2AaC
(2) dim B = dim A + dim C'.

Proof. This follows from the fact that all modules over fields are free
and thus projective. U

Theorem 5.2. I[f0 - A — B — C — 0 is a short exact sequence of
f-g. R-modules where R is any domain, then

r(B) =r(A) +r(C).

5.2. p-rank. Suppose that p C R is a prime ideal. Then R/p is a
domain. So, modules over R/p have rank.

Definition 5.3. Define the p-rank of an R-module M to be the rank
of the R/p-module

R/p®@ M = M/pM.

This is the dimension of the vector space

Q(R/p) ® M.
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Example 5.4. Let R =7 and
M=7/2017Z/8.
The prime number p = 5 is irreducible and thus generates a prime ideal
p = (5) = 5Z. Here R/p =Z/5 is a field.
The 5-rank of M is the dimension of the vector space:
Z/5@ M =17Z/5® (Z/20 ® Z/8)
=(Z/5®Z/20) & (Z/5® Z/8)
=7/(5,20) & Z/(5,8)
=7/5
which is 1. In the first step we used the distributivity of tensor product
over direct sum. In the second step we used the rule that

M @ R/(p) = M/pM.

So,
Z 7
Z Z/20 = ———— = —
/5®Z/20 57 + 207  5Z
and 7 7
Z Z = — = — =
[5OLIY 52+ 87 7 0

Similarly, the 2-rank of M is the dimension over Z/2 of
220 M=7Z/2® (Z/20D7Z/8) =7/2® 72
which is 2. For all other prime numbers p, the p-rank of M is zero.

With this example we decided that we could state without proof the
general formula.

Proposition 5.5. (1) Suppose R =7 and

k
M =EPz/n,.
=1

Then the p-rank of M is the number of indices i so that p|n;.
(2) More generally, suppose that R is a PID and

k
M =D R/ (")
i=1
where p; € R are irreducible. Then the p-rank of M s the
number of indices i so that p = p;.
We will use the following observation.

Corollary 5.6. The p-rank of a cyclic module is either 0 or 1.
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5.3. p-primary modules. Now suppose that R is a PID and p is a
fixed irreducible element. Suppose that M is f.g. p-primary. Then

M= D R/G)

The p-rank of M is the number of summands k. We want to find a
formula for the numbers n;. In order to do this, we asked: What is the
p-rank of p™ M ?

We took one summand R/(p") and noted that the annihilator of
this module is (p") and p™ € (p") if and only if m > n. Therefore,
p™R/(p™) = 0if and only if m > n. If m < n then p™R/(p") is nonzero
and cyclic. Being p-primary, this makes its p-rank equal to 1. So:

p-rank (p"R/(p")) = {

1 ifm<n
0 ifm>n

So, the p-rank of
k
pmM _ @me/(pni)
i=1

is equal to the number of indices ¢ for which n; > m. Now we have
enough invariants to show that the formula given in the structure the-
orem for f.g. modules over a PID is unique.

Example 5.7. Suppose that R=7Z and M =7Z°> ®Z/6 & Z/27.

(1) First, take the rank: Q ® M = Q°. So, rM = 5.
(2) The 2-rank of M is 5 + 1 = 6 since

Z/2® M = M/2M = (Z/2)° ©Z/(2,6) ® Z/(2,27) = (Z/2)°.

(3) This implies that M has one cyclic 2-primary summand Z/2".
To find n we compute the 2-ranks of 2M,4M, etc. until we
reach 5. But

2M = (27)° ® 27./67 © 27./27T = 7° & 7./3 & 7./27

which has 2-rank 5. So, we see that the 2-primary summand of
M is Z)2.
(4) The 3-rank of M is 5 + 2 = 7 since

Z)3@M = M/3=(Z/3)° ®Z/(3,6) ®Z/(3,27) = (Z/3)".

(5) So, M has 2 cyclic 3-primary summands. We need to calculate
the 3-ranks of 3M,9M , etc.

3M = (3Z)° © 3Z/6 & 3Z/2T X 7° ® Z/2 & Z/9.
M7 D720 7/3.
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2TM 2 7° §Z)2.
So, M,3M,9M,27M have 3-rank 7,6,6,5 respectively. We stop
when we reach the rank of M which is 5. These numbers show
that the 3-primary part of M is Z/3 & Z/33.
(6) For all other primes p, the p-rank of M is 5. So, the decompo-
sition of M is

M=7Z"0Z2®Z/3®7Z/3"

Example 5.8. Suppose that M is a finitely generated abelian group
with rM = 2, 2-rank of M,2M,4M,8M,16M equal to 5,5,4,3,2 and
3-rank of M,3M,9M equal to 4,4,2 and p-rank of M equal to 2 for all
other primes. Then

M27@ (Z/A)? ©Z/8®Z/16 ® (Z)9)*
27PQL/144DL)T2D L8 D (Z/4)%.
(In this order each denominator divides the previous one.)

Theorem 5.9. In the decomposition of a finitely generated module over

a PID:
M =R & R/(p})

the numbers r and pairs (p;,n;) are uniquely determined up to re-
ordering and can be determined from the rank of M and the p-rank
of M,pM,p*M, etc. for each irreducible p.
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