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1. BASICS OF FIELD EXTENSIONS

On the first day I talked about the relationship between algebraic
field extensions and irreducible polynomials. Namely, irreducible poly-
nomials give field extensions and elements of finite extensions give ir-
reducible polynomials.

1.1. irreducible polynomials give field extensions.

Definition 1.1. If K C L are fields then L is called a field extension
of K and K is called a subfield of L. In this case, L becomes a vector
space over K and its dimension is called the degree of the extension
and denoted:

|L: K| =dimg L.

Theorem 1.2. If K is a field and p(X) € K[X] is an irreducible
polynomial of degree n then
(1) L = K[X]/(p(X)) is a field containing K. (Actually, L con-
tains a subfield isomorphic to K.)
(2) |IL:K|=n
(3) L contains a root of the polynomial p(X).

Proof. (1) Since K[X] is a PID, it is also a UFD. Therefore, p(X)
irreducible implies (p(X)) is prime. So, L = K[X]/(p(X)) is a domain.
By the lemma below and (2), this implies that L is a field.

(3) The monomial X (actually it is the coset X + (p(X))) is a root
of p(X) since p(X) = 0 in the quotient L.

(2) The monomials 1, X, X?,--- , X" € L are linearly independent
over K because any K-linear relation Y ¢; X’ = 0,¢; € K is a polyno-
mial in K[X] of degree < n which lies in (p(X)) and is therefore 0. On
the other hand, any polynomial in X is equivalent module p(X) to a
polynomial of degree less than n. So, these n monomials span L. So,
the dimension of L over K is n. O

Lemma 1.3. Any finite dimensional domain over a field is a field.

Proof. Suppose D is a domain which contains a field K so that D is
finite dimensional as a vector space over K. Let a # 0 € D be a nonzero
element of D. Then multiplication by a gives a K-linear mapping

oD — D

which is a monomorphism. If dimyx D = n then this is a K-linear map
K" — K™. Any such map is a monomorphism if and only if it is an
isomorphism. O

The theorem can be restated as follows.
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Corollary 1.4. Given any field K and any irreducible polynomial
p(X) € K[X], there is a field extension L of K which contains a root

of p(X).

Using Zorn’s Lemma we can continue to adjoin roots of irreducible
polynomials until we can’t add any more. Then we get the algebraic
closure K of K. This is a field extension of K which contains all roots
of all polynomials with coefficients in K. Although the existence of the
algebraic closure follows from Zorn’s Lemma, the uniqueness follows
from Galois theory which we will discuss later.

1.2. finite extensions give irreducible polynomials. Suppose that
L is a finite extension of K, i.e., a field extension of finite degree:
|L : K| < co. Then, for any a € L the evaluation map

ev, : K[X] — L

sending f(X) to f(a) cannot be a monomorphism since K [X] is infinite
dimensional and L is finite dimensional by assumption. Since L is a
domain, the kernel of ev, must be a prime ideal:

ker(ev,) = (p(X))

which is necessarily generated by an irreducible polynomial p(X). If
we take p(X) to be monic (i.e., with leading coefficient 1) then it is
uniquely determined by a and we write:

p(X) =irr(a, K).

Definition 1.5. a € L is algebraic over K if p(a) = 0 for some poly-
nomial p(X) € K[X]. If every element of L is algebraic over K then L
is called an algebraic extension of K. If a € L is not algebraic over K

it is called transcendental and L is called a transcendental extension of
K.

Example 1.6. The field of rational functions L = K(X) = Q(K[X]) is
a transcendental extension of K with X being a transcendental element.
This is the quotient field of K[X]. So, elements are fractions

f(X)

9(X)

where f(X),g(X) € K[X] with g(X) # 0. These fractions are called
rational functions.
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1.3. properties of polynomials. We went over several properties of
polynomials, some without proof. Suppose that f(X) € K[X] is a
monic polynomial. Le.,

f(X)=X"+a, 1 X" "+ +ao.
(a) f(a) =0 if and only if X — a divides f(X). This is because
f(X) = (X =a)g(X) +c

where the remainder ¢ € K must be equal to f(a) since (X —a) =0
when X = a.

(b) f(X) =1L, (X —r;) where r; € K and K is the algebraic closure
of K. Thus X —r; € K[X].

(¢) f(X) has multiple roots, i.e., the roots r; in (b) are not distinct, if
and only if f and its derivative have a common factor: (f(X), f'(X)) #
1. The derivative is given formally by

f(X) = Z kap X" ' =nX" fa,_1(n—1)X" 2+ +a.
Using the product rule (fg) = f'g + fg' we get

’ n
70 = (TIx =m) =S TTx = r)
=1 ij
The linear factor X — r; divides the right hand side if and only if 7; is
a multiple root of f(X). If f(X) is irreducible, this does not appear
to be possible since the greatest common divisor (f(X), f'(X)) is a
polynomial of degree < n which divides f(X). The only way to avoid
a contradiction is if f/(X) = 0.

Example 1.7. Suppose that f(X) = X? — b and char K = p. Then
f/(X) = pXP~! = 0. In this case, all roots of f(X) are equal. To see
this suppose that r is a root, i.e., ¥ = b. Then

(X —r)P=XP—9rP = XP .

If r ¢ K then K(r) is called a purely inseparable extension of K.

In general, if f(X) is irreducible and has multiple roots then it must
be of the form

f(X) = h(X7)

for some polynomial h(X) and p must be the characteristic of K.

(d) If K has characteristic 0 and f(X) is irreducible then the roots
of f(X) are all distinct.

(e) If K is finite then |K| = p" is a power of a prime and K =
GF(p") = GF(q) = F, where ¢ = p™.

Theorem 1.8. F7 is cyclic of order ¢ — 1.
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Proof. Since F is a group of order ¢ — 1, all of its elements satisfy
the equation X491 = 1. If the group is not cyclic then it has exponent
n < ¢ — 1 which would mean that the elements of F are all roots of
the polynomial X™ — 1. However, a polynomial of degree n can have
at most n roots. So, we would get a contradiction. 0

(f) I stated the following lemma without proof.

Lemma 1.9. Let R be a PID and F = Q(R) the quotient field. Then
f(X) € R[X] is irreducible in Q(R)[X] if and only if L f(X) is irre-
ducible in R[X]| where d € R is the greatest common divisor of the
coefficients of F.

Proof. If f(X) is irreducible in Q(R)[X] then it is certainly irreducible
in R[X] excepts possibly for factoring out a common divisor from the
coefficients. Conversely, suppose that d = 1 and f(X) is irreducible in
R[X]. If it is not irreducible in Q(R)[X] then it factors as a product
of two polynomials with coefficients in the fraction field Q(R). But we
can clear the denominators and obtain a factorization of the form:

af(X) = bg(X)h(X)

where ¢(X),h(X) € R[X] having no common divisor of their coeffi-
cients and a,b € R are relatively prime. If a is a unit in R we get a
contradiction to the assumption that f(X) is irreducible. Therefore
there is an irreducible element p € R so that p divides a (and therefore
does not divide b). But then we can pass to the quotient domain R/(p)
and we get

0 =bg(X)h(X).
Since R/(p)[X] is a domain, we must have either §(X) = 0 or h(X) = 0.
L.e., p divides the coefficients of g or of h. This is a contradiction. []
(e) This implies the following important irreducibility criterion.
Theorem 1.10 (Eisenstein). Suppose that R is a PID and
f(X) = a, X"+ a, 1 X"+ +ag € RIX]

If there is an irreducible p € R so that p divides ag, a1, ,an_1, P
doesn’t divide a,, and p* does not divide ay then f(X) is irreducible

Q(R)[X].

Proof. Let d be the greatest common divisor of the coefficients of f(X).
Then dividing by d will not change the validity of the condition. So,
we may assume that d = 1 and irreducibility in Q(R)[X] is the same as
irreducibility in R[X] by the lemma. Suppose that f(X) = g(X)h(X)
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where g(X),h(X) € R[X]. Then, we pass to the field of fractions
Q(R/(p)) of the quotient domain R/(p):

RIX] = R/(p)[X] — Q(R/(p))[X]
Since p does not divide a,,, the image @, of a,, in Q(R/(p)) is nonzero.
Therefore, the image f(X) in Q(R/(p))[X] is the monomial

fX) =a

Since Q(R/(p))[X] is a PID and thus a UFD, the images g(X), h(X)
must also be constants times monomials:

(X)) =bX*  A(X)=cX""
This implies that the original polynomials ¢g(X), h(X) must have the
form

g(X) = 0 XP 4+ b X - by

h(X)=cop X" F 4. 4 ¢

where p divides by, -+ ,by_1,¢0, -+ ,Cn—k_1. But then p? divides ay =
boco which is a contradiction. [l
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2. Basics OF GALOIS EXTENSIONS

(1) separable extensions
(2) Galois (normal) extensions
(3) Galois group

2.1. separable extensions. I gave an unusual definition of “separable
extension” which I replaced with a standard definition in these notes
and the usual definition of separable element. Then I matched the two
definitions using basic properties of field extensions from the first day.

Definition 2.1. Suppose that L, M are two field extensions of K.
Then an embedding of L into M over K is defined to be a homomor-
phism

¢o:L— M
so that ¢|K = id.

Remark 2.2. Any homomorphism ¢ : L. — R of a field L into a ring R
(with 1 # 0) is necessarily an embedding since the only ideal in L is 0
and ker ¢ cannot be all of L since ¢(1) =1 # 0.

Lemma 2.3. Suppose that f(X) is an irreducible polynomial over K
with n distinct roots a1, as, - -+ ,a, € K. Then there are n embeddings

¢i: L=K[X]/(f(X)) - K

over K so that ¢;(X) = a;. Furthermore, there are no other embeddings
of L into K over K.

Remark 2.4. This is the key lemma which I used many times in the
lecture. I also used a version which appears to be more general, but,
by a “slight-of-hand,” can be seen to be the same. The more general
statement is that the n embedding can be taken to be equal to some
fixed embedding ¢ : K — K which is not the inclusion map. But this
is really the same thing because we can replace K with its image in K.
Call this image K’. Replace all the coefficients of f(X) by their images
in K'. This gives ¢(f). Then the embeddings of K'[X]/(f) into K over
K' are equivalent to the extensions of the embedding ¢ to K[X]/(f).

Proof. Let

v =ev,, : K[X] = K
be the evaluation map v;(h) = h(a;). Then ¢;(f) = f(a;) = 0. So, ¥,
induces a unique homomorphism

¢;: L=K[X]|/(f) = K
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so that ¢;(h) = h(a;). In particular, ¢;(X) = a;. The uniqueness is
obvious. Any embedding ¢ : L — K must map X to a root of f(X).
So, it must map X to some a;. Since ¢ is assumed to be the identity
on K, its value is determined on all of K[X]. So, it must be the one
we already have. O

Definition 2.5. An extension L of K is called separable if

(1) L is an algebraic extension of K and
(2) for any a € L with |K(a) : K| = n, there are embeddings

¢17¢2a"' 7¢n : Lﬁ?
over K so that ¢;(a) are all distinct.

Definition 2.6. Let L be an algebraic extension of K. Then an ele-
ment a € L is called separable if the irreducible=minimal polynomial
f(X) = irr(a, K) does not have multiple roots, i.e., if f(X) and its
derivative f'(X) are relatively prime.

Going slightly out of order, I explained at this point that the minimal
polynomial is irreducible:

Lemma 2.7. Suppose that a € L is algebraic over K and f(X) is
the minimal polynomial of a, i.e., the polynomial in K[X] of smallest
degree so that f(a) = 0. Then f(X) is irreducible and divides any
polynomial g(X) for which a is a root.

Proof. The set of all polynomials g(X) € K[X] so that g(a) = 0 forms
an ideal. This ideal is principal since K[X] is a PID. So it is generated
by some f(X). The only thing is to show that f(X) is irreducible.
This is by contradiction. If not then f(X) = g(X)h(X) and f(a) =
0 = g(a)h(a). So, either g(a) = 0 or h(a) = 0 which means that one
of these lies in the ideal. So, the ideal is prime and its generator is
irreducible. O

Theorem 2.8. An algebraic extension L of K is separable if and only
if every element is separable over K.

Proof. (<) Suppose that every element of L is separable over K. To
show that L is a separable extension, take any a € L, a ¢ K. Let f(X)
be the minimal polynomial of a over K. Then deg f = n > 2 with
distinct roots aq, as, - - ,a, € K and

K(a) = K[X]/(f)
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which, by Lemma has n embeddings ¢; : K(a) — K sending a to
n different elements a;. So, the ¢; “separate” a. We would be finished
if L = K(a). Otherwise we need the lemma below.

(=) Suppose that L is a separable extension and a € L,a ¢ K.
Then the images of the homomorphisms ¢; : L — K are n distinct
roots of the irreducible polynomial of a. U

Lemma 2.9. Suppose that K_Q E C L and L is algebraic over K.
Then any embedding ¢ : E— K over K extends to an embedding of L
into K.

Proof. This is a typical Zorn’s Lemma argument. Take the partially
ordered set of all pairs (F,, ¢,) where F,, is an intermediate field £ C
F,C L and ¢, : F, — K is an extension of ¢ and say that (F,, ¢,) <
(Fg,¢p) it F,, C Fg and ¢, = ¢g|F,. If we have a tower {(Fy, ¢a)},
then we get an upper bound by taking F, = |JF, and ¢oo = | ¢a-
So, by Zorn’s Lemma, there exists a maximal element (Fl, o). If
F = L we are done. Otherwise, we get a contradiction using Lemma
(and Remark [2.4]) as follows.

If Fy # L there exists some a € L, a ¢ F,. But a satisfies an
irreducible polynomial f(X) € K|[X]| which factors as a product of
irreducible polynomials

FX) =] 9:(X)

gi(X) € Fo[X] and a is a root of one of the factors, say go(X). Since
the embedding ¢, is the identity on K, it fixes f(X) (acting on coef-
ficients). So:

FX) = [ ¢ool9)(X).

Let b € K be a root of the polynomial ¢ (go)(X). Then we get an
embedding

Fo(a) = K
extending ¢, by sending a to b. O

2.2. Galois extensions.

Definition 2.10. A separable algebraic extension L of K is called
normal or Galois if the embeddings of L into K over K all have the
same image.
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Example 2.11. Take K = Q and L = Q(¢) where ( = €>™/° is a
primitive Hth root of unity. The irreducible polynomial of ( is

fX)=X"+ X+ X+ X + 1.
(One way to see this is to put X =Y + 1. Then
fX)=fY +1)=Y*+5Y> +10Y?> + 10Y + 5

is irreducible by Eisenstein.) The roots of f(X) are ¢, (2, ¢3,¢* all of
which are elements of L = Q(¢). Therefore, the embeddings ¢; : L — Q
have the same image Q(¢*) = L. So, Q(¢) is a normal extension of Q.

By the same argument, we have the general statement:

Proposition 2.12. Suppose that L = K(a) is a separable extension of
K. Then L is normal if and only if it contains all the conjugates of a.

Definition 2.13. If a is algebraic over K with minimal polynomial
f(X), the conjugates of a are defined to be the roots of f(X).

Definition 2.14. L is called the splitting field of a polynomial f(X) €
K[X] if it is equal to K adjoin all of the roots of f(X).

Proposition 2.15. A finite separable extension is normal if and only
if it is the splitting field of some polynomial.

Proof. This is more or less obvious. You just take some elements which
generate L as a field extension. Then L must be the splitting field of
the product of the corresponding irreducible polynomials.

Conversely, if L is the splitting field of some polynomial, then any
embedding into K must map the roots of this polynomial to other
roots of the same polynomial. So, all these embeddings will have image

contained in L. Since L is a finite extension, the images must equal
L. O

2.3. Galois group. If L is a normal extension of K then the embed-
dings have the same image and therefore form a group (after we identify
L with one particular subfield of K). This group is called the Galois
group of the extension L/K and denoted Gal(L/K).

Theorem 2.16. Suppose that L C K is a finite normal extension of
K of degree |L : K| =n. Then Gal(L/K) is a finite group of order n.

This follows immediately from the following lemma.
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Lemma 2.17. Suppose that L is a finite separable extension of K of
degree n. Then there are exactly n embedding of L into K over K.

Remark 2.18. This would follow immediately from Lemmal[2.3]if we had
proved the theorem that any finite separable extension is generated by
a single element.

Proof. This is by induction on n using Lemma [2.9| and the formula:
|L:K|=|L:FE||FE:K|

Let E = K(a) for some a € L,a ¢ K. Suppose a has degree m over

K. Then |K(a) : K| =m and |L: K(a)| = n/m <n. By Lemma [2.3]

there are exactly m embeddings ¢; of E = K(a) into K over K. By

induction on n each of these embeddings has exactly n/m extensions
to L. This uses the “slight-of-hand” argument (Remark . U
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