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I want to cover Chapters VIII,IX,X,XII. But it is a lot of material.
Here is a list of some of the particular topics that I will try to cover.
Maybe I won’t get to all of it.

(1) integrality (VII.1)
(2) transcendental field extensions (VIII.1)
(3) Noether normalization (VIII.2)
(4) Nullstellensatz (IX.1)
(5) ideal-variety correspondence (IX.2)
(6) primary decomposition (X.3) [if we have time]
(7) completion (XII.2)
(8) valuations (VII.3, XII.4)

There are some basic facts that I will assume because they are much
earlier in the book. You may want to review the definitions and theo-
rems:

• Localization (II.4): Invert a multiplicative subset, form the quo-
tient field of an integral domain (=entire ring), localize at a
prime ideal.
• PIDs (III.7): k[X] is a PID. All f.g. modules over PID’s are

direct sums of cyclic modules. And we proved in class that all
submodules of free modules are free over a PID.
• Hilbert basis theorem (IV.4): If A is Noetherian then so is A[X].
• Algebraic field extensions (V). Every field has an algebraic clo-

sure. If you adjoin all the roots of an equation you get a normal
(Galois) extension.

An excellent book in this area is Atiyah-Macdonald “Introduction to
Commutative Algebra.”

0
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1. Integrality

I just want to go over briefly the basic properties of integral exten-
sions. All rings are commutative with 1.

Definition 1.1. Suppose that R is a subring of S and α ∈ S. Then
α is integral over R if any of the following equivalent conditions is
satisfied.

(1) α is the root of a monic polynomial with coefficients in R. I.e.,

f(α) = αn + r1α
n−1 + · · ·+ rn = 0

for some ri ∈ R.
(2) The subring R[α] ⊆ S is a finitely generated (f.g.) R-module.
(3) There exists a faithful R[α]-module which is a f.g. R-module.

Each condition makes some aspect of integrality most apparent. The
first condition implies:

Lemma 1.2. If α is integral over R then α is integral over any subring
of S which contains R.

The second (and third) condition implies:

Lemma 1.3. If R ⊂ T are subrings of S, α ∈ S is integral over T and
T is finitely generated as an R-module then α is integral over R.

This follows from the following lemma.

Lemma 1.4. If R is a subring of T and T is finitely generated as an
R-module then any f.g. T -module is also f.g. as an R-module.

Proof. Let x1, · · · , xn be generators of T as an R-module. Then any
t ∈ T can be written as t =

∑
rjxj. If M is a f.g. T module with

generators y1, · · · , ym then any element of M can be written as∑
tiyi =

∑
rijxjyi

So, the products xjyi generate M as an R-module. �

The last condition looks strange. A faithful module M is one where
the only element of the ring which annihilates M is 0. (Show that
any nonzero free module over any ring is faithful.) In other words,
M is faithful R[α]-module if the action of R[α] on M gives a ring
monomorphism:

R[α] ↪→ EndZ(M)

One immediate consequence of the third definition is the following:

Lemma 1.5. Any β ∈ R[α] is also integral over R.
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Proof.
R[β] ⊂ R[α] ↪→ End(M)

and M is f.g. as an R-module. �

Proof of equivalence of three definitions. (1)⇒ (2) since 1, α, · · · , αn−1

generate R[α] as an R-module.
(2)⇒ (3) M = R[α] is a faithful f.g. R[α]-module.
(3) ⇒ (1). Suppose that M is a faithful R[α]-module which is gen-

erated by w1, w2, · · · , wn as an R-module. Then, for each wj,

(1.1) αwj =
n∑
i=1

aijwi

for some aij ∈ R. Then I claim that α is a root of the characteristic
polynomial of the n× n matrix A = (aij)

f(t) = det(tIn − A) = tn − TrAtn−1 + · · ·+ (−1)n detA

The reason is that Equation (1.1) can be written in matrix form as:

(w1, w2, · · · , wn)αIn = (w1, w2, · · · , wn)A
or

(w1, w2, · · · , wn)(αIn − A) = (0, 0, · · · , 0)

If we multiply by the adjoint matrix (αIn−A)ad and use the fact that

(αIn − A)(αIn − A)ad = det(αIn − A)In = f(α)In

we get:

(w1, · · · , wn)f(α)In = (f(α)w1, f(α)w2, · · · , f(α)wn) = (0, 0, · · · , 0)

Since f(α)wj = 0 for all generators wj of M we get f(α)M = 0. This
implies that f(α) = 0 since M is a a faithful R[α]-module. �

1.1. Integral closure.

Proposition 1.6. If R is a subring of S then the set of all α ∈ S which
are integral over R forms a ring (which contains R). This is called the
integral closure of R in S.

Proof. Suppose that α, β ∈ S are integral over R. Then α is integral
over R[β] by Lemma 1.2. Any element of R[α, β] is integral over R[β]
by Lemma 1.5. So every element of R[α, β] (e.g., α + β, αβ) is also
integral over R by Lemma 1.3. Therefore, α + β and αβ are integral
over R and the integral elements form a ring. �

Here is an example.
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Theorem 1.7. Z is the integral closure of Z in Q.

Proof. Suppose that x = a/b ∈ Q is integral over Z where a, b ∈ Z are
relatively prime. Then there are integers n, c1, · · · , cn so that

xn + c1x
n−1 + c2x

n−2 + · · ·+ cn = 0

multiplying by bn we get the integer equation

an + c1a
n−1b+ c2a

n−2b2 + · · ·+ bn = 0

This implies that b divides an. Since a, b are relatively prime this means
b = ±1 and x = a/b ∈ Z. �

Definition 1.8. A domain (= entire ring) is called integrally closed if
it is integrally closed in its fraction field.

The last theorem shows that Z is integrally closed.
Here is another example. The domain R = Z+Z

√
5 is not integrally

closed since its fraction field contains the “golden ratio”

α =
1 +
√

5

2
which is a root of the monic polynomial

x2 − x− 1 = 0

1.2. Integral elements as lattice points. Suppose V is a vector
space over a field k of characteristic 0 and B = {b1, · · · , bn} is a basis
for V . Then the additive subgroup ZB generated by B forms a lattice
L in V . (A lattice in V is defined to be an additive free subgroup whose
free basis elements form a basis for V as a vector space over k.)

Theorem 1.9. Suppose that K is an algebraic number field, i.e., a
finite extension of Q. Let OK be the integral closure of Z in K. Then

(1) OK is a lattice in K as a vector space over Q. (So, OK is the
free additive group generated by some Q-basis for K.)

(2) OK contains any other subring of K which is finitely generated
as an additive group. (So, OK contains any subring of K which
is a lattice.)

To prove this theorem we need to review the properties of the trace.
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1.2.1. example. Take K = Q(i) where i =
√
−1. Then Q(i) has an

automorphism σ given by complex conjugation

σ(a+ bi) = a− bi
Q(i) is a Galois extension of Q with Galois group

Gal(Q(i)/Q) = {1, σ}

Proposition 1.10. The ring of integers in Q(i) (= the integral closure
of Z in Q(i)) is

OQ(i) = Z[i] = {a+ bi | a, b ∈ Z}

Proof. Certainly, Z[i] ⊆ OQ(i) since 1 and i are integral elements of
Q(i). Conversely, suppose that α = a+bi is integral. Then σ(α) = a−bi
is also integral. So, the sum and product of α, σ(α) which are called
the trace and norm of α are also elements of the ring OQ(i). Since
OQ(i) ∩Q = Z (Theorem 1.7), these are rational integers:

TrK/Q(α) := α+ σ(α) = 2a ∈ Z

NK/Q(α) := ασ(α) = a2 + b2 ∈ Z
Also, Tr(iα) = −2b ∈ Z. These imply that a, b ∈ Z as claimed. �

1.2.2. properties of trace. Suppose that E is a finite separable field
extension of K. This means that

[E : K] = [E : K]s

where [E : K] = dimK(E) is the degree of the extension and [E : K]s
is the number of distinct embeddings

σi : E ↪→ K

over K. Here K is the algebraic closure of K and an embedding over
K means that σi is the inclusion map on K for each i = 1, · · · , n.

Recall that, if K has characteristic zero then all algebraic extensions
of K are separable.

The trace TrE/K : E → K is defined by

TrE/K(x) =
∑

σi(x)

This is an element of K since any element φ ∈ Gal(K/K) will permute
the σi and therefore fix

∑
σi(x). It is clear that this mapping is K-

linear since it is a sum of K-linear maps.

Lemma 1.11. If R is an integrally closed subring of K and S is the
integral closure of R in E then TrE/K(α) ∈ R for all α ∈ S
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Proof. If α is integral over R then so is each σi(α). Thus their sum,
TrE/K(α) is also integral over R. But this trace is an element of K.
Since R is integrally closed in K, TrE/K(α) ∈ R. �

Lemma 1.12. If E is a finite separable extension of K the mapping

E × E → K

sending (a, b) to TrE/K(ab) is a nondegenerate symmetric K-bilinear
pairing which induces an isomorphism of E with its K-dual:

E ∼= E∧ = HomK(E,K)

Proof. (char 0 case) The bilinear map Tr(ab) gives a linear map

E ⊗K E → K

whose adjoint is the map E → E∧. Since E,E∧ have the same di-
mension, the map E → E∧ is an isomorphism if and only if it is a
monomorphism. In other words we need to show that, for any a ∈ E
there exists a b ∈ E so that TrE/K(ab) 6= 0. This is easy: just take
b = a−1. Then Tr(ab) = Tr(1) = n 6= 0 since charK = 0 �

1.2.3. proof of the theorem. Now we can prove Theorem 1.9. First
choose a basis x1, · · · , xn for K over Q.

Claim: There are positive integers mi so that yi = mixi ∈ OK . To
see this suppose that xi is a root of the polynomial f(X) ∈ Q[X]. By
multiplying by all the denominators we may assume that f(X) ∈ Z[X].
So, there are integers mj so that

m0x
d
i +m1x

d−1
i + · · ·+md = 0

Multiply by md−1
0 and you get:

(m0xi)
d +m1(m0xi)

d−1 +m2m0(m0xi)
d−2 + · · · = 0

So, yi = m0xi ∈ OK .
Thus OK contains the n linearly independent elements yi. So, the

rank of this additive group is at least n.
By Lemma 1.12, there is a dual basis z1, · · · , zn ∈ E so that

TrK/Q(yizj) = δij

Take any α ∈ OK . Then α =
∑
ajzj for some ai ∈ Q. But then

TrK/Q(yiα) = aj ∈ OK ∩Q = Z
So, OK is a subgroup of the additive free group generated by the zi.
This implies that it s free of rank ≤ n. But we already know that its
rank is at least n. So, OK ∼= Zn and it spans K.
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1.3. Proof of Lemma 1.3. I explained this in class but I didn’t write
it yet. You need properties (2) and (3) to show that if α ∈ S is integral
over T and T is a f.g. R-module then α is integral over R.

Property (2) implies that T [α] is a f.g. T -module. Lemma 1.4 tells us
that T [α] is a f.g. R-module. But T [α] contains R[α] so it is a faithful
R[α]-module. Condition (3) then tells us that α is integral over R.
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2. Transcendental extensions

Transcendental means “not algebraic.” We want to look at finitely
generated field extensions

k(x1, x2, · · · , xn)

where not all the xi are algebraic over k. Transcendental extensions
are also called function fields. The simplest cases are:

2.0. Purely transcendental extensions. These are field extensions
of k which are isomorphic to a fraction field of a polynomial ring:

k(X1, · · · , Xn) = Qk[X1, · · · , Xn]

Here the capital lettersXi are formal variables. So, k[X1, · · · , Xn] is the
ring of polynomials in the generators X1, · · · , Xn with coefficients in
the field k and Q is the functor which inverts all the nonzero elements.
I.e., QR is the quotient field of an integral domain R. Elements of
k(X1, · · · , Xn) are fractions f(X)/g(X) where g(X) 6= 0. These are
called rational functions in n variables.

When is k(x1, · · · , xn) ∼= k(X1, · · · , Xn)?

Definition 2.1. Suppose that R is a k-algebra, i.e., a (commutative)
ring which contains the field k. We say that y1, · · · , yn ∈ R are alge-
braically independent over k if the k-algebra homomorphism (a homo-
morphism of rings containing k which is the identity on k)

φ : k[X1, · · · , Xn]→ R

which sends Xi to yi is a monomorphism. Equivalently,

f(y1, · · · , yn) 6= 0

for every nonzero polynomial f over k in n variables.

For example, y ∈ E is algebraically independent (as a set) if and
only if it is transcendental over k.

Proposition 2.2. Suppose that E is a field extension of k and y1, · · · , yn ∈
E are algebraically independent over k. Then we get an isomorphism

k(X1, · · · , Xn) ∼= k(y1, · · · , yn)

sending Xi to yi.

Because of this we can define a purely transcendental field extension
to be an extension k(y1, · · · , yn) generated by a set of algebraically
independent elements.
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2.1. Transcendence basis.

Definition 2.3. If E is a transcendental extension of k then a tran-
scendence basis for E over k is defined to be a maximal algebraically
independent subset {x1, · · · , xn}.

If {x1, · · · , xn} is a transcendence basis then, if we add one more
element, it will become algebraically dependent.

2.1.1. algebraic dependence. Suppose that y1, · · · , ym is algebraically
dependent and k minimal. In other words, any if we delete any element
it becomes algebraically independent. Then there exists a nonzero
polynomial f(X) ∈ k[X] so that

f(y1, · · · , ym) = 0

Furthermore, by minimality of m, every variable yi appears in the
polynomial. The polynomial f(X) can be written as a polynomial in
one variable X1 with coefficients in k[X2, · · · , Xm]. Plugging in the
elements yi for Xi we get:

f(y1, · · · , ym) =
∑
j

gj(y2, · · · , ym)yj1

This means that y1 is algebraic over the purely transcendental extension
k(y2, · · · , ym). Similarly, each yi is algebraic over the purely transcen-
dental extension k(y1, · · · , ŷi, · · · , ym).

2.1.2. transcendence degree. We say that E has transcendence degree
m over k if it has a transcendence basis with m elements. The following
theorem shows that this is a well defined number.

Theorem 2.4. Every transcendence basis for E over k has the same
number of elements.

I’ll use the following lemmas which are supposed to be obvious.

Lemma 2.5. If {x1, · · · , xm} is a transcendence basis for E over k
then {x2, · · · , xm} is a transcendence basis for E over k(x1).

Proof. Suppose not. Then there is a nonzero polynomial f in n − 1
variables with coefficients in k(x1) ∼= k(X1), so that f(x2, · · · , xm) = 0.
We can multiply by all the denominators to get another polynomial g
with coefficients in k[x1] ∼= k[X1]. But then g is a polynomial in m
variables so g(x1, · · · , xm) = 0 which is a contradiction. �
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Lemma 2.6. Suppose that Y is a subset of E so that E is algebraic
over k(Y). Then any maximal algebraically independent subset of Y is
a transcendence basis for E.

Proof of the theorem. Suppose that {x1, · · · , xm} is any transcendence
basis for E over k. Suppose that Y is a subset of E so that E is
algebraic over k(Y). Then we want to show that Y has at least m
elements because this will imply in particular that every transcendence
basis has at least m elements. I will show this by induction on m.

Suppose that m = 0. Then the statement is that Y has at least 0 el-
ements which is true. Now suppose that m > 0 and Y = {w1, · · · , wn}.
Suppose first that w1 = x1. Then {x2, · · · , xm} will be transcendence
bases for E over k(x1) and E will be algebraic over k(x1)(w2, · · · , wn) =
k(x1, w2, · · · , wn). So, n−1 ≥ m−1 by induction on m and this implies
n ≥ m. So, all we have to do is replace one of the wi with x1.

By the previous lemma, Y contains a transcendence basis which, by
rearranging the elements, can be taken to be {w1, · · · , wr}. If we add x1

it will be algebraically independent. So, there will be some polynomial
in x1 and some of the wi which will be zero. Rearrange the wi so that
only w1, · · · , ws are involved in the polynomial and s is minimal. So,

f(x1, w1, · · · , ws) = 0

Since x1 is transcendental, we must have s ≥ 1. So we can write this
as a polynomial in w1:

f(x1, w1, · · · , ws) =
N∑
j=0

gj(x1, w2, · · · , ws)wj1 = 0

where N is the highest power of w1 which appears in f . Then

gN(x1, w2, · · · , ws) 6= 0

by minimality of s. Therefore, w1 is algebraic over k(x1, w2, · · · , ws)
which implies that E is algebraic over k(x1, w2, · · · , wn). By the previ-
ous paragraph, this implies by induction on m that n ≥ m and we are
done. �

2.1.3. example. Let k = C and let E = C(X)[Y ]/(f(X, Y )) where

f(X, Y ) = Y 2 − (X − a)(X − b)(X − c)
Since f is irreducible, E is a quadratic extension of C(X). E is also
a cubic extension of C(Y ) since f is a cubic polynomial in X with
coefficients in C(Y ). Therefore, {X} and {Y } are transcendence bases
for E and the transcendence degree is 1.
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2.2. Noether Normalization Theorem. The statement is:

Theorem 2.7 (Noether Normalization). Suppose that R is a finitely
generated domain over a field K. Then there exists an algebraically
independent subset Y = {y1, y2, · · · , yr} of R so that R is integral over
K[Y ].

I pointed out that r (the maximal number of algebraically indepen-
dent elements of R over K) must be equal to the transcendence degree
of the quotient field Q(R) of R over K. Recall that a transcendence
basis is a maximal algebraically independent subset. If Y is not a tran-
scendence basis for Q(R) then we can add at least one more element
x = a/b ∈ Q(R) where a, b ∈ R. But then y1, · · · , yr and a are al-
gebraically independent elements of R which is a contradiction. So,
{y1, · · · , yr} is a transcendence basis for Q(R) over K.

2.2.1. motivation. Before I proved the theorem, I explained why this
is important using general language and the specific example of the
elliptic curve (2.1.3).

The basic idea is that the inclusion map

K[Y ] = K[y1, y2, · · · , yr] ↪→ R

corresponds to a mapping of spaces going the other way:

Kr ← X

The correspondence is that K[Y ] is the ring of polynomial functions on
Kr and R is supposed to be the ring of polynomial functions on some
space X. The fact that R is integrally closed over K[Y ] means that
R is finitely generated as a K[Y ]-module. This correspond to the fact
that the mapping of spaces is n-to-one where n is the minimal number
of generators of R over K[Y ] provided that K is algebraically closed.

The specific example made this a lot clearer.
Suppose that K = C. Then the equation

f(X, Y ) = Y 2 − (X − a)(X − b)(X − c) = 0

defines a subset of Ef ⊂ C2. Projection to the first coordinate gives a
mapping

p1 : Ef → C
Because the polynomial f is monic in Y , this mapping has exactly 2
inverse image points for every x ∈ C except for the three points a, b, c
(which I am assuming are distinct) and, even at these three point, the
inverse image is Y = 0 which is a double root of the equation Y 2 = 0.
If the polynomial f were not monic, e.g., if the equation were:

(X − d)Y 2 − (X − a)(X − b)(X − c) = 0
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then the polynomial would have a different degree in Y for different
values of X. For example, when X = d, this polynomial has no roots
at all. Therefore, d ∈ C would not be in the image of the projection
map X → C.

At this point I decided to do some topology to determine that the
elliptic curve Ef ∪ ∞ is topologically a torus. We need to add the
point at infinity to make it compact. The projection map p1 : Ef → C
extends to a continuous mapping to the Riemann sphere

Ef ∪∞ → C ∪∞ = S2

This mapping has four branch points: a, b, c,∞. (WhenX is very large,
the constants a, b, c are like 0 and the equation looks like Y 2 = X3. As
X rotates a full 2π, Y goes 3π, i.e., changes sign. So ∞ is a branch
point.)

Now, comes the Euler characteristic calculation: Cut up the Rie-
mann sphere S2 into two squares along edges connecting a to b to c to
∞ and back to a. This decomposes Ef ∪∞ into

cb

a ∞

'

&

$

%

(1) four squares (since each square in S2 have two squares lying
over it)

(2) eight edges (each of the 4 edges in S2 has two edges over it)
(3) four vertices (each of the four vertices in S2 is a branch point

and has only one point lying over it)

So, the Euler characteristic of Ef ∪∞ is

χ(Ef ∪∞) = 4− 8 + 4 = 0 = 1− 2g

making the genus g = 1. So, it is a torus.
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2.2.2. proof of the theorem. The proof was by induction on n, the num-
ber of generators of R over K. Thus

R = K[x1, · · · , xn]
If n = 0 then R = K and there is nothing to prove.

If n = 1 then R = [x1]. There are two cases: either x1 is algebraic or
it is transcendental. If x1 is algebraic then r = 0 and x1 is integral over
K. So, the theorem holds. If x1 is transcendental then let y1 = x1. We
get R = K[x1] which is integral over K[x1].

Now suppose that n ≥ 2. If x1, · · · , xn are algebraically inde-
pendent then we let Y = {x1, · · · , xn} and we are done. If they
are not algebraically independent then there is a nonzero polynomial
f(X) ∈ K[X1, · · · , Xn] so that f(x1, · · · , xn) = 0. The polynomial
f(X) can be written as

f(X) =
∑
α

cαX
α

where we use the notation Xα = Xa1
1 X

a2
2 · · ·Xan

n for α = (a1, · · · , an).
We can write this as a polynomial inX1 with coefficients inK[X2, · · · , Xn]:

f(X) =
N∑
j=0

fj(X2, · · · , Xn)X
j
1

(Since f is nonzero, it involves at least one of the Xi and we can
assume it is X1.) We want to somehow arrange to have fN = 1. Then
x1 would be integral over K[x2, · · · , xn] which by induction on n would
be integral over K[Y ] for some algebraically independent subset Y .
Since integral extensions of integral extensions are integral, the theorem
follows.

To make f monic in X1 we change coordinates as follows. Let
Y2, · · · , Yn and y2, · · · , yn ∈ R be given by

Yi = Xi −Xmi
1 yi = xi − xmi

1

or: Xi = Yi + Xmi
1 and xi = yi + xmi

1 where the positive integers mi

will be chosen later. We get the new polynomial

g(X1, Y2, · · · , Yn) = f(X1, · · · , Xn) ∈ K[X1, Y2, · · · , Yn]
so that g(x1, y2, · · · , yn) = 0. Also, it is clear thatR = K[x1, y2, · · · , yn].

Now take mi = di−1 where d is an integer greater than any of the
exponents ai which occur in the polynomial f(X). For example, let

f(X) = x9
1x

5
2x

2
3 + x2

1x
2
2x

3
3 + x8

2x3

Then d = 10 will do. The three multi-indices which occur are α =
(9, 5, 2), (2, 2, 3), (0, 8, 1). Reverse the orders of these and write them in
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descending lexicographic order: (3, 2, 2), (2, 5, 9), (1, 8, 0). Saying that
these numbers are in lexicographic order is the same as saying that

322 > 259 > 180

More generally, the value of
∑
aid

i−1 is different for every multi-index
α and is the largest for the multi-index α which is maximal in this
lexicographic order. Look at

g(X1, Y2, · · · , Yn) =
∑
α

cαX
a1
1 (Xd

1+X2)
a2(Xd2

1 +X3)
a3 · · · (Xdn−1

1 +Xn)
an

The highest power of X1 which occurs is N =
∑
aid

i−1 where α is
maximal in lexicographic order. The coefficient of XN

1 is cα. We can
divide g by this nonzero constant and make g monic in X1 and we are
done by induction on n as discussed earlier.
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3. Outline of rest of Part B

For the next three weeks we will discuss

(1) Algebraic spaces (for motivation)
(2) Noetherian rings
(3) Valuation rings (local rings)

This is in motivational rather than logical order.
The main idea is that somehow “Algebraic spaces are the same as

Noetherian rings which are the same as transcendental extensions.”
This is based on the correspondence

points↔ local rings

3.1. Valuation rings. The definition of places and valuation rings
given in most books seems complicated and artificial. I like the old
definition which is very simple.

Definition 3.1. Suppose that E is a field extension of K. Then a
place in E (over K) is a subring K ⊆ V ⊆ E so that for any x ∈ E
either x ∈ V or x−1 ∈ V or both.

3.1.1. example. E = K(X), V = K[X](X−a). This is K[X] localized
at the prime ideal (X − a).

Recall that if p is a prime ideal in R then the complement S of p in
R is a multiplicative set and

Rp = “R localized at p” := S−1R = {a/b | a, b ∈ R, b /∈ p}
Rp is a local ring, i.e., it has a unique maximal ideal S−1p. By the
following lemma this is equivalent to saying that all elements in the
complement of S−1p are invertible.

Lemma 3.2. The union of all maximal ideals in a ring R is equal to
the complement of the set of all units.

Proof. (⊆) Ideals cannot contain invertible elements, otherwise they
would contain 1.

(⊇) Conversely, any nonunit a generates an ideal (a) = Ra 6= R.
This is contained in a maximal ideal by Zorn’s lemma. �

Back to the example: p = (X − a) is a maximal ideal and is thus
prime since it is the kernel of the homomorphism φ : K[X]→ K given
by φ(f) = f(a). Since K is a field, kerφ = p is maximal.

V = K[X](X−a) =

{
f(X)

g(X)
∈ K(X) | g(a) 6= 0

}
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To show that V is a place suppose that x = f(X)/g(X) ∈ E = K(X).
We can assume that f, g are relatively prime. This implies that either
f(a) 6= 0 or g(a) 6= 0 (otherwise both f(X) and g(X) would be divisible
by X − a). If g(a) 6= 0 then x = f/g ∈ V . If f(a) 6= 0 then x−1 =
g/f ∈ V . So, V is an example of a place.

This means that every point a ∈ K corresponds to a place in K(X).
But there are other places such as “∞” which is given by

V =

{
f(X)

g(X)
∈ K(X) | deg f ≤ deg g

}
This is a local ring with unique maximal ideal

m =

{
f(X)

g(X)
∈ K(X) | deg f < deg g

}

3.1.2. properties of places.

Proposition 3.3. Suppose that V is any place in E over K. Then

(1) V is a local ring
(2) V is integrally closed in E.

Proof. First I showed (2): V is integrally closed in E. Suppose that
x ∈ E is integral over V . Then

xn =
n−1∑
k=0

akx
k

where ak ∈ V . Suppose that x /∈ V . Then x−1 ∈ V and

x =
xn

xn−1
=

n−1∑
k=0

akx
k−n+1

But this is an element of V since k − n+ 1 ≤ 0 for all k ≤ n− 1.
To prove (1) it suffices to show that the set W of nonunits of V is

closed under subtraction and under multiplication by elements of V .
So, suppose that r ∈ V and y ∈ W , i.e., y−1 /∈ V . Then ry is not a
unit (otherwise (ry)−1 = z ∈ V gives y−1 = rz ∈ V ). So, VW ⊆ W .

Finally, I have to show that, if x, y ∈ W then x− y ∈ W . If x = 0 or
y = 0 then we are done since x−y = −y or x. So, suppose that x, y are
nonzero. Then either x/y ∈ V or y/x ∈ V . Suppose by symmetry that
x/y ∈ V . Then x/y − 1 ∈ V and x− y = (x/y − 1)y ∈ VW ⊆ W . So,
the nonunits form the unique maximal ideal and V is a local ring. �
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3.2. Noetherian rings.

Definition 3.4. The ascending chain condition (ACC) for ideals in
a ring R says that every increasing sequence of ideals is eventually
stationary. I.e., if

I1 ⊆ I2 ⊆ I3 ⊆ · · ·
is an increasing sequence of ideals in R then, for some N , we have
IN = IN+1 = · · · .

Definition 3.5. A ring is called Noetherian if it has the ACC for
ideals.

There are two other well known equivalent characterizations of Noe-
therian rings.

Theorem 3.6. A ring R is Noetherian if and only if every ideal is
finitely generated.

So, e.g., PID’s are Noetherian.

Proof. (⇐) Suppose that every ideal is finitely generated. Then we have
to show that every accending chain of ideals I1 ⊆ I2 ⊆ · · · stops. Let
I = ∪Ii. This is an ideal so it is generated by a finite set {x1, · · · , xn}.
Each xi lies in some Ij. So, taking N to be the largest j, we see that
IN which contains all of the xi. But then I = IN = IN+1 = · · · .

(⇒) Suppose that I is an ideal which is not finitely generated. Let
x1 ∈ I. Then I 6= (x1) so there is an element x2 ∈ I which is not in
(x1) and there is an element x3 ∈ I which is not in (x1, x2), etc. This
gives a strictly increasing sequence of ideals in R:

(x1) ⊂ (x1, x2) ⊂ (x1, x2, x3) ⊂
So, R is not Noetherian. �

The last characterization I only proved in one direction.

Theorem 3.7. R is Noetherian if and only if every submodule of a
finitely generated R-module is finitely generated.

Corollary 3.8. The category R-Mod of finitely generated R-modules
is an abelian category if R is Noetherian.

Proof of the theorem in one direction. (⇐) Suppose that every submod-
ule of a finitely generated R-module is finitely generated. Then this
applies to the free module R = RR which is generated by one element.
The submodules of R are the ideal of R. So, ideals are all finitely
generated making R Noetherian. �
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4. Algebraic spaces

We want to study zero sets of polynomial equations. The basic
theorem is the Nullstellensatz. But first we need some preliminaries.

4.0. Preliminaries. First we need to know that any finitely generated
ring over a field K can be mapped to the algebraic closure K. This is
not true for finitely generated field extensions. For example, there is no
homomorphism of K(X) into K over K. I used Noether normalization
which makes the proofs shorter.

Lemma 4.1. If R is integral over S and R is a field then S is a field.

Proof. We just need to show that if x 6= 0 ∈ S then x−1 ∈ S. Since
R is a field, x−1 ∈ R. Since R is integral over S, x−1 satisfies a monic
polynomial:

x−n =
n−1∑
i=0

aix
−i

where ai ∈ S. Multiply by xn−1 to get

x−1 =
xn−1

xn
=

n−1∑
i=0

aix
n−i−1

Since n− i− 1 ≥ 0 for all i ≤ n− 1, this is an element of S and we are
done. �

Theorem 4.2. If R = K[x1, · · · , xn] is a field then x1, · · · , xn are
algebraic over K.

Proof. By Noether normalization there is an algebraically independent
set Y = {y1, · · · , yr} in R so that R is integral over K[Y ]. Since R is a
field, the lemma says that K[Y ] must be a field. This is only possible
if r = 0. So, R is integral and thus algebraic over K. �

Corollary 4.3. Suppose that K is a field and R = K[x1, · · · , xn] is a
finitely generated ring over K. Then there is a homomorphism

ϕ : R→ K

of rings over K, i.e., so that ϕ is the identity on K.
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Proof. R f.g. implies R ∼= K[X1, · · · , Xn]/I for some ideal I. (I =
{f(X) | f(x) = 0}). Let M be a maximal ideal containing I. Then we
have an epimorphism of rings over K:

R � K[X]/M = L

Since M is maximal, L is field. Since L is an extension of K which is
finitely generated as a ring, the theorem says that L is algebraic over
K. Therefore L ⊆ K and the homomorphism what we want is the
composition:

ϕ : R � L ↪→ K

�

Corollary 4.4. Suppose that R = K[x1, · · · , xn] is a f.g. domain over
K. Suppose that y1, · · · , ym are nonzero elements of R. Then there is
a homomorphism

ψ : R→ K

of rings over K so that ψ(yi) 6= 0 for all i.

Proof. In the quotient field Q(R) we have y−1
1 , · · · , y−1

m . Let

S = K[x1, · · · , xn, y−1
1 , · · · , y−1

m ] ⊆ Q(R)

Then R ⊆ S and by the previous corollary there is a homomorphism

ϕ : S → K

of rings over K. ψ = ϕ|R is the homomorphism that we want. �

4.1. Hilbert’s Nullstellensatz. Now we can prove the theorem about
zero sets of polynomials. First, I gave the definition and some exam-
ples.

Definition 4.5. Suppose that S is a subset of K[X] = K[X1, · · · , Xn]
and L is a field extension of K. Then let ZS(L) denote the set of all
common zeroes of fi ∈ S in Ln:

ZS(L) = {(a) = (a1, · · · , an) ∈ Ln | fi(a) = 0 ∀fi ∈ S}

One of the key features of the zero set is the duality between points
and polynomials, namely, the equation

f(a) = 0

can be interpreted in two ways: (a) ∈ Ln is a zero of f or f ∈ K[X]
lies in the kernel of the evaluation at (a) mapping

ev(a) : K[X]→ L

The equivalence of these two statements gives the following lemma.
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Lemma 4.6. (a) ∈ ZS(L) ⇐⇒ S ⊆ ker(ev(a) : K[X]→ L).

Since S ⊆ ker(ev(a)) iff the ideal (S) of K[X] generated by S is
contained in the ideal ker(ev(a)), we get:

Proposition 4.7. ZS(L) = Z(S)(L).

We are assuming the Hilbert basis theorem which implies that K[X]
is Noetherian. Therefore, every ideal of K[X] is finitely generated. So,
we may assume that S is a finite set of polynomials.

Now comes the first version of the Nullstellensatz:

Theorem 4.8. Let S = {f1, · · · , fm} ⊆ K[X1, · · · , Xn] and suppose
that L ⊃ K is algebraically closed. Then either

(1) 1 =
∑
fi · gi for some gi ∈ K[X] or

(2) ZS(L) 6= ∅.

Proof. (S) = {
∑
fi · gi} is either equal to K[X] or it is an ideal in

K[X]. In the first case we get 1 ∈ (S). So, 1 =
∑
fi · gi. In the second

case, R = K[X]/(S) is a finitely generated ring over K. So, there is a
homomorphism of rings over K:

ϕ : K[X]/(S)→ K ↪→ L

Let ai = ϕ(Xi). Then ϕ(f) = f(a). Since each fi ∈ S is in the kernel
of ϕ we have fi(a) = 0 for all i. I.e., (a) ∈ ZS(L). �

Theorem 4.9 (weak Nullstellensatz). The maximal ideals of K[X] are

(X1 − a1, X2 − a2, · · · , Xn − an)

where ai ∈ K. (So, the maximal ideals of K[X] are in 1-1 correspon-
dence with the points in K

n
.)

Proof. Take any ideal I inK[X]. By the previous theorem, ∃(a1, · · · , an) ∈
ZI(K). By the lemma, this is equivalent to:

I ⊆ (X1 − a1, · · · , Xn − an)

If I is maximal, these must be equal. �

Theorem 4.10 (Hilbert’s Nullstellensatz). If f ∈ K[X] so that f(a) =
0 for all (a) ∈ ZS(K) then fm ∈ (S) for some m ≥ 1.
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Proof. Let S = {h1, · · · , hr}. Introduce a new variable Y and one more
polynomial:

h0 = 1− Y f(X1, · · · , Xn)

Then
Zh0,h1,··· ,hr = ∅

since, for any common zero (a1, · · · , an, b), we have f(a) = 0 by as-
sumption and

0 = h0(a, b) = 1− bf(a) = 1

which is a contradiction. Therefore, there exist g0, · · · , gn ∈ K[X,Y ]
so that

1 =
n∑
i=0

gihi

Plugging in Y = 1/f(X) makes h0 = 0 and we get

1 =
n∑
i=1

gi(1/f(X), X1, · · · , Xn)hi(X)

If m is sufficiently large then

f(X)mgi(1/f(X), X) ∈ K[X]

for all i and fm ∈ (S). �
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4.2. Algebraic sets and varieties. Now I just want to talk about the
consequences of the Nullstellensatz. One formulation of the statement
is that there is a 1-1 correspondence between algebraic sets and reduced
ideals.

Definition 4.11. An algebraic set is a subset A ⊆ Ln (where L = L
is algebraically closed) which is defined by polynomial equations with
coefficients in K ⊆ L. In other words,

A = ZS(L)

where S ⊆ K[X1, · · · , Xn], K ⊆ L. We say that A is defined over K.

4.2.1. associated ideal.

Definition 4.12. If A ⊆ Ln is an algebraic set defined over K then
the associated ideal a is defined by

a = {f ∈ K[X] | f(a) = 0 ∀(a) ∈ A}

Hilbert’s Nullstellensatz says that if L = L and a ⊆ K[X] is an ideal
then the ideal associated to the algebraic set Za(L) is the radical

rad(a) = {f ∈ K[X] | fn ∈ a for some n ≥ 1}

Definition 4.13. The radical of an ideal I in a ring R is defined to
be the set of all f ∈ R so that some positive power of f lies in I. The
radical of I is written rad(I).

Some people write the radical of I as
√
I. (But then we get silly

things like:
√

(8) = (2).)

Definition 4.14. The radical of the ring R is defined to be the radical
of the ideal 0:

rad(R) := rad(0) = {r ∈ R | rn = 0 for some n ≥ 1}

Proposition 4.15. rad(I) = π−1 rad(R/I) where π : R → R/I is the
quotient map.

Proof. xn ∈ I ⇐⇒ (x+ I)n = I. �

Now we can restate the Nullstellensatz again: It says that there is
a 1-1 correspondence between algebraic subsets of Ln defined over K
and ideals a in K[X1, · · · , Xn] so that rad(a) = a (we call such ideals
reduced).

{algebraic sets} ∼= {reduced ideals}
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A ⊆ Ln defined/K a ⊆ K[X1, · · · , Xn]

Note that
a) This bijection is inclusion reversing :

a ⊆ b ⇐⇒ Za ⊇ Zb

Assuming the Hilbert basis theorem (K[X] is Noetherian), this has
the following immediate consequence.

Proposition 4.16. Algebraic sets satisfy the DCC.

Proof. Suppose that A1 ⊇ A2 ⊇ A3 ⊇ · · · is a descending sequence
of algebraic subsets of Ln. Then the associated ideals form an as-
cending sequence: a1 ⊆ a2 ⊆ a3 ⊆ · · · . So, it eventually stops:
aN = aN+1 = · · · . And the corresponding algebraic sets must be
equal: AN = AN+1 = · · · . �

One consequence of this is that every algebraic set decomposes as a
finite union of irreducible sets.

4.2.2. irreducible sets.

Definition 4.17. An algebraic set defined over K is called K-irreducible
if it is not the union of two proper algebraic subsets. An irreducible al-
gebraic set is called an (affine) variety over K.

When people talk about varieties they often view L as being variable.
Lang formalizes this by saying calling the function L 7→ Za(L) an
algebraic space and defining a variety as an algebraic space rather than
an irreducible algebraic set.

The field of definition is very important. For example, the two point
set A = {i,−i} ⊂ C is R-irreducible but not C-irreducible. This has
many explanations. It is because the polynomial f(X) = X2 +1 which
defines this set is irreducible over R but not over C. Another way to
say it is that the Galois group of C/R acts transitively on the set.

Corollary 4.18. Every algebraic set is a finite union of irreducible
sets.

Proof. Suppose that A is not a finite union of irreducible sets. Then
it is not irreducible. So A = A0 ∪ A1. Either A0 or A1 is not a finite
union of irreducible sets (otherwise we get a contradiction). Suppose
it is A0. Then A0 = A00 ∪ A01 where one of the pieces is not a finite
union of irreducibles, etc. This contradicts the DCC. So, the corollary
holds. �
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Another feature of the algebraic set–reduced ideal correspondence:
b) It converts products into unions, e.g.

Zfg = Zf ∪ Zg
if f, g ∈ K[X]. We will discuss products of ideals later.

This has the following important consequence.

Theorem 4.19. A is K-irreducible iff the associated ideal a ⊂ K[X]
is prime.

The proof is easy if you realize that the Nullstellensatz can be for-
mulated in the following way:

Lemma 4.20. Suppose a ⊆ K[X] is a reduced ideal, f ∈ K[X] and
K ⊆ L = L. Then f ∈ a iff Za(L) ⊆ Zf (L).

4.2.3. coordinate ring. For the next subtopic I need to assume that
K = K = L and A ⊆ Kn is an irreducible algebraic set with associated
(prime) ideal p ⊆ K[X]. In that case the coordinate ring of A is defined
by

R := K[X]/p

This can be interpreted as the ring of all polynomial functions

A→ K

since two polynomials f, g ∈ K[X] give the same function A → K iff
f − g = 0 on A. By the Nullstellensatz this is equivalent to saying that
f − g ∈ rad p = p.

Lemma 4.21. Suppose that I is an ideal in a ring R. Then the maxi-
mal ideals of R/I are m/I where m is a maximal ideal of R containing
I.

Proof. What I said in class was that m is a maximal ideal in R iff R/m
is a field. But

R

m
∼=
R/I

m/I

which is a field iff m/I is a maximal ideal in R/I. This proof assumes
that m ⊆ R is an ideal containing I.

Suppose that M is a maximal ideal in R/I. Then M is the kernel of
an epimorphism φ : R/I → K where K is a field. Let m = π−1(M) be
the inverse image of M under π : R → R/I. Then m ⊆ R is an ideal
containing the kernel I of π. So the previous paragraph applies. �
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To apply this lemma to the coordinate ring R = K[X]/p we need to
recall the weak Nullstellensatz which says that the maximal ideals of
K[X] are (X1− a1, · · · , Xn− an) where (a) = (a1, · · · , an) ∈ Kn. This
ideal is the kernel of the evaluation map:

ev(a) : K[X]→ K

And you need to remember that S is contained in this kernel iff (a) ∈
ZS(K). Putting S = p we see that p is contained in (X1−a1, · · · , Xn−
an) iff (a) ∈ A = Zp(K). This proves the following.

Theorem 4.22. There is a 1-1 correspondence between the points of
A and the maximal ideals of the coordinate ring R of A. �
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5. Noetherian rings

Since I have an extra day, I decided to go back and prove some of
the basic properties of Noetherian rings that I haven’t already proven.

5.1. Hilbert basis theorem. Recall that R is called a Noetherian
ring iff the ideal of R satisfy the ACC. We saw that this was equivalent
to saying that every ideal α ⊆ R has a finite set of generators a1, · · · , an
which means that a is the set of all R-linear combinations of the ai.

Theorem 5.1 (Hilbert Basis Theorem). If R is Noetherian then so is
R[X].

Proof. Suppose that I is an ideal in R[X]. For each n ≥ 0 let an be
the set consisting of 0 and all leading coefficients of polynomials in I
of degree n. This can also be described as the set of all a ∈ R so that
I contains an element of the form

aXn + a1X
n−1 + a2X

n−2 + · · ·+ an

Claim 1. an is an ideal of R or is equal to R.
Proof: To show that an is an ideal, choose two elements a, b ∈ an.

This is equivalent to saying that I contains two polynomials of the form

f(X) = aXn + lower terms

g(X) = bXn + lower terms

Suppose that r, s ∈ R. Then rf + sg ∈ I. But

rf + sg = (ra+ sb)Xn + lower terms

Therefore, ra+ sb ∈ an. So, an is an ideal in R (or an = R).
Claim 2. am ⊆ an+1.
This statement is obvious: If a ∈ an then I contains a polynomial

f(X) = aXn+· · · . SinceX ∈ R[X], I also containsXf(X) = aXn+1+
· · · . So, a ∈ an+1.

Since R is Noetherian, the ascending sequence

a0 ⊆ a1 ⊆ a2 ⊆ · · ·
stops at some point N and we get aN = aN+1 = · · · .

For i = 0, · · · , N let aij ∈ R be a finite set of generators for the ideal
ai. Let fij ∈ I be a polynomial of degree i with leading coefficient aij.

Claim 3. The polynomials fij for i = 0, · · · , N generate I as an ideal
over R[X].

I proved this by induction on n: If f(X) is a polynomial in I of
degree n then f(X) is equal to a polynomial of degree less than n plus
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some R[X]-linear combination of the polynomials fij. To prove this I
considered two cases.

Case 1. Suppose first that n > N . In that case f(X) = aXn + · · · .
Since a ∈ an = aN there are elements rj ∈ R so that a =

∑
rjaNj.

This means that
∑
rjfNj(X) = aXN + · · · . So,

f(X)−
∑

rjX
n−NfNj(X)

is an element of I of degree < n.
Case 2. Suppose that n ≤ N then the same argument applies to

show that there exist rj ∈ R so that

f(X)−
∑

rjfnj(X)

is an element of I of degree < n.
This proves Claim 3 which proved the theorem. �

There are some immediate consequences of this theorem which I hope
I mentioned. First, we have the following immediate consequence of
the definition of Noetherian ring.

Lemma 5.2. Any quotient of a Noetherian ring is Noetherian.

And then we have the following consequence of this lemma and the
Hilbert basis theorem.

Corollary 5.3. If R is Noetherian, then any finitely generated ring
over R is also finitely generated.

For example, any finitely generated ring over a field is Noetherian.

5.2. Noetherian modules. The next basic property was the third
equivalent definition of a Noetherian ring:

Theorem 5.4. A ring R is Noetherian if and only if every submodule
of a finitely generated R module is finitely generated.

I pointed out that one direction (⇐) is obvious since R is a finitely
generated module over itself and the proper submodules of R are the
ideals. To prove the converse I needed some definitions.

Definition 5.5. Suppose that R is any ring. Then an R-module M
is called Noetherian if the submodules of M satisfy the ACC. This
is clearly equivalent to saying that every submodule of M is finitely
generated.

Using this definition, a ring R is Noetherian if and only if R is a
Noetherian R-module. From this we want to conclude that every f.g.
R-module is Noetherian. But every f.g. R-module is the quotient of a
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f.g. free module Rn. Therefore, the theorem follows from the following
two lemmas.

Lemma 5.6. If M is a Noetherian R-module then so is every quotient
module of M .

This is obvious because the submodules of any quotient M/N corre-
spond to the submodules of M containing N .

Lemma 5.7. If M,N are Noetherian R-modules then so is M ⊕N .

I proved the following generalization of this lemma. And I pointed
out that since the proposition proves the lemma and the lemma proves
the theorem we will be done.

Proposition 5.8. Suppose that 0 → K → M
π−→ N → 0 is a short

exact sequence of R-modules. Then tfae.

(1) M is Noetherian.
(2) K and N are both Noetherian.

Proof. It is clear that the first statement implies the second. So, sup-
pose that the second statement is true. Let L1 ⊆ L2 ⊆ · · · be an
ascending sequence of submodules of M . Then we want to show that
the sequence stops.

Let Ai = Li ∩ K. This is an increasing sequence of submodules of
K. So, for large enough N , we have AN = AN+1 = · · · .

Let Bi = π(Li) be the image of Li in N . Then, because N is Noe-
therian, there is a large number N ′ which we can take to be equal to
N so that BN ′ = BN ′+1 = · · · .

Now we claim that LN = LN+1 = · · · . This is a special case of the
5-lemma applied to the following diagram.

0 AN LN BN 0

0 AN+1 LN+1 BN+1 0

- -

?

=

-

?

-

?

=

- - - -

Since the rows are exact and the diagram commutes, the mapping
LN ↪→ LN+1 is an isomorphism. I.e., LN = LN+1. �



MATH 101B: ALGEBRA II PART B: COMMUTATIVE ALGEBRA 29

5.3. Associated primes. The idea is to obtain something similar to
the unique factorization theorem for integers: n =

∏
peI
i where we

replace pi with prime ideals in a Noetherian ring R and we replace
n with a f.g. R-module M . For example, 12 = 223 corresponds to
the statement that the prime ideals (2), (3) ⊆ Z are associated to the
Z-module M = Z/(12).

There are three ways to associate prime ideals to modules. Two are
easy and we also use a third method which has better properties. The
first way is to look at the cyclic submodules. For example, M = Z/(12)
contains submodules isomorphic to Z/(2) and Z/(3). The other simple
method is to look at the quotient modules. There is an epimorphism
Z/(12) � Z/(p) only for the primes p = 2, 3. However, there tend to
be more quotients than submodules. For example, Z/(p) is a quotient
of M = Z for every prime p. But the only prime ideal p ⊂ Z so that
Z/p is embedded in Z is p = 0.

5.3.1. annihilators and associated primes. I will always assume that R
and M are both Noetherian.

Definition 5.9. If x 6= 0 ∈ M then the annihilator ann(x) is the set
of all a ∈ R so that ax = 0. It is easy to see that this is an ideal in R.

Definition 5.10. For any R-module M , the associated primes are the
prime ideals p which occur as annihilators of nonzero elements of M .
This is equivalent to the statement that there is a monomorphism

R/p ↪→M

The set of associated ideals is denoted ass(M). So,

ass(M) = {p ⊂ R prime | p = ann(x) for some x ∈M}

Example 5.11. If p ⊂ R is prime then ass(R/p) = {p}.

Proof. Clearly, p is a prime associated to R/p. Suppose that q is an-
other associated prime. Then q = ann(x) for some x = y + p in R/p.
But then

q = ann(x) = {a ∈ R | ax = 0 ∈ R/p}
= {a ∈ R | ay ∈ p} = p

�

The next theorem is that the union of the associated primes is the
set of zero divisors.
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Definition 5.12. a ∈ R is called a zero divisor of M if ax = 0 for
some nonzero x ∈ M . In other words, the set of zero divisors of M is
equal to the union of all ann(x) for all nonzero x ∈M .

I pointed out that a ∈ R is not a zero divisor of M if and only if
multiplication by a does not kill any nonzero element of M . I.e.,

a· = aM : M →M

is a monomorphism. In that case a is called M -regular.

Theorem 5.13. The union of the associated primes of M is equal to
the set of zero divisors of M :⋃

p∈ann(M)

p = {zero divisors of M}

First we need a lemma:

Lemma 5.14. Consider the set of all ideals I ⊂ R so that I = ann(x)
for some x ∈ R. Then the maximal elements of this set are prime.

Proof. Suppose that I = ann(x) is maximal but not prime. Then there
exist a, b ∈ R so that ab ∈ I but a, b /∈ I. Since b /∈ I, bx 6= 0. But
abx = 0. So, a ∈ ann(bx) and a /∈ I ann(x). This implies that ann(bx)
is strictly larger than ann(x) which is a contradiction. �

5.3.2. localization and support. There are two other methods to asso-
ciate primes to R-modules. The easy way is to take the set of all p so
that M/pM 6= 0. However, localization is a better method even though
it is more complicated.

Recall that, for any multiplicative subset S of R, S−1M is the R
module given by:

S−1M = {x/s |x ∈M, s ∈ S}/ ∼
where x/s ∼ y/t iff rtx = rsy for some r ∈ S. If p is a prime ideal
then the localization Mp of M at p is defined to be Mp = S−1M where
S is the complement of p in R.

Definition 5.15. The support of M is defined to be the set of all
primes p so that Mp 6= 0:

supp(M) := {p ⊂ R prime |Mp 6= 0}

Example 5.16. supp(R/I) = {p ⊂ R prime | I ⊆ p}.
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This follows from the elementary fact that

S−1(R/I) = 0 ⇐⇒ S ∩ I 6= ∅

The advantage of the localization functor M 7→Mp is that it is exact
while M 7→M/pM is not exact.

Proposition 5.17. Suppose that S ⊂ R is a multiplicative set. Then
the functor M 7→ S−1M is exact.

Proof. Suppose that N
ψ−→ M

φ−→ L is exact, i.e., kerφ = imψ. Then
we want to show that

S−1N
ψ−→ S−1M

φ−→ S−1L

is exact. The composition is certainly 0. So, suppose that x/s ∈ S−1M
is in the kernel of φ. Then φ(x)/s = 0. So, ∃t ∈ S s.t. tφ(x) =
0 = φ(tx). This implies that tx = ψ(y) for some y ∈ N . Then
x/s = tx/ts = ψ(y/ts). So, kerφ = imψ. �

An immediate consequence of the exactness of localization is the
following.

Corollary 5.18. If 0 → N → M → M/N → 0 is a short exact
sequence of R-modules then

supp(M) = supp(N) ∪ supp(M/N)

Proof. For any prime p we get a short exact sequence

0→ Np →Mp → (M/N)p → 0

p ∈ supp(M) ⇐⇒ Mp 6= 0 ⇐⇒ either Np 6= 0 or (M/N)p 6= 0 ⇐⇒
p ∈ supp(N) ∪ supp(M/N). �

The main result relating associated primes and the support is the
following.

Theorem 5.19. Suppose that R and M are Noetherian. Then

ass(M) ⊆ supp(M)

Furthermore, the minimal elements of supp(M) are associated primes.

The minimal elements of supp(M) are called the minimal (or iso-
lated) associated primes.
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Proof. Suppose that p is an associated prime. Then we have a short
exact sequence

0→ R/p→M → X → 0

By exactness of localization, we get an exact sequence

0→ (R/p)p →Mp → Xp → 0

But (R/p)p 6= 0 by Example 5.16. So, Mp 6= 0. So p is in the support
of M .

Now suppose that p ∈ supp(M) is minimal. Then Mp 6= 0. So it
has a nonzero element x/s. This being nonzero means that tx 6= 0 for
all t ∈ S (where S is the complement of p in R). Consequently, the
annihilator of x/s is disjoint from S. So

ann(x) ⊆ ann(x/s) ⊆ p

Let q = ann(x/s) be maximal. Then q ∈ ass(Mp) by Lemma 5.14.
Since R is Noetherian, q = (a1, · · · , an). This means that there are
elements t1, · · · , tn ∈ S so that tiaix = 0. This implies that

q ⊆ ann(
∏
tix) ⊆ ann(

∏
tix/s)

But ann(
∏
tix/s) = q by maximality of q. So,

q = ann(
∏
tix) ∈ ass(M) ⊆ supp(M)

which implies that q = p ∈ ass(M). �

5.3.3. intersection of associated primes. One consequence of the theo-
rem is that the intersection of the associated primes is the same as the
intersection of the primes in the support.

Corollary 5.20.⋂
p∈ass(M)

p =
⋂

p∈supp(M)

p = rad(ann(M))

To prove this we need the following lemma.

Lemma 5.21. The radical of any ideal I is the intersection of all prime
ideals containing it:

rad I =
⋂

I⊆p prime

p
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For this we need a description of the embedding

Spec(S−1R) ↪→ Spec(R)

where Spec(R) is the set of prime ideals in R. This embedding sends
any ideal a in S−1R to the ideal

I = a|R := {a ∈ R | a/1 ∈ a}
This is clearly an ideal in R which is disjoint from S (otherwise a
contains a unit s/1). Also a prime implies S−1R/a is a domain which
imlies that a|R is prime since it is the kernel of the composition

R→ S−1R→ S−1R/a.

(a 7→ I = a|R describes an embedding since a = S−1I.)

Proof of the lemma. (⊆) is clear since I ⊆ p⇒ rad I ⊆ p.
(⊇) If a /∈ rad(I) then the multiplicative set S = {1, a, a2, · · · } is

disjoint from I. This implies that the ring T−1(R/I) is nonzero (T is
the image of S in R/I). So, it has a maximal (and thus prime) ideal
m. Then P = m|R/I is a prime in R/I disjoint from T . Then P = p/I
for some prime ideal p containing I and disjoint from S. This implies
that a /∈ p. So, a /∈

⋂
p. �

Proof of corollary. Since the minimal associated primes are the same
as the minimal supporting primes, the two intersections are equal.

(⊇) ann(M) ⊆ ann(x) for all x ∈ M . In particular, ann(M) is
contained in every associated prime p. But then rad(ann(M)) is also
contained in each p.

(⊆) Suppose that a /∈ rad(ann(M)). Then, by the lemma, there is a
prime ideal p containing ann(M) so that a /∈ p. But p ⊆ ann(M) ⇒
Mp 6= 0. So, p is a supporting prime. So, a /∈

⋂
p. �

5.3.4. primes associated to extensions.

Theorem 5.22. Suppose that 0 → N → M → M/N → 0 is a short
exact sequence of R-modules. Then

ass(N) ⊆ ass(M) ⊆ ass(N) ∪ ass(M/N)

Proof. The first inclusion is obvious: If R/p embeds in N then it em-
beds in M . So, suppose that p is associated to M . Then p = ann(x) for
some x ∈M . There are two cases. Either Rx∩N = 0 or Rx∩N 6= 0.

If Rx ∩N = 0 then R/p ∼= Rx embeds in M/N making p an associ-
ated prime of M/N .
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If Rx ∩ N contains y = ax 6= 0 in particular, a /∈ ann(x) = p. The
annihilator of y is the set of all b ∈ R so that bax = 0. But this implies
ba ∈ p. Since a /∈ p we must have b ∈ p. So, ann(y) = p ∈ ass(N).

The theorem holds in both cases. �

When the short exact sequence splits, this theorem implies that

ass(M) = ass(N) ∪ ass(M/N)

By induction this implies the following.

Corollary 5.23. ass(
⊕

Mi) =
⋃

ass(Mi).
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5.4. Primary decomposition. In a Noetherian ring, the radical of
any ideal a is the intersection of a finite number of prime ideals

(5.1) rad a =
⋂

pi

where pi are the primes associated with the module R/a. When R =
K[X1, · · · , Xn] this corresponds, by the Nullstellensatz, to the decom-
position of the corresponding algebraic set A = Za(L) ⊂ Ln as a finite
union of irreducible sets:

(5.2) A =
⋃

Vi

The ideal itself is the intersection of corresponding “primary” ideals qi:

(5.3) a =
⋂

qi

The correspondence is that rad qi = pi. Thus every term in the ex-
pression (5.1) is the radical of the corresponding term in (5.3). It is
interesting that only the minimal primes are needed in (5.1) but all of
the primary ideals in (5.3) are needed.

The zero sets for the ideals in (5.3) corresponding to the nonminimal
“embedded” associated primes are contained in the union of the others.

5.4.1. primary submodule.

Definition 5.24. A submodule Q of an R-module M is called primary
if any zero divisor of M/Q is also nilpotent on M/Q.

(1) a ∈ R is a zero divisor of M/Q iff there is some x ∈ M,x /∈ Q
so that ax ∈ Q.

(2) a ∈ R is nilpotent on M/Q iff some power of a annihilates
M/Q, i.e., anM ⊆ Q for some n ≥ 1. In other words, a ∈
rad(ann(M/Q)).

Since the set of zero divisors of M/Q is the union of the associated
ideals and rad ann(M/Q) is the intersection of the associated ideals,
we have: ⋂

p∈ass(M/Q)

p =
⋂

p∈ass(M/Q)

p = rad(ann(M/Q))

So,

Proposition 5.25. Q ⊆M is primary if and only if M/Q has a unique
associated prime p = rad(ann(M/Q)).

We call p the prime belonging to Q and we say thatQ is p-primary. In
the special case whenM = R, Q = q is an ideal in R and ann(R/q) = q.
So, p = rad q. The definition of a primary module translates to the
following.
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Definition 5.26. An ideal q ⊂ R is called primary if wherever a, b ∈ R,
ab ∈ q, b /∈ q⇒ a ∈ rad q.

Proposition 5.27. The intersection of finitely many p-primary sub-
modules of M is p-primary.

Proof. Suppose that Q1, · · · , Qn are p-primary submodules ofM . Then
ass(M/Qi) = {p}. This implies that

ass
(⊕

M/Qi

)
=

⋃
ass(M/Qi) = {p}

Since M/∩Qi embeds in
⊕

M/Qi it also has p as its unique associated
prime. So,

⋂
Qi is p-primary. �

5.4.2. existence of primary decomposition. Suppose thatN ⊆M . Then
a primary decomposition of N is defined to be a minimal expression of
the form

N = Q1 ∩Q2 ∩ · · · ∩Qn

where Qi are primary submodules of M . By the proposition, the prime
ideals pi belonging to the Qi will be distinct.

Theorem 5.28. Every submodule N ⊆M admits a primary decompo-
sition.

Proof. If not, there exists a maximalN with no primary decomposition.
The plan of the proof is to express N as the intersection of two larger
submodules N = K ∩ I. By maximality of N , both K and I are
intersections of primary submodules. This makes N an intersection of
primary submodules and we will be done.

Since N is a counterexample, it is in particular not primary. So there
is an a ∈ R which is a zero divisor for M/N but is not nilpotent on
M/N . This gives a sequence of submodules of L = M/N :

ker aL ⊆ ker a2
L ⊆ ker a3

L ⊆ · · ·
By the ACC, this sequence stops. So, ker amL = ker am+1

L = · · · . Let
K = ker amL ⊆ M/N . Since a is a zero divisor, K 6= 0. Let I = im aML .
Since a is not nilpotent on L, I 6= 0. But K ∩ I = 0 since any element
of the intersection has the form amx and satisfies am(amx) = 0 which
implies that x ∈ ker a2m

L = ker amL . So, amx = 0.
But K = K/N and I = I/N for some K, I ⊆M . And K ∩ I = 0⇒

K ∩ I = N . So we are done. �
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5.4.3. partial uniqueness of primary decomposition.

Lemma 5.29. There is a primary decomposition N = Q1 ∩ · · · ∩ Qn

which is reduced in the sense that

(1) the primes pi belonging to Qi are all distinct and

(2) each of the Qi is necessary, i.e., N 6= Q1 ∩ · · · ∩ Q̂i ∩ · · · ∩ Qn

for all i.

In the following theorem I used N = 0 in class. But that seemed to
be confusing so I put an arbitrary N . This also explains where “L”
came from.

Theorem 5.30. Suppose N = Q1 ∩ · · · ∩ Qn is a (reduced) primary
decomposition of N ⊆M . Let pi be the prime belonging to Qi. Then

ass(M/N) = {p1, · · · , pn}

Proof. (⊆) Since N = Q1 ∩ · · · ∩Qn, we have a monomorphism

M/N ↪→
⊕

M/Qi

So,

ass(M/N) ⊆ ass
(⊕

M/Qi

)
=

⋃
ass(M/Qi) = {p1, · · · , pn}

(⊇) We want to show that p1 ∈ ass(M/N). Let

L = Q2 ∩ · · · ∩Qn

Then, L ∩Q1 = N . So, we have a monomorphism L/N ↪→M/Q1. So,

ass(L/N) ⊆ ass(M/Q1) = {p1}

Since L 6= N , L/N has at least one associated prime (a maximal ann(x)
where x 6= 0 ∈ L/N). Therefore, ass(L/N) = {p1}. Since L/N ⊆M/N
this implies that p1 ∈ ann(M/N). �

Theorem 5.31. Suppose that ann(M/N) = {p1, · · · , pn} andN = Q1∩
· · ·∩Qn, N = Q′1∩· · ·∩Q′n are two primary decompositions of N ⊆M
where Qi, Q

′
i are pi-primary. Then for every minimal (=isolated) pi,

Qi = Q′i.

Proof. Suppose that p1 is minimal. This means that it does not contain
any of the other associated primes. So, for i ≥ 2, there exists ai ∈ pi
so that ai /∈ p1. This implies that a = a2a3 · · · an ∈ pi for i ≥ 2 but
a /∈ p1.
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Claim: Q1 = {x ∈ M | amx ∈ N for some m > 0}. This will prove
that Q1 = Q′1 since the expression on the right is independent of the
primary decomposition.

Pf: (⊆) Let x ∈ Q1. Then we want to show that amx lies in each
Qi for sufficiently large m. This will show that amx ∈ ∩Qi = N .
x ∈ Q1 ⇒ amx ∈ Q1. For i ≥ 2, a ∈ pi = rad ann(M/Qi)⇒ amx ∈ Qi.

(⊇) Suppose that amx ∈ N . Then x ∈ Q1. Otherwise, a is a zero
divisor for M/Q1 which implies that a ∈ p1 which is a contradiction.
This proves the claim and the theorem follows. �

5.4.4. example. (from Atiyah-Macdonald) In this example, p is a prime
whose square p2 is not primary. However, rad p2 = p.

Let R = K[X, Y, Z]/(XY − Z2) and let x, y, z denote the image of
X, Y, Z in R. Let p = (x, z). This is a prime ideal in R since

R/p ∼= K[X, Y, Z]/(X,Z) ∼= K[Z]

But p2 = (x2, xz, z2) is not primary since xy = z2 ∈ p2 but x /∈ p2 and
no power of y lies in p2. Finally, it is clear that rad p2 = p. (For any
w ∈ p, w2 ∈ p2. Conversely, p2 ⊆ p⇒ rad p2 ⊆ p.)

The ideal p2 has two associated primes: p and the maximal ideal
m = (x, y, z) which contains p. It is easy to verify that these are
associated primes since p is the annihilator of z module p2 and m is
the annihilator of x module p2. There are no other associated primes
because the primary decomposition of p2 has only two terms:

p2 = q1 ∩ q2

where
q1 = (x) = (x, z2)

This is p-primary since p/q1 is generated by z with annihilator p. So
there is a short exact sequence

0→ R/p→ R/q1 → R/p→ 0

which implies that p is the only prime associated to R/q1 and, therefore,
q1 is p-primary. The other primary ideal is

q2 = m2 = (x2, xz, z2, y2, yz)

This is m-primary since rad m2 = m = ∩{p2 ∈ ass(M/m2)}. Since m is
maximal, p2 = m is the only associated prime.

There is a modified version of the powers of a prime ideal p called
the symbolic power of p which always gives a p-primary ideal. As a
special case of HW6, problem 2, this is given by

p(2) = p2Rp|R
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5.5. Spec(R). For any ideal I ⊂ R let C(I) (= ZI) be the set of all
prime ideals p of R which contain I.

Definition 5.32. If R is a Noetherian ring then Spec(R) is the set
of all prime ideals in R with the topology given by taking C(I) (for all
ideals I), the empty set ∅ and the whole space Spec(R) to be the closed
subsets.

Since R is Noetherian, Spec(R) satisfies the DCC for closed subsets.
In particular, any collection of closed subsets has a minimal element.
To verify that this is a topology we need to show that any intersection
or finite union of closed sets is closed. The DCC implies that any
intersection is a finite intersection.

The first problem on HW6 was to show that, given any ideal I, the
set C(I) contains a finite number of minimal elements. The fancy proof
of this is the following. First, define a closed subset of Spec(R) to be
indecomposable if it is not the union of two proper subsets.

Lemma 5.33. C(I) = C(rad(I)).

Lemma 5.34. C(I) is indecomposable iff rad(I) is prime.

Lemma 5.35. In any topological space satisfying the DCC for closed
subsets, every closed subset is a finite union of indecomposable closed
subsets.

Theorem 5.36. For every ideal I, there are finitely many primes
p1, · · · , pn containing I so that any other prime which contains I will
contain one of the pi.

Proof. Let C(I) = C1 ∪ · · · ∪ Cn be a decomposition of C(I) into in-
decomposables. Then Ci = C(pi) for some prime pi containing I and,
for any other primes P containing I we have that C(P ) ⊆ C(I) and
therefore,

C(P ) = (C(P ) ∩ C1) ∪ · · · ∪ (C(P ) ∩ Cn)
Since C(P ) is indecomposable, this implies that C(P ) ⊆ Ci = C(pi)
and this implies that P contains pi. �
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6. Local rings

Our last topic in commutative algebra is local rings. I first went over
the basic definitions, talked about Nakayama’s Lemma and I plan to
do discrete valuation rings and then more general valuation rings and
then return to places in fields. All rings are commutative with 1. They
might not be Noetherian.

6.1. Basic definitions and examples.

Definition 6.1. A local ring is a ring R with a unique maximal ideal
m.

Proposition 6.2. A ring is local iff the nonunits form an ideal.

Proof. Suppose first that R is local with maximal ideal m. Let x be
any element not in m. Then x must be a unit. Otherwise, x generates
an ideal (x) which is contained in a maximal ideal other than m.

Conversely, suppose that R is a ring in which the nonunits form an
ideal I. Then every ideal in R must be contained in I since ideals
cannot contain units. �

Example 6.3. An example is Z/(p), the integers localized at the prime
ideal (p). Recall that Rp = S−1R is the set of all equivalence classes
of fractions a/b where a ∈ R and b ∈ S where S is the complement of
p. When R is an integral domain, Rp is contained in the quotient field
QR. So, it is easier to think about:

Z(p) =
{a
b
∈ Q s.t. p - b

}
This is a local ring with unique maximal ideal

m =
{a
b
∈ Q s.t. p|a, p - b

}
This is the unique maximal ideal since all of the other elements are
clearly units. The quotient Z(p)/m is isomorphic to Z/p although this
is not completely trivial.

More generally we have:

Proposition 6.4. If R is a ring and p is a prime ideal then Rp = S−1R
is a local ring with maximal ideal S−1p.
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6.2. Nakayama’s Lemma. You probably already know this but it is
an very useful result which is also very easy to prove. There are two
equivalent versions.

Lemma 6.5 (Nakayama’s Lemma, version 1). Suppose that R is a local
ring and M is a f.g. R-module. If mM = 0 then M = 0.

Lemma 6.6 (Nakayama’s Lemma, version 2). Suppose that R is a
local ring and E is a f.g. R-module and F ⊆ E is a submodule. If
E = F + mE = 0 then E = F .

First I showed that these are equivalent. The first version is obviously
a special case of the second version: just let F = 0. To prove the second
given the first let M = E/F . Then E = F+mE implies that M = mM
which implies M = E/F = 0 which is the same as E = F .

Proof of Nakayama, 1st version. This will be by induction on the num-
ber of generators. If this number is zero, then M = 0 so the lemma is
true. So, suppose that x1, · · · , xs is a minimal set of generators for M
and s ≥ 1. Since xs ∈M = mM , there exist a1, · · · , as ∈ m so that

xs = a1x1 + · · ·+ asxs

This gives:
(1− as)xs = a1 + · · ·+ as−1xs−1

But 1−as is invertible since it is not an element of m (if 1−as ∈ m then
we would get 1− as + as = 1 ∈ m which is not possible). Therefore,

xs = (1− as)−1(a1x1 + · · ·+ as−1xs−1)

which implies that x1, · · · , xs−1 generate M . So, M = 0 by induction
on s. �

Remark 6.7. Note that M/mM is an Rm-module. Since R/m is a
field (called the residue field of R), M/mM is a vector space over the
residue field. If f : M → N is a homomorphism of R-modules then we
get an induced linear mapping

f∗ : M/mM → N/mN

given by f∗(x + mM) = f(x) + mN (or f∗(x) = f(x) if x denotes
x+mM). This defines a functor from the category of R-modules to the
category of vector spaces over R/m.

Definition 6.8. One definition of the dimension of a local ring R is
the vector space dimension of m/m2:

dimR = dimR/m m/m2
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Proposition 6.9. x1, · · · , xn are generators for the R-module M if
and only if their images x1, · · · , xn span the vector space M/mM .

Proof. (⇒) This direction is clear. Every element x ∈M can be written
as x =

∑
aixi. So, any element x = x+mM of M/mM can be written

as x =
∑
aixi.

(neht) Let N be the submodule of M generated by x1, · · · , xn. If
x1, · · · , xn span M/mM then N + mM = M . Then N = M by
Nakayama. �

Corollary 6.10. x1, · · · , xn is a minimal set of generators for M iff
x1, · · · , xn form a basis for the vector space M/mM .

Theorem 6.11. Any finitely generated R-module M is projective if
and only if it is free (isomorphic to Rn).

Proof. It is clear that every free module is projective. So, suppose that
M is projective. Let x1, · · · , xn be a minimal set of generators for M .
Then we get an epimorphism φ : Rn → M sending the i-th generator
of Rn to xi. Since M is projective by assumption, there is a section
s : M → Rn of this homomorphism. I.e., φ ◦ s = idM . This gives the
following diagram:

M Rn M

M/mM Rnmn M/mM

-s

?

-
φ

? ?
-s -

φ

Since φ ◦ s is the identity on M , φ/s is the identity on M.mM . There-
fore, s : M/mM → Rn/mn is a monomorphism. But M/mM and
Rn/mn have the same finite dimension over R/m. Therefore, s is an
isomorphism. This implies that s(M) + mn = Rn. By Nakayama this
shows that s(M) = Rn. So, M ∼= Rn as we wanted to show. �
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6.3. Complete local rings. If R is a local ring we get a sequence of
ring homomorphisms:

· · · → R/mn+1 → R/mn → R/mn−1 → · · · → R/m

The inverse limit lim←R/m
n is the set of all sequences (an ∈ R/mn)

which are compatible in the sense that an maps to an−1 under the
homomorphism R/mn → R/mn−1, i.e., an−1 = an + mn−1.

The inverse limit is defined by a universal condition. It is the uni-
versal object L with ring homomorphisms fn : L → R/mn so that the
composition L→ R/mn → R/mn−1 is fn−1. In other words, given any
other L′ with homomorphisms f ′n : L′ → R/mn, there exists a unique
ring homomorphism g : L′ → L so that fn ◦ g = f ′n for all n. It is
easy to see that the set of all compatible sequences (an) satisfies this
universal property since g(x) = (f ′n(x))

Definition 6.12. R is a complete local ring if R ∼= lim←R/m
n.

Example 6.13. The p-adic integers Zp form a complete local ring by
definition. They are defined to by Zp = lim← Z/pnZ. I.e., it is the
inverse limit of the sequence

· · · → Z/pn → Z/pn−1 → · · · → Z/p
In other words, Zp is the set of all sequences (an) of integers an de-
fined modulo pn so that an + pn−1Z = an−1. There is a natural ring
monomorphism Z ↪→ Zp sending m to the sequence (an = m) for all
n. The unique maximal ideal is given by a1 = 0, i.e., m is the kernel
of the epimorphism Zp � Z/p given by (an) 7→ a1.

A typical element of Z3 has an infinite 3-nary expansion with digits
0, 1, 2 to the left of the decimal place:

· · · 2110220112.

p-adic integers do not have signs. They are all positive since, e.g.,

−1 = · · · 2222222.

The maximal ideal is the set of all numbers with last digit equal to 0.

Problem: Show that there is a monomorphism of rings Z(p) ↪→ Zp

which is not an epimorphism (since Zp is a Cantor set and therefore
uncountable whereas Z(p) is countable, being a subset of Q).
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6.4. Discrete valuation rings. This is the last topic in commutative
algebra.

6.4.1. definition. I gave two of the elementary definitions.

Definition 6.14 (1st definition). A discrete valuation ring (DVR) is
an integral domain R together with a mapping

v : QR∗ � Z

called a valuation from the group of nonzero elements QR∗ of the quo-
tient field QR of R onto Z so that

(1) v(ab) = v(a) + v(b) for all a, b ∈ QR∗
(2) v(a+ b) ≥ min(v(a), v(b)) for all a, b ∈ QR∗
(3) R∗ = {a ∈ QR∗ | v(a) ≥ 0}

I pointed out that the first conditions implies v(1) = 0 (since v(1) =
v(1) + v(1)) and v(a/b) = v(a) − v(b) (since a = (a/b)b ⇒ v(a) =
v(a/b) + v(b)).

Example 6.15. Take R = Z(p). Then QZ(p) = Q and we can define

vp : Q∗ � Z

by vp
(
a
b

)
= n where n is the number of times that p divides a/b. I.e.,

a

b
= pn

c

d

where p - c and p - d. It is easy to verify that the conditions are satisfied.
We figured out in class that equality holds in (2) when v(a) 6= v(b).

There is one thing I don’t like about the first definition. The valua-
tion is assumed to be defined outside of the original set R. The second
definition restricts the valuation just to R∗.

Definition 6.16 (2nd definition). A DVR is a domain R together with
a mapping

v : R∗ � {0, 1, 2, · · · }
so that

(1) v(ab) = v(a) + v(b) for all a, b ∈ R∗
(2) v(a+ b) ≥ min(v(a), v(b)) for all a, b ∈ R∗
(3′) b|a ⇐⇒ v(b) ≤ v(a)

Proposition 6.17. These two definitions are equivalent.
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Proof. (⇒) If v is defined on QR∗ we can just take the restriction of
v to R∗. Then the only condition we need to check is (3′). If b|a then
a = bc for some c ∈ R∗. So, v(a) = v(b) + v(c) ≥ v(b). Conversely, if
v(b) ≤ v(a) then v(a/b) = v(a)− v(b) ≥ 0.

(⇐) Suppose we have v defined on R∗. Then we can extend it to
QR∗ by the equation

v
(a
b

)
= v(a)− v(b)

This is well defined since a/b = c/d implies ad = bc which implies that

v(ad) = v(a) + v(d) = v(b) + v(c) = v(bc)

v(a)− v(b) = v(c)− v(d)
Conditions (1) is obvious. For condition (2):

v

(
a

c
+
b

c

)
= v

(
a+ b

c

)
= v(a+ b)− v(c)

≥ min(v(a), v(b))− v(c)
= min(v(a)− v(c), v(b)− v(c))
= min (v(a/c), v(b/c))

For the last condition:

v(a/b) ≥ 0 ⇐⇒ v(a) ≥ v(b) ⇐⇒ b|a ⇐⇒ a/b ∈ R
�

6.4.2. properties.

Proposition 6.18. Suppose that R is a DVR with valuation v. Then

(1) a ∈ R is a unit iff v(a) = 0.
(2) R is a local ring
(3) m = {a ∈ R | v(a) ≥ 1 and a 6= 0}
(4) m = (π) for any π ∈ R so that v(π) = 1.
(5) mn = (πn).

π is called the uniformizer of R.

Proof. For (1), a is a unit iff a|1 iff v(a) ≤ v(1) = 0 iff v(a) = 0. This
implies that the set of nonunits is I = {a ∈ R | v(a) ≥ 0 or a = 0}.
R is a local ring iff I is an ideal. But this is easy: I is closed under
addition since

v(a+ b) ≥ min(v(a), v(b)) ≥ 1

and it is an ideal since, for any a ∈ I, r ∈ R which are nonzero,

v(ra) = v(r) + v(a) ≥ v(a) ≥ 1
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which implies ra ∈ I. Therefore, I = m is the unique maximal ideal.
Now choose any π ∈ R so that v(π) = 1. Then, π divides any

element a ∈ m since v(π) ≤ v(a). So, m = (π).
Finally, it is clear that if π generates m then πn generates mn. �

The converse to this is also true giving a 3rd definition of DVR:

Proposition 6.19. If R is a local domain whose unique maximal ideal
is principal, then R is a DVR.

Proof. If π is a generator for m then any nonzero element of R can be
written uniquely as πnu where u is a unit. Then the valuation is given
by v(πnu) = n. �

6.4.3. DVRs and Riemann surfaces. The theorem is that there is a
1-1 correspondence between isomorphism classes of field extensions E
of C of transcendence degree 1 and isomorphism classes of (compact)
Riemann surfaces (complex curves). The points of the Riemann surface
are given by the discrete valuations v : E∗ � Z associated to places in
E which are DVRs.

I didn’t prove this but I gave an example, the simplest possible ex-
ample, which is E = C(X). This field corresponds to the Riemann
sphere S2 = C ∪ ∞. Any point x0 ∈ C corresponds to the valuation
vx0 : E∗ → Z given by

vx0

(
f(X)

g(X)

)
= n

where n is the number of times that X − x0 divides f(X)/g(X). In
other words,

f(X)

g(X)
= (X − x0)

n φ(X)

ψ(X)

where φ(X), ψ(X) are not divisible by X − x0. The condition that
these are not divisible by X − x0 is equivalent to the condition that
φ(x0) 6= 0 and ψ(x0) 6= 0. In other words, the function f(X)/g(X) has
a zero of order n at x0. When n < 0, f(X)/g(X) has a pole at x0,
i.e., f(x0)/g(x0) = ∞. The DVR is the set of all f(X)/g(X) which
does not have a pole at x0. The maximal ideal is the set of all rational
functions which are zero at x0.

There is one other valuation on E = C(X) corresponding to the point
at infinity. This should be the set of all rational functions f(X)/g(X)
which do not have a pole at ∞. This is equivalent to saying that
deg(f) ≤ deg(g). So, the valuation at infinity is:

v∞(f(X)/g(X)) = deg(g)− deg(f).
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