
MATH 101B: HOMEWORK

1. Homework 01

The following three problems are due next Thursday (1/25/7).

1.1. Show that the category of finite abelian groups contains no non-
trivial projective or injective objects. (Use the Fundamental Theorem:
all finite abelian groups are direct sums of cyclic p-groups Z/pn.)

1.2. Show that abelian categories have push-outs and pull-backs. I.e.,
Given an abelian category A and morphisms f : A → C, g : B → C
there exists an object D (called the pull-back) with morphisms α :
D → A, β : D → B forming a commuting square (f ◦ α = g ◦ β)
so that for any other object X with maps to A, B forming another
commuting square, there exists a unique morphism X → D making
a big commutative diagram. (Draw the diagram.) Hint: There is an
exact sequence

0 → D → A⊕B → C

1.3. Let k be a field and let R be the polynomial ring R = k[X]. Let
Q be the k vector space of all sequences:

(a0, a1, a2, · · · )
where ai ∈ k with the action of X ∈ R given by shifting to the left:

X(a0, a1, a2, · · · ) = (a1, a2, a3, · · · )
Then show that Q is injective. Hint: first prove that any homomor-
phism f : A → Q is determined by its first coordinate.
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2. Homework 02

The following three problems are due next Thursday (2/2/7). The
strict deadline is 1:30pm Friday.

2.1. Give a precise description of the ring R indicated below and show
that it has the property that left R-modules are the same as chain
complexes of abelian groups with three terms, i.e.,

C2
d2−→ C1

d1−→ C0

where C1, C2, C3 are abelian groups and d1, d2 are homomorphisms so
that d1 ◦ d2 = 0 and a homomorphism of R-modules is a chain map
f : C → D, i.e. it consists of three homomomorphisms fi : Ci → Di so
that the following diagram commutes.

C2 C1 C0

D2 D1 D0

-

?

f2

-

?

f1

?

f0

- -

R is a quotient ring:

R =

Z Z Z
0 Z Z
0 0 Z

 /

0 0 Z
0 0 0
0 0 0


[Hint: R is additively free abelian with five generators, three of which
are idempotents e0, e1, e2 and Ci = eiC.]

R is additively free abelian with five generators, e0, e1, e2, α, β where
the first three are diagonal matrices

e0 = diag(1, 0, 0), e1 = diag(0, 1, 0), e2 = diag(0, 0, 1)

and α is a matrix with a 1 in the (0, 1)-entry and 0’s elsewhere and β
is a matrix with 1 in the (1, 2)-entry and zeros elsewhere.

Given an R-module C the corresponding chain complex is given as
follows. Let Ci = eiC. Since 1 = e0 + e1 + e2 and ei are orthogonal
idempotents in the sense that eiej = δijej, we get a decomposition

C = e0C ⊕ e1C ⊕ e2C = C0 ⊕ C1 ⊕ C2
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2 MATH 101B: HOMEWORK

Since α = e0αe1, multiplication by α is zero on C0⊕C2 and has image in
C0. So it gives a homomorphism C1 → C0. Similarly, multiplication by
β gives a homomorphism C2 → C1. Since αβ = 0, the composition of
these two homomorphisms is zero. Therefore, we have a chain complex
structure on C.

Conversely, suppose we have a chain complex C2
d−→ C1

d−→ C0. Then
we have an action of R on C = ⊕Ci bya00 a01 0

0 a11 a12

0 0 a22

 x0

x1

x2

 =

a00x0 + a01d(x1)
a11x1 + a12d(x2)

a22x2


where we write elements of C in column matrix form. We see that
multiplication by ei is projection onto Ci and multiplication by the
matrix α sends (x0, x1, x2) to (d(x1), 0, 0), i.e., it is projection to C1

followed by d : C1 → C0 followed by inclusion C0 → C. Similarly for β.
So, the chain complex corresponding to this R-module is the original
chain complex.

Conversely, if we start with an R-module, form the chain complex
and then make the chain complex back into an R-module by the above
construction then we get back that same R-module. This is because
d1 : C1 → C0 is α restricted to C1 and d2 : C2 → C1 is β restricted to
C2.

2.2. Describe the chain complex corresponding to the free R-module
Rn (n finite).

First take n = 1. Then R is free with 3 generators: e0, e1, e2, α, β.
Multiplying on the left with e0 kills all but e0, α. So, e0R ∼= Z2 with
free generators e0, α. Similarly, e1R ∼= Z2 with free generators e1, β
and e2R ∼= Z with free generator ε2. So, the chain complex is:

Z d2−→ Z2 d1−→ Z2

As we already discussed, d2 is left multiplication by β which sends the
generator e2 of C2 = Z to the second generator β of C1 = Z2. And d1

is left multiplication by α which sends the first generator e1 of C1 to
the second generator α of C0

∼= Z2 and sends the second generator β
of C1 to zero.

If we take the direct sum of n copies of this we get the chain complex

Zn d2−→ Z2n d1−→ Z2n

where d2 is the inclusion into the first factor of Z2n = Zn ⊕ Zn and d1

is the projection to the second coordinate of C1 followed by inclusion
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into the second factor of C0. In matrix notation:

d2 =

(
0

In

)
, d1 =

(
0 In

0 0

)
2.3. Assume without proof that the analogous statements hold for
right R-modules, namely they are cochain complexes

C2 ← C1 ← C0

where Ci = Cei (just as Ci = eiC). Give a description (as a chain
complex with three terms) of the injective R-module HomZ(Rn

R, Q/Z).

The right R-module R is the cochain complex C2 = Re2
∼= Z2 with

free generators e2, β, C1 = Re1
∼= Z2 with generators e1, α and C0 =

Re0
∼= Z with generator e0. d1 : C1 → C2, being right multiplication

by β, is an isomorphism of the first factor of C1 to the second factor of
C2 and d0 : C0 → C1 is an isomorphism of C0 onto the second factor
of C1.

If we hom into Q/Z we get

(Q/Z)2 d2−→ (Q/Z)2 d1−→ Q/Z
Where d2 is an isomorphism from the second factor of C2 to the first
factor of C1 and d1 is an isomorphism from the second factor of C1 to
C0. HomZ(Rn

R, Q/Z) is a direct sum of n copies of this chain complex.
So, it is

(Q/Z)2n d2−→ (Q/Z)2n d1−→ (Q/Z)n

where

d2 =

(
0 In

0 0

)
, d1 =

(
0 In

)
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3. Homework 03 answers

The following problem was due Thursday (2/8/7).

Compute Exti
Q[X](Q[X]/(f), Q[X]/(g)) using both the projective res-

olution of Q[X]/(f) and the injective coresolution of Q[X]/(g).
[First take the projective resolution P∗ of Q[X]/(f). Then

Exti
Q[X](Q[X]/(f), Q[X]/(g)) ∼= H i(HomQ[X](P∗, Q[X]/(g)))

Then, find the injective (co)resolution Q∗ of Q[X]/(g). The Ext groups
can also be found by the formula

Exti
Q[X](Q[X]/(f), Q[X]/(g)) ∼= H i(HomQ[X](Q[X]/(f), Q∗))

The theorem that says that these two definitions are equivalent, we
don’t have time to prove. But working out this example might give
you an idea on why it is true for i = 0, 1.]

Actually, I did end up proving that theorem.

3.1. projective resolution. Since Q[X] is a domain, the projective
resolution of Q[X]/(f) is given by

0 → Q[X]
f ·−→ Q[X] → Q[X]/(f) → 0

where f · is multiplication by f . Since HomR(R,M) ∼= M , we get:

HomQ[X](Q[X], Q[X]/(g)) ∼= Q[X]/(g)

The isomorphism φx ↔ x is given by φx(1) = x. The map induced by
f · is precomposition with f · which corresponds to multiplication by f :

(f ·)∗(x) = (f ·)](φx) = φx(f · 1) = f · x
So, Ext1

Q[X](Q[X]/(f), Q[X]/(g)) is the cokernel of the map

Q[X]/(g) → Q[X]/(g)

given by multiplication by f . This is Q[X] modulo the ideal I consisting
of all Q[X]-linear combinations of f and g. In other words, I = (f, g).
But Q[X] is PID. So this ideal is generated by one element, the greatest
common divisor of f and g. Call this h. Then

Ext1
Q[X](Q[X]/(f), Q[X]/(g)) ∼= Q[X]/(h)
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Ext0
Q[X](Q[X]/(f), Q[X]/(g)) ∼= HomQ[X](Q[X]/(f), Q[X]/(g)) is the

kernel of the map

Q[X]/(g)
f ·−→ Q[X]/(g)

This is K/(g) where K is the kernel of the composite map

Q[X] → Q[X]/(g)
f ·−→ Q[X]/(g)

But this means that K is the set of all polynomials which, when multi-
plied by f become divisible by g. To figure out what this is you need to
write f and g as products f = ha, g = hb where h = gcd(f, g). (So, a, b
are relatively prime.) kf = kha is divisible by g = hb iff k is divisible
by b. Therefore, K = (b) and

Ext0
Q[X](Q[X]/(f), Q[X]/(g)) ∼= K/(g) ∼= Q[X]/(h)

where the isomorphism Q[X]/(h) ∼= K/(g) is given by multiplication
by b.

3.2. Injective resolution. To get an injective resolution of Q[X]/(g)
we first need a lemma:

Lemma 3.1. The module Q[X]/(g) is isomorphic to its dual:

Q[X]/(g)∧ = HomZ(Q[X]/(g), Q) ∼= Q[X]/(g)

Suppose that this is true. Then the short exact sequence:

(3.1) 0 → Q[X]
g·−→ Q[X] → Q[X]/(g) → 0

when dualized gives an injective coresolution of Q[X]/(g) ∼= Q[X]/(g)∧:

(3.2) 0 → Q[X]/(g) → Q[X]∧
·g−→ Q[X]∧ → 0

This is exact since (3.1) splits over Q. The injective module Q[X]
consists of infinite sequences of rational numbers

(a0, a1, a2, · · · )
where X acts by moving the sequence to the left:

X(a0, a1, · · · ) = (a1, a2, · · · )
From the previous homework we know that

HomQ[X](Q[X]/(f), Q[X]∧) ∼= HomZ(Q[X]/(f), Q)

which, by the lemma, is isomorphic to Q[X]/(f).
When we apply HomQ[X](Q[X]/(f),−) to the injective coresolution

(3.2) we get

Q[X]/(f)
·g−→ Q[X]/(f)
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which has cokernel

Ext1
Q[X](Q[X]/(f), Q[X]/(g)) = Q[X]/(f, g) = Q[X](h)

where h is the greatest common divisor of f and g and kernel

Ext0
Q[X](Q[X]/(f), Q[X]/(g)) = (a)/(f) ∼= Q[X]/(h)

where a = f/h.

Proof of the lemma. Suppose first that g is irreducible of degree n.
Then M = Q[X]/(g) is n dimensional over Q and is annihilated by
multiplication by g. Then M∧ is also n dimensional and is annihilated
by multiplication by g. So, M∧ ∼= M . Next suppose that g is a power
g = pk of an irreducible polynomial p of degree n. Then M is charac-
terized by the fact that it is nk dimensional and is annihilated by pk

but not by pk−1. But M∧ also has this property. So, M∧ ∼= M .
Finally suppose that g =

∏
pki

i where pi are distinct irreducible
monic polynomials. Then M =

⊕
Q[X]/(pki

i ) and

M∧ ∼=
⊕

Q[X]/(pki
i )∧ ∼=

⊕
Q[X]/(pki

i ) = M

�
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4. Homework 04 answers

The following problems were due Thursday (3/1/7).
1. Show that unique factorization domains (UFDs) are integrally

closed.
Suppose that R is a UFD with quotient field QR. Then we want to

show that any element x = a/b ∈ QR which is integral over R lies in
R. By writing a, b as products of primes, we may assume that they
are relatively prime. If x is integral over R then there are elements
c1, · · · , cn ∈ R so that

xn + c1x
n−1 + · · ·+ cn = 0

Multiplying by bn gives

an + c1a
n−1b+ · · ·+ cnb

n = 0

So, b divides an. This is impossible unless b is a unit in which case
a/b ∈ R.

2. Show that the integral closure of Z[
√

5] (in its fraction field) is
Z[α] where

α =
1 +

√
5

2

Let R be the integral closure of Z[
√

5] in its fraction field Q[
√

5].
Then R contains α and R is integral over Z. So it suffices to show that
any a+ b

√
5 ∈ Q[

√
5] which is integral over Z lies in Z[α].

You can prove this using the trace: Tr : R→ Z which is given by

Tr(a+ b
√

5) = (a+
√

5) + (a−
√

5) = 2a

2a ∈ Z ⇒ a = n/2 for some n ∈ Z and the norm: N : R→ Z given by

N(a+ b
√

5) = (a+
√

5)(a−
√

5) = a2 − 5b2

Using the unique factorization of b we see that this is an integer iff
b = m/2 where m ∈ n + 2Z. So, a + b

√
5 lies in either Z[

√
5] or

α + Z[
√

5] in either case a + b
√

5 lies in Z[α]. So, R = Z[α] is the
integer closure of Z and thus of Z[

√
5] in Q[

√
5].
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