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1. The group ring k[G]

The main idea is that representat ions of a group G over a Þeldk are
Òthe sameÓas modulesover the group ring k[G]. Fir st I deÞnedboth
terms.

1.1. Representations of groups.

Definition 1.1. A representat ion of a groupG over a Þeldk is deÞned
to be a group homomorphism

ρ : G → Aut k(V )

where V is a vector space over k.

HereAut k(V ) is the group of k-linear automorphismsof V . This also
written as GLk(V ). This is the group of units of the ring Endk(V ) =
Homk(V, V ) which, asI explainedbefore, is a ring with addition deÞned
pointwise and multiplicati on given by composition. If dimk(V ) = d
then Aut k(V ) ∼= Aut k(kd) = GLd(k) which can also be described as
the group of units of the ring Matd(k) or as:

GLd(k) = {A ∈ Matd(k) | det(A) $= 0}
d = dimk(V ) is called the dimension of the representation ρ.

1.1.1. examples.

Example 1.2. The Þrst exampleI gavewasthe triv ial representat ion.
This is usually deÞned to be the one dimensionalrepresentationV = k
with trivial action of the group G (which can be arbitrary). Trivial
action means that ρ(σ) = 1 = idV for all σ ∈ G.

In the next example, I pointed out that the group G needsto be
written multiplica tiv ely no matter what.

Example 1.3. Let G = Z/3. Wr itten multiplicatively, the elements
are 1, σ, σ2. Let k = R and let V = R2 with ρ(σ) deÞned to be rotation
by 120◦ = 2π/3. I.e.,

ρ(σ) =
(
−1/2 −

√
3/2√

3/2 1/2

)

Example 1.4. Suppose that E is a Þeld extension of k and G =
Gal(E/k). Then G acts on E by k-linear transformations. This gives
a representation:

ρ : G ↪→ Aut k(E)
Note that this map is an inclusion by deÞnition of ÒGaloisgroup.Ó
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1.1.2. axioms. In an elementary discussion of group representations I
would write a list of axioms as a deÞnition. However, they are just
longwinded explanations of what it means for ρ : G → Aut k(V ) to be
a group homomorphism. The only advantage is that you donÕtneed
to assumethat ρ(σ) is an automorphism. Here are the axioms. (I
switched the order of (2) and (3) in the lecture.)

(1) ρ(1) = 1 1v = v ∀v ∈ V
(2) ρ(στ ) = ρ(σ)ρ(τ ) ∀σ, τ ∈ G (στ )v = σ(τv) ∀v ∈ V
(3) ρ(σ) is k-linear ∀σ ∈ G σ(av + bw) = aσv + bσw ∀v, w ∈ V, a, b ∈ k

The Þrst two conditions say that ρ is an action of G on V . Actions
are usually writt en by juxtaposition:

σv := ρ(σ)(v)

The thir d condition says that the action is k-linear. So, together, the
axioms say that a representation of G is a k-linear action of G on a
vector spaceV .

1.2. Modules over k[G]. The group ring k[G] is deÞned to be the
set of all Þnite k linear combinations of elements of G:

∑
a! σ where

α! ∈ k for all σ ∈ G and a! = 0 for almost all σ.
For example,R[Z/3] is the set of all linear combinations

x + yσ + zσ2

wherex, y, z ∈ R. I.e., R[Z/3]∼= R3. In generalk[G] is a vector space
over k with G as a basis.

Multiplicat ion in k[G] is given by
(∑

a! σ
) (∑

b" τ
)

=
(∑

c#λ
)

wherec# ∈ G can be given in three di!e rent ways:

c# =
∑

! " = #

a! b" =
∑

! ∈G

a! b! −1# =
∑

" ∈G

a#" −1b"

Proposition 1.5. k[G] is a k-algebra.

This is straight forward and tedious. So, I didnÕtprove it. But I did
explain what it meansand why it is important.

Recall that an algebra over k is a ring which containsk in its center.
The center Z(R) of a (noncommutativ e) ring R is deÞned to be the set
of elements of R which commute wit h all the other elements:

Z(R) := {x ∈ R |xy = yx ∀y ∈ R}
Z(R) is a subring of R.
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The center is important for the following reason. Supposethat M
is a (left) R-module. Then each element r ∈ R acts on M by left
multiplica tion λr

λr : M → M, λr (x) = rx

This is a homomorphism of Z(R)-modulessince:

λr (ax) = rax = arx = aλr (x) ∀a ∈ Z(R)

Thus the action of R on M givesa ring homomorphism:

ρ : R → EndZ (R)(M )

Getting back to k[G], supposethat M is a k[G]-module. Then the
action of k[G] on M is k-linear sincek is in the center of k[G]. So,we
get a ring homomorphism

ρ : k[G] → Endk(M )

This restricts to a group homomorphism

ρ|G : G → Aut k(M )

I pointed out that, in general, any ring homomorphism φ : R → S
will induce a group homomorphism U (R) → U (S) whereU (R) is the
group of units of R. And I pointed out earlier that Aut k(M ) is the
group of units of Endk(M ). G is contained in the group of units of
k[G]. (An interesting related question is: Which Þnite groups occur as
groupsof unit s of rings?)

This discussion shows that a k[G]-module M gives, by restrict ion, a
representat ion of the group G on the k-vector spaceM . Conversely,
supposethat

ρ : G → Aut k(V )
is a group representat ion. Then we can extend ρ to a ring homomor-
phism

ρ : k[G] → Endk(V )
by the simple formula

ρ
(∑

a! σ
)

=
∑

a! ρ(σ)

When we say that a representation of a group G is ÒthesameÓas
a k[G]-module we are talking about this correspondence. The vector
spaceV is also called a G-module. So, it would be more accurate to
say that a G-module is the same as a k[G]-module.

Corollary 1.6. (1) Any group representation ρ : G → Aut k(V )
extendsuniquely to a ring homomorphismρ : k[G] → Endk(V )
making V into a k[G]-module.
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(2) For any k[G]-module M , the action of k[G] on M restricts to
give a group representationG → Aut k(M ).

(3) Thesetwo operations are inverseto each other in the sensethat
ρ is the restriction of ρ and an action of the ring k[G] is the
unique extensionof its restriction to G.

There are some conceptual di!erences betweenthe group represen-
tation and the corresponding k[G]-module. For example, the module
might not be faithful even if the group representation is:

Definition 1.7. A group representation ρ : G → Aut k(V ) is called
faithful if only the tr ivial elementof G acts as the identity on V . I.e.,
if the kernel of ρ is trivial. An R-module M is called faithful if the
annihilator of M is zero. (ann(M ) = {r ∈ R | rx = 0 ∀x ∈ M}).

These two deÞnitionsdo not agree. For example, take the represen-
tation

ρ : Z/3 ↪→ GL2(R)
which we discussedearlier. This is faithful. But the extension to a ring
homomorphism

ρ : R[Z/3]→ Mat2(R)
is not a monomorphism since 1 + σ + σ2 is in its kernel.

1.3. Semisimplicity of k[G]. The main theorem about k[G] is the
following.

Theorem 1.8 (Maschke). If G is a Þnite group of order |G| = n and
k is a Þeldwith chark ! n (or chark = 0) then k[G] is semisimple.

Instead of saying chark is either 0 or a prime not dividing n, I will
say that 1/n ∈ k. By the Wedderburn str ucture theorem we get the
following.

Corollary 1.9. If 1/|G| ∈ k then

k[G] ∼= Matd1 (Di ) × · · · ×Matdb
(Db)

where Di are Þnite dimensionaldivision algebras over k.

Example 1.10.
R[Z/3]∼= R× C

In general, if G is abelian, then the numbers di must all be 1 and Di

must be Þnite Þeldextensionsof k.


