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1. The group ring k[G]

The main idea is that representations of a group G over a field k are
“the same” as modules over the group ring k[G]. First I defined both
terms.

1.1. Representations of groups.

Definition 1.1. A representation of a group G over a field k is defined
to be a group homomorphism

ρ : G → Autk(V )

where V is a vector space over k.

Here Autk(V ) is the group of k-linear automorphisms of V . This also
written as GLk(V ). This is the group of units of the ring Endk(V ) =
Homk(V, V ) which, as I explained before, is a ring with addition defined
pointwise and multiplication given by composition. If dimk(V ) = d
then Autk(V ) ∼= Autk(kd) = GLd(k) which can also be described as
the group of units of the ring Matd(k) or as:

GLd(k) = {A ∈ Matd(k) | det(A) $= 0}
d = dimk(V ) is called the dimension of the representation ρ.

1.1.1. examples.

Example 1.2. The first example I gave was the trivial representation.
This is usually defined to be the one dimensional representation V = k
with trivial action of the group G (which can be arbitrary). Trivial
action means that ρ(σ) = 1 = idV for all σ ∈ G.

In the next example, I pointed out that the group G needs to be
written multiplicatively no matter what.

Example 1.3. Let G = Z/3. Written multiplicatively, the elements
are 1, σ, σ2. Let k = R and let V = R2 with ρ(σ) defined to be rotation
by 120◦ = 2π/3. I.e.,

ρ(σ) =

(
−1/2 −

√
3/2√

3/2 1/2

)

Example 1.4. Suppose that E is a field extension of k and G =
Gal(E/k). Then G acts on E by k-linear transformations. This gives
a representation:

ρ : G ↪→ Autk(E)

Note that this map is an inclusion by definition of “Galois group.”
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1.1.2. axioms. In an elementary discussion of group representations I
would write a list of axioms as a definition. However, they are just
longwinded explanations of what it means for ρ : G → Autk(V ) to be
a group homomorphism. The only advantage is that you don’t need
to assume that ρ(σ) is an automorphism. Here are the axioms. (I
switched the order of (2) and (3) in the lecture.)

(1) ρ(1) = 1 1v = v ∀v ∈ V
(2) ρ(στ) = ρ(σ)ρ(τ) ∀σ, τ ∈ G (στ)v = σ(τv) ∀v ∈ V
(3) ρ(σ) is k-linear ∀σ ∈ G σ(av + bw) = aσv + bσw ∀v, w ∈ V, a, b ∈ k

The first two conditions say that ρ is an action of G on V . Actions
are usually written by juxtaposition:

σv := ρ(σ)(v)

The third condition says that the action is k-linear. So, together, the
axioms say that a representation of G is a k-linear action of G on a
vector space V .

1.2. Modules over k[G]. The group ring k[G] is defined to be the
set of all finite k linear combinations of elements of G:

∑
aσσ where

ασ ∈ k for all σ ∈ G and aσ = 0 for almost all σ.
For example, R[Z/3] is the set of all linear combinations

x + yσ + zσ2

where x, y, z ∈ R. I.e., R[Z/3] ∼= R3. In general k[G] is a vector space
over k with G as a basis.

Multiplication in k[G] is given by
(∑

aσσ
) (∑

bττ
)

=
(∑

cλλ
)

where cλ ∈ G can be given in three different ways:

cλ =
∑

στ=λ

aσbτ =
∑

σ∈G

aσbσ−1λ =
∑

τ∈G

aλτ−1bτ

Proposition 1.5. k[G] is a k-algebra.

This is straightforward and tedious. So, I didn’t prove it. But I did
explain what it means and why it is important.

Recall that an algebra over k is a ring which contains k in its center.
The center Z(R) of a (noncommutative) ring R is defined to be the set
of elements of R which commute with all the other elements:

Z(R) := {x ∈ R |xy = yx ∀y ∈ R}
Z(R) is a subring of R.
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The center is important for the following reason. Suppose that M
is a (left) R-module. Then each element r ∈ R acts on M by left
multiplication λr

λr : M → M, λr(x) = rx

This is a homomorphism of Z(R)-modules since:

λr(ax) = rax = arx = aλr(x) ∀a ∈ Z(R)

Thus the action of R on M gives a ring homomorphism:

ρ : R → EndZ(R)(M)

Getting back to k[G], suppose that M is a k[G]-module. Then the
action of k[G] on M is k-linear since k is in the center of k[G]. So, we
get a ring homomorphism

ρ : k[G] → Endk(M)

This restricts to a group homomorphism

ρ|G : G → Autk(M)

I pointed out that, in general, any ring homomorphism φ : R → S
will induce a group homomorphism U(R) → U(S) where U(R) is the
group of units of R. And I pointed out earlier that Autk(M) is the
group of units of Endk(M). G is contained in the group of units of
k[G]. (An interesting related question is: Which finite groups occur as
groups of units of rings?)

This discussion shows that a k[G]-module M gives, by restriction, a
representation of the group G on the k-vector space M . Conversely,
suppose that

ρ : G → Autk(V )

is a group representation. Then we can extend ρ to a ring homomor-
phism

ρ : k[G] → Endk(V )

by the simple formula

ρ
(∑

aσσ
)

=
∑

aσρ(σ)

When we say that a representation of a group G is “the same” as
a k[G]-module we are talking about this correspondence. The vector
space V is also called a G-module. So, it would be more accurate to
say that a G-module is the same as a k[G]-module.

Corollary 1.6. (1) Any group representation ρ : G → Autk(V )
extends uniquely to a ring homomorphism ρ : k[G] → Endk(V )
making V into a k[G]-module.
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(2) For any k[G]-module M , the action of k[G] on M restricts to
give a group representation G → Autk(M).

(3) These two operations are inverse to each other in the sense that
ρ is the restriction of ρ and an action of the ring k[G] is the
unique extension of its restriction to G.

There are some conceptual differences between the group represen-
tation and the corresponding k[G]-module. For example, the module
might not be faithful even if the group representation is:

Definition 1.7. A group representation ρ : G → Autk(V ) is called
faithful if only the trivial element of G acts as the identity on V . I.e.,
if the kernel of ρ is trivial. An R-module M is called faithful if the
annihilator of M is zero. (ann(M) = {r ∈ R | rx = 0 ∀x ∈ M}).

These two definitions do not agree. For example, take the represen-
tation

ρ : Z/3 ↪→ GL2(R)

which we discussed earlier. This is faithful. But the extension to a ring
homomorphism

ρ : R[Z/3] → Mat2(R)

is not a monomorphism since 1 + σ + σ2 is in its kernel.

1.3. Semisimplicity of k[G]. The main theorem about k[G] is the
following.

Theorem 1.8 (Maschke). If G is a finite group of order |G| = n and
k is a field with char k ! n (or char k = 0) then k[G] is semisimple.

Instead of saying char k is either 0 or a prime not dividing n, I will
say that 1/n ∈ k. By the Wedderburn structure theorem we get the
following.

Corollary 1.9. If 1/|G| ∈ k then

k[G] ∼= Matd1(Di)× · · · ×Matdb
(Db)

where Di are finite dimensional division algebras over k.

Example 1.10.
R[Z/3] ∼= R× C

In general, if G is abelian, then the numbers di must all be 1 and Di

must be finite field extensions of k.


