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1. THE GROUP RING k[G]

_ The main idea is that represetations of a group G over a Peldk are
Othe sameCas modules over the group ring k[G]. First | dePnedboth
terms.

1.1 Representations of groups.

Definition 1.1. A represemation of a group G overa beldk is depPné
to be a group homomoiphism

p: G — Aut (V)
wher V' is a vector space over k.

HereAut (V) is the group of k-linear automorphismsof V. This also
written as GLx (V). This is the group of units of the ring Endy (V) =
Homy(V, V) which, asl explained before, is aring with addition debneal
pointwise and multiplicati on given by composition. If dim (V) = d
then Auty (V) = Aut (k% = GLg(k) which can also be described as
the group of units of the ring Maty(k) or as:

GLg(k) = {A € Maty(k) | det(A) # 0}
d = dimy (V) is called the dimension of the repreerntation p.
1.11. examples.

Example 1.2. The brst examplel gavewasthe triv ial represemation.
This is usualy debnée to be the one dimensionalrepresentationV = k
with trivial action of the group G (which can be arbitrary). Trivial
action meansthat p(c) = 1= idy for all o € G.

In the next example, | pointed out that the group G needsto be
written multiplicatively no matter what.

Example 1.3. Let G = Z/3. Written multiplicatively, the elements
are 1,0,0%. Letk = R andlet V = R? with p(¢) debné to be rotation
by 120° = 27/3. l.e.,

Example 1.4. Supmse that £ is a beld extensionof k£ and G =
Gal(E/k). Then G actson E by k-linear transformations. This gives
a representation:

p: G — Autg(FE)
Note that this map is an inclusion by debnition of OGaloisgroup.O
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1.12. axioms. In an elemertary discussion of group represemations |
would write a list of axioms as a debnition. Howewer, they are just
longwinded explanations of what it means for p : G — Auty(V) to be
a group homomarphism. The only advantage is that you donOtneed
to assumethat p(o) is an automorphism. Here are the axioms. (I
switched the order of (2) and (3) in the lecture.)

Q) p@)=1 lv=v YveV
(2) p(or) = plo)p(r) Yo, 1 € G (o7)v = o(Tv) YveV
(3) p(o) is k-linear Vo € G olav + bw) = aov+ bow Yv,w € V,a,b €k

The brst two conditions say that p is an action of G on V. Actions
are usually writt en by juxta position:

ov = p(o)(v)
The third condition says that the action is k-linear. So,together, the

axioms sa that a represetation of GG is a k-linear action of G on a
vectar space V.

1.2 Modules over k[G]. The group ring k[G] is debPnedto be the
set of all Pnite & linear conmbinations of elements of G: > a o where
o € kforall c € Ganda, = 0O for almost all o.

For example,R[Z /3] is the set of all linear combinations

T+ yo+ 202

wherez,y,z € R. l.e.,R[Z/3] 2 R3. In general k[G] is a vector space
over k with G asa basis.
Multiplicat ion in k[G] is given by

(L o) (Ewr) = ()

wherecy € G canbe givenin three dile rent ways:

cy = Z a b = Za! b 14 = Za#u ~1bw

= I €G "€G
Proposition 1.5. k[(] is a k-algeba.

This is straightforward and tedious. So, | didnOtproveit. But | did
explan what it meansand why it is important.

Recallthat an algeba over k is a ring which cortains k in its certer.
The center Z(R) of a (noncommutative) ring R is debPnel to be the set
of elements of R which commute with all the other elemens:

Z(R) = {r € R|xy= yxz Vy € R}
Z(R) is a subring of R.
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The certer is important for the following reason. Supposethat M
is a (left) R-module. Then ead elemert » € R acts on M by left
multiplication A,

MM — M, \(x)=rzx
This is a homonorphism of Z( R)-modules since:
M (ax) = rax = arx = al(z) VYa € Z(R)
Thus the action of R on M givesa ring homomarphism:
p:R— Endz(R)(M)

Getting badk to k[G], supposethat M is a k[G]-module. Then the
action of k[G] on M is k-linear sincek is in the center of k[G]. So,we
get a ring homomarphism

p . k[G] — Endg (M)
This restricts to a group homamorphism
p|G 1 G — Auty (M)

| pointed out that, in generd, any ring homomaphism ¢ : R — S
will induce a group homomarphism U(R) — U(S) where U(R) is the
group of units of R. And | pointed out ealier that Auty(M) is the
group of units of Endy(M). G is contained in the group of units of
k[G]. (An interesting related questian is: Which Pnite groups occur as
groupsof units of rings?)

This discussion shows that a k£[G]-module M gives by restriction, a
represemation of the group G on the k-vector spaceM. Conversely,
supposethat

p: G — Auty (V)
is a group represemation. Then we can extend p to a ring homomar-
phism
7 k[G] — End (V)
by the smple formula

(> wo) = a0

When we sa that a represemation of a group G is OthesameCas
a k[G]-module we are talking about this comregpondence. The vedor
spaceV is also called a G-module. So, it would be more accurate to
s&y that a G-module is the same as a k[G]-module.

Corollary 1.6. (1) Any group representationp : G — Autg(V)
extendsuniquelyto a ring homomorphismp : k[G] — Endg (V)
making V' into a k[G]-module.
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(2) For any k[G]-module M, the action of k[G] on M restncts to
give a group representationG — Auty(M).

(3) Thesetwo operations are inverseto each other in the sensethat
p is the restriction of p and an action of the ring k[G] is the
unigue extensionof its restriction to G.

There are sane conceptual di'erences betweenthe group represen-
tation and the correspnding k[G]-module. For example,the module
might not be faithful evenif the group represenation is:

Definition 1.7. A group representationp : G — Auty(V) is called
faithful if only the trivial elementof G acts as the identity on V. l.e.,
if the kernel of p is trivial. An R-module M is called faithful if the
annihilator of M is zew. (ann(M) = {r € R|rx = 0Vx € M}).

These two debnitionsdo not agree. For example, take the represen-
tation
p:2Z/3— GLy(R)
which we discussedearlier. This is faithful. But the extension to aring
homamorphism
p: R[Z/3] — Mat»(R)
is not a monomorphismsince 1+ ¢ + o2 isin its kernel.

1.3 Semisimplicity of k[G]. The main theorem about k[G] is the
following.

Theorem 1.8 (Masdke). If G is a Pnite group of order |G| = n and
k is a beldwith chark ! n (or chark = 0) then k[G] is semisimple.

Instead of saying char k is either O or a prime not dividing n, | will
sa that 1/n € k. By the Wedderbum structure theorem we get the
following.

Corollary 1.9. If 1/|G| € k then
kGl Matdl(Di) X e X Matdb(Db)
wheme D; are bnite dimensionaldivision algebas over k.

Example 1.10.

R[Z/3]2 Rx C
In geneasl, if G is atkelian, then the numbkers d; must all be 1 and D,
must be Pnite beld extensionsof k.



