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2.2. Irreducible characters.

Definition 2.9. A representation ρ : G → AutC(V ) is called irre-
ducible if V is a simple G-module. The character

χρ = χV : G→ C
of an irreducible representation is called an irreducible character.

Theorem 2.10. Every character is a nonnegative integer linear com-
bination of irreducible characters.

Proof. Since C[G] is semisimple, any G-module V is a direct sum of
simple modules V ∼=

⊕
Sα. So, the character of V is a sum of the

corresponding irreducible characters: χV =
∑

χSα . !
If we collect together multiple copies of the same simple module we

get V =
⊕

niSi and

χV =
r∑

i=1

niχi

where χi is the character of Si. This makes sense only if we know that
there are only finitely many nonisomorphic simple modules Si and that
the corresponding characters χi are distinct functions G → C. In fact
we will show the following.

Theorem 2.11. (1) There are exactly b (the number of blocks) ir-
reducible representations Si up to isomorphism.

(2) The corresponding characters χi are linearly independent.

This will immediately imply the following.

Corollary 2.12. The irreducible characters χ1, · · · , χb form a basis for
the b-dimensional vector space of all class functions G→ C.

2.2.1. regular representation. This is a particularly elementary repre-
sentation and character which in contains all the simple modules.

Definition 2.13. The free module C[G]C[G] is called the regular rep-
resentation of G. The corresponding character is called the regular
character: χreg = χC[G] : G→ C.

Theorem 2.14. χreg(σ) =

{
n = |G| if σ = 1

0 if σ #= 1
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Proof. I used the basis-dual basis formula for characters. The regular
representation V = C[G] has basis elements σ ∈ G and dual basis
elements σ∗ given by

σ∗
(∑

aττ
)

= aσ

I.e., σ∗(x) is the coefficient of σ in the expansion of x. The regular
character is then given by

χreg(τ) =
∑

σ∈G

σ∗(τσ)

But this is clearly equal to 0 if τ #= 1 since the coefficient of σ in τσ is
0. And we already know that χreg(1) = dim C[G] = n. !

Lemma 2.15. There are only finitely many isomorphism classes of
simple G-modules.

Proof. First choose a decomposition of the regular representation into
simple modules:

C[G] ∼=
⊕

Sα

Then I claim that any simple module S is isomorphic to one of the Sα

in this decomposition. And this will prove the lemma.
To prove the claim, choose any nonzero element x0 ∈ S. Then x0

generates S (the submodule generated by x0 is either 0 or S). There-
fore, we have an epimorphism

φ : C[G] " S

given by φ(r) = rx0. When we restrict φ to each simple component Sα,
we get a homomorphism φ|Sα : Sα → S which, by Schur’s lemma, must
either be zero or an isomorphism. These restrictions cannot all be zero
since φ is an epimorphism. Therefore, one of them is an isomorphism
Sα
∼= S. This proves the claim. !

This proof shows more than the lemma states. It proves:

Lemma 2.16. The regular representation C[G] contains an isomorphic
copy of every simple G-module.

Therefore, in order to find all the irreducible representations, we need
to decompose the regular representation as a sum of simple modules.
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2.2.2. decomposition of the regular representation. At this point I used
the Wedderburn structure theorem again:

C[G] ∼=
b∏

i=1

Matdi(C) =
∏

Ri

where, following Lang, we write Ri = Matdi(C).
Let Si = Cdi be the vector space of column vectors. Then Ri acts

on the left by matrix multiplication and it is easy to see that Si is a
simple Ri-module since it is generated by any nonzero element.

Lemma 2.17. If φ : R′ " R is an epimorphism of rings and S is any
simple R-module, then S becomes a simple R′-module with the action
of R′ induced by φ.

Proof. If x0 ∈ S is any nonzero element then R′x0 = Rx0 = S. So, any
nonzero element of S generates the whole thing as an R′-module. So,
it is simple. !

Since C[G] =
∏

Ri, we can make Si into a G-module with the ring
homomorphism:

ρi : C[G]
πi−→ Ri

≈−→ EndC(Si)

Since πi : C[G] " Ri is an epimorphism, Si becomes a simple G-
module. In other words, the corresponding representation is irreducible:

ρi : G→ AutC(Si)

Also, Lang points out that

RjSi = 0

if i #= j. (And RiSi = Si.) This is the key point. It shows immediately
that the G-modules Si are not isomorphic. And it will also show that
the characters are linearly independent.

In order to show that the characters

χi = χρi = χSi

are linearly independent we will evaluate them on the central idem-
potents ei corresponding to the decomposition C[G] =

∏
Ri. As we

discussed earlier, this product decomposition gives a decomposition of
unity:

1 = e1 + · · · + eb

where ei is the unity of Ri. (We want to say “ei = 1” but there would
be too many 1’s.) We then need to compute χi(ej). But this is not
defined since ej is not an element of G. We need to extend χi to a map
on C[G].
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2.2.3. linear extension of characters. If χ : G → C is any character,
we define the linear extension of χ to C[G] by the formula

χ
(∑

aσσ
)

=
∑

aσχ(σ)

Since the symbol χ is already taken (χ is the complex conjugate of χ),
I decided to use the same symbol χ to denote the linear extension of χ
given by the above formula.

The linear extension of χρ is χρ which is the trace of the linear
extension of ρ. To see this let x =

∑
aσσ. Then

∑
aσχρ(σ) =

∑
aσ Tr(ρ(σ)) = Tr

(∑
aσρ(σ)

)
= Tr(ρ(x))

Lemma 2.18.

χi(ej) =

{
0 if i #= j

di if i = j

Proof. If i #= j we have

χi(ej) = Tr(ρi(ej)) = 0

since ρi(ej) is the zero matrix (giving the action of ej ∈ Rj on Wi.
If i = j then

χi(ei) = dim Si = di

since ei is unity in Ri. !

This proves the second part of Theorem 2.11: If
∑

aiχi = 0 then
∑

aiχi(ej) = ajdj = 0

which forces aj = 0 for all j.

Theorem 2.19. The regular representation decomposes as:

C[G] ∼=
b∑

i=1

diSi

Proof. The ith block of the Wedderburn decomposition is a di × di

matrix which, as a left module, decomposes into di column vectors,
i.e., into a direct sum of di copies of the simple module di. !
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2.2.4. example. Take G = S3. Then we already saw that

C[S3] ∼= C× C×Mat2(C)

So, there are three simple modules S1, S2, S3

S1 = C is the trivial representation.
S2 is the sign representation ρ2(σ) = sgn(σ) = ±1
S3 is a simple 2-dimensional module.
Since characters are class functions, their value is the same on con-

jugate elements. So, we only need their values on representatives
1, (12), (123). The characters χ1, χ2 are easy to compute. The last
irreducible character is determined by the equation

χreg = χ1 + χ2 + 2χ3

So, here is the character table of S3:

1 (12) (123)

χ1 1 1 1
χ2 1 −1 1
χ3 2 0 −1

χreg 6 0 0

All characters of S3 are nonnegative integer linear combinations of
χ1, χ2, χ3.
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2.3. formula for idempotents. Lang gives a formula for the idem-
potents ei ∈ C[G] in terms of the corresponding irreducible character
χi. The key point is that the linear extension

ρi : C[G]→ EndC(Si) = Matdi(C)

of ρi sends ei to the identity matrix. Therefore,

ρi(eiσ) = ρi(ei)ρi(σ) = ρi(σ)

Also, ρi(ejσ) is the zero matrix if i #= j. Therefore,

χi(ejσ) =

{
ρi(σ) if i = j

0 if i #= j

Now use the regular character. If ei =
∑

aττ then

aτ =
1

n
χreg

(
eiτ

−1
)

=
1

n

∑

j

djχj

(
eiτ

−1
)

=
di

n
χi(τ

−1)

Theorem 2.20.

ei =
di

n

∑

τ∈G

χi(τ
−1)τ

This formula has an important consequence.

Corollary 2.21. di|n (Each di divides n = |G|.)

Proof. First recall that ei is an idempotent. So,

ei = e2
i =

di

n

∑

τ∈G

χi(τ
−1)τei

Now multiply by n/di to get:

(2.1)
n

di
ei =

∑

τ∈G

χi(τ
−1)τei

I mentioned earlier that χi(τ−1) =
∑

λj is a sum of mth roots of unity
where m = o(τ−1) = o(τ). But this number divides n = |G|. So, each
λj is a power of ζ = e2πi/n

Let Mi ⊂ C[G] be the additive subgroup generated by all elements of
the form ζjτei (for all j and fixed i). This is a finitely generated torsion
free (and thus free) Z-module and equation (2.1) shows that Mi is
invariant under multiplication by the rational number n/di. Therefore,
n/di is integral. Since Z is integrally closed in Q this implies that
n/di ∈ Z. !


