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2.5. orthogonality relations. The character table satisfies two or-
thogonality relations:

(1) row orthogonality
(2) column orthogonality

First, I will do row orthogonality. The rows are the characters y;.
We want to show that they are “orthogonal” in some sense.

2.5.1. main theorem and consequences.

Definition 2.27. If f,g : G — C are class functions then we define
(f.9) € C by

(F.9)=l9.1) =3 f()g(o™)

oelG
The main theorem is the following.
Theorem 2.28. If V.W are G-modules then
(xv, xw) = dimc Homg(V, W)

Before I prove this let me explain the consequences.

Corollary 2.29. The rows of the character table are orthonormal in
the sense that:

(Xis Xj) = 0
Proof. 1t follows from Schur’s lemma that
(Xi, xj) = dimc Homg (S5, S;) = &5
since Homeg (.S;, S;) = 0 for ¢ # j and Home(S;, S;) = C. O

Since only conjugacy classes appear in the character table we have:

(XiX3) = D lexlxier) x;(cr)

For example, for G = S3 we have the character table:
|c;] 1 3 2
1 (12) (123)

vi 1 1 1
Yo 1 -1 1
xs 2 0 -1
(D)D) +3W) (=) +2(1)(1) _1-3+2 _

0
6 6

(X1, x2) =
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This formula also tells us that a representation is determined by its
character in the following way.

Corollary 2.30. Suppose that the semisimple decomposition of the G-
module V is V- =>"n;S;. Then

n; = <XV7 Xi>

Proof. Since xvew = Xv + xw, we have: xy = > n,x;. So,

(xv,Xi) = <anXj7Xi> =n;

O

2.5.2. proof of the main theorem. The theorem will follow from three
lemmas. The first lemma calculates the dimension of the fixed point
set of V.

Definition 2.31. If V is a G-module then the fixed point set of the
action of G 1is given by

Ve ={veV|ov=n0VoeG}

Lemma 2.32. The dimension of the fixed point set is equal to the
average value of the corresponding character:

. 1
dime V¢ = - Z xv (o)

ceG

Proof. The projection map
T:V—-VC

is given by

1
m(v) = - 5 ov
It is clear that

(1) 7(v) € V¢ since multiplication by any 7 € G will just permute
the summands.

(2) 7(v) = v if v € VY because, in that case, each cv = v and there
are n terms.
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Therefore, m is a projection map, i.e., a linear retraction onto V&.
Looking at the formula we see that 7 is multiplication by the idem-
potent e; = %ZUEG o. (This is the idempotent corresponding to the
trivial representation.) So:

dim V¢ = Tr(m) = xv(e1) = xv (% ZU) - %ZXV(U)

ceG oeG

Explanations:
(1) dim VY = Tr(7) because V =2 V¢ o W (W = kerw). So, the

matrix of 7 is:
o 1vG O
=10 ow

making Tr(7) = Tr(1ye) = dime V.
(2) Tr(m) = xv(e1) by definition of the character:
xv(er) :=Tr(e-: V= V)
This is the trace of the mapping V' — V given by multiplication by e;.
But we are calling that mapping 7. 0

Lemma 2.33. If V,W are representations of G' then
Homg (V, W) = Home(V, W)“

where G acts on Home(V, W) by conjugation, i.e., of = oo foo~

which means that
(0f)(v) = f(c™ )

1

Proof. This is trivial. Given any linear map f : V — W, f is a G-
homomorphism iff

cof=foo < Uofoa_IZf <~ of=f
iff f € Home(V,W)°. O

Lemma 2.34. Hom¢(V, W) =2 V*@ W as G-modules.

Proof. Let ¢ : V* @ W — Homg(V, W) be given by

o(f ®w)(v) = f(v)w
To check that this is a G-homomorphism we need to show that ¢ = g¢
for any o € G. So, we compute both sides:

¢o(f@w)=¢(of ® ow) =¢(foo™ ®ow)
which sends v € V' to

$(foo !t @ow)(v) = f(o~ v)ow
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On the other side we have:
ad(f@w)=0cod(f@w)os™
which also sends v € V' to
cop(f@w)oo tv=0c(flcv)w)= floc v)ow

This shows that ¢ commutes with the action of G. The fact that ¢ is
an isomorphism is well-known: If v;, v} form a basis-dual basis pair for
V and w; form a basis for W then Ui @w; form a basis for V*®@ W and

P(v; @ w;) 1 v = Z a;vj — Ui (v)w; = ajw;

is the mapping whose matrix has ij-entry equal to 1 and all other
entries 0. So, these homomorphisms form a basis for Home¢(V, W) and
¢ is an isomorphism. 0

Proof of main theorem 2.28. Using the three lemmas we get:

dime Homg(V, W) =335 dime Home (V, W)€

=534 dime(V* @ W)°

1
=2.32 ﬁ Z XV*@W(U)

ceG

== 3" o) (o)

:_ZXV Dxw (o) = (xv, xw)

U

2.5.3. character table of Sy. Using these formulas we can calculate the
character table for S;. First note that there are five conjugacy classes
represented by

1,(12), (123), (12)(34), (1234)
The elements of cycle form (12)(34) form (with 1) a normal subgroup

K = {1,(12)(34), (13)(24), (14)(23)} < S,

called the Klein 4-group. The quotient S;/K is isomorphic to the
symmetric group on 3 letters. Imitating the case of Dy, this allows us
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to construct the following portion of the character table for Sy:

] 1 6 8 3 6

1 (12) (123) (12)(34) (1234)
X1 1 1 1 1 1
X2 1 -1 1 1 —1
X3 2 0 —1 2 0
X4 3
X5 3

Explanations:

(1) Since (12)(34) € K, the value of the first three characters on
this conjugacy class is d;, the same as in the first column.

(2) Since (1234)K = (12) K, these two columns have the same val-
ues of X1, X2, X3-

(3) Finally, the two unknown characters x4, x5 must be 3-dimensional
since

24 =) di=1+1+4+d;+d:

has only one solution: dy = ds = 3.

To figure out the unknown characters we need another representa-
tion. The permutation representation P is the 4-dimensional represen-
tation of Sy in which the elements of Sy act by permuting the unit
coordinate vectors. For example

010 0
1000
pr(12) =14 ¢ 1 ¢
000 1

Note that the trace of pp(c) is equal to the number of letters left fixed
by 0. So, xp takes values 4,2,1,0,0 as shown:

¢ 1 6 8 3 6
1 (12) (123) (12)(34) (1234)

X1 1 1 1 1 1

X2 1 -1 1 1 -1

X3 2 0 -1 2 0

xp 4 2 1 0 0
xv=xp—x1 3 1 0 —1 —1
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The representation P contains one copy of the trivial representation
and no copies of the other two:

(xp,x1) = 214 (44+6(2)+8(1) =1
{(xp, x2) = ! —(4+6(-1)(2) +8(1)(1)) =0

24

(xp,x3) = 214((2)(4) +8(—1)(1)) =0

So, P =2 S, @&V where V is a 3-dimensional module which does not
contain S1,S or S3. So, V = nSy & mSs. But Sy, S5 are both 3-
dimensional. So, V' = Sy (or Ss).

Using the fact that

X1+ X2+ 2X3 + 3Xa + 3X5 = Xreg
we can now complete the character table of Sy:
;] 1 6 8 3 6
1 (12) (123) (12)(34) (1234)

i 1 1 1 1 1
v 1 -1 1 1 —1
ys 2 0 -1 2 0
xa 3 1 0 ~1 ~1
X5 3 -1 0 -1 1

From the character table of Sy we can find all normal subgroups.
First, the kernels of the 5 irreducible representations are:
(1) kerp =
(2) ker ps = A4 containing the conjugacy classes of 1, (123), (12)(34).
(3) ker p3 = K containing 1, (12)(34) and conjugates.
(4) kerpy = 1. Le., pyis a falthful representation.
(5) ker ps = 1. So, ps is also faithful.

Since these subgroups contain each other:
1< K< A4 < Sy

intersecting them will not give any other subgroups. So, these are the
only normal subgroups of Sy.



