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2.5.4. column orthogorality. The columns of the character table also
satisfy an orthogonality condition. To see it we first have to write the
row orthogonality condition
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and write it in matrix form:
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where T is the character table T = (xi(c;)). This equation shows that
the character table 7" is an invertible matrix with inverse
T-' = DT
where D is the diagonal matrix with diagonal entries ‘C” Multiplying
both sides of this equation on the right by 7" and on the left with D!
and we get:
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Looking at the entries of these matrices we get the column orthogonal-
ity relation:

Theorem 2.35. If 0,7 € G then

zb:m () = & if 0,7 are conjugate
— XX =0 it not

Here |c| is the numler of conjugatesof o in G. (So, n/|c| is the order
of the centralizer C(0) = {r € G|oT =70} 0f 0.)

Corollary 2.36. The character table T = (x;(c;)) determinesthe size
of each conjugacyclassc;.

Proof. Taking o = 7 in the above theorem we get
o) = Z Ixi(o)|”

The size of the conjugacy class ¢ of ¢ is the index of its centralizer:

le] =G : Clo)]| = n/|C(0)]. O
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As an example, look at the character table for Sj:
(12) (123)

—_

x1 1 1 1

x2 1 -1 1

x3 2 0 -1
Column orthogonality means that the usual Hermitian dot product of
the columns is zero. For example, the dot product of the first and third

column is
(DA) +W)A) +(2)(=1) =0
Also the dot product of the jth vector with itself (its length squared)
is equal to n/|c;|. For example, the length squared of the third column
vector is
1+1+1=3
Making the number of conjugates of (123) equal to 6/3 = 2.



