14 Finite abelian groups

When dealing exclusively with abelian groups it is customary to use additive
notation. An abelian group whose operation is written as addition is called
an additive group.

multiplicative notation additive notation comments
G,H,K,N A B, C new names of groups
gh a+b operation is now addition
e=1 0 0 is the neutral element
gt —a inverse is given by minus
gt =1 na =0 if g, resp. a, has order n
flgh) = f(g)f(h)  fla+b)=f(a)+ f(b) [ isahomomorphism
HK A+ B A+ B is always a subgroup
Ax B Ae B same set, different operation
H<GNJG all subgroups are normal

Definition 14.1. If A, B are additive groups then the external direct sum
A @ B is the cartesian product A x B considered as an additive group under
coordinate-wise addition:

(a,b) + (a',b') = (a+d',b+ 1)

Theorem 14.2. Suppose that A, B are subgroups of an additive group C
satisfying the following two conditions.

1. AN B =0 (Note: by 0 we actually mean {0}.)
2. A+B=C (A+ B={a+bla€ Abe B})
Then C' is isomorphic to the direct sum A ® B.

Definition 14.3. Under the conditions of the above theorem we say that C
is the internal direct sum of A and B and we write:

C=A@B.
Proof. We will use the first isomorphism theorem. Let
p:AeB—-C
be given by ¢(a,b) = a + b.
1. ¢ is a homomorphism:
&((a,b) + (a',0) =pla+d b+V)=a+d +b+ 1V
é(a,b) +o(d,b)=a+b+ad + ¥

These are equal since addition is commutative in C'.
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2. ker¢ = {(a,b)|¢(a,b) = a+b = 0} But a +b = 0 implies that
a=—-be ANB=0s0a=>b=0and ker ¢ = 0.

3. mp={a+blac Abe Bf=A+B=C
By the first isomorphism theorem we have:

A@B’ii
ker¢p

A® B m¢=C

The main theorem about finite abelian groups is the following.

Theorem 14.4 (Fundamental theorem of finite abelian groups). Ev-
ery finite additive group is a direct sum of cyclic groups of prime power order.

The proof of this theorem is in two steps.
1. Every finite additive group is a direct sum of p-groups.
2. Every finite p-group is a direct sum of cyclic groups.

These two lemmas will imply the theorem because internal direct sum (@) is
commutative and associative (and external direct sum is commutative and
associative up to isomorphism). For example, if A has order 36 and A = PHQ)
where P is a 2-group and @) is a 3-group and P = Zy @ Zo, () = 73 P Z3 then

A=POQ= (LoD Ly) ® (L ® ZLs) = Ly © Ly © Lz © L.

The first step is something we already did. The same argument that we
used to prove that
Loy, = Loy X Loy,

for n, m relatively prime proves the following.

Lemma 14.5. Suppose that A is a finite additive group of order nm where
(n,m) =1. Then A is a direct sum of two subgroups:

A=BaC
where |B| =n and |C| = m.
Proof. We use the fact that multiplication by n is a homomorphism:
n(a +b) = na+nb
Let B, C be subsets of A given by

B={x€ Alnz =0}
C={xeA|lmz =0}



These are subgroups of A since they are the kernels of the homomorphisms

given by multiplication by n and multiplication by m. We want to show that
A = B + C using Theorem 14.2.
Since (n,m) = 1 there are integers a, b so that

an+bm =1
This implies that, for any = € A,
r = lz = (an + bm)z = anx + bmx

But, anz € C since m(anz) = a(mnx) = 0. (The order of x divides |A| =
mn.) Also bmzx € B since n(bmx) = b(nma) = 0. Therefore,

A=B+C.
We just need to show that BN C = 0. So, suppose that x € BN C. Then
nr=0=mxsox=anx+bmxr=0+0=0. m

€k

Theorem 14.6. Suppose that A is an additive group of order n = pi'p3* - - - py.
where p1,--- ,pr are distinct primes. Then
where P; is a p-group of order ps'.

Proof. Since p{* is relatively prime to p5’---p*, Lemma 14.5 gives us sub-
groups B, C of order p{* and p5? - - - pi* so that

A=BoC

By induction on the number of prime factors, C' is also a direct sum of p-
groups. This proves the theorem. Il

The proof of Lemma 14.5 also gives us a formula for each group P;:

P, ={x € Alo(zx) is a power of p;}

14.1 Pure subgroups

The second step in the proof of the fundamental theorem uses pure subgroups.
I defined them both in general and for the particular case of p-groups where
they are needed.

Definition 14.7 (general def of pure subgroup). A subgroup P of an
additive group A is called pure if any element of P which is divisible by any
positive integer n in A is also divisible by n in P. In symbols: P is pure if
Ve € P,Vy € Aand Vn > 1 in Z so that x = ny, there exists an element
z € P so that x = nz. In the book this condition is written:

nP = PNnA.
P NnA is the set of all elements of P which are divisible by n in A and nP
is the set of all elements of P divisible by n in P.
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Example 14.8. Let A = Zg = {0,1,--- ,5}. Then P = {0,3} is pure. For
example, x = 3 € P is divisible by n = 3 in A sincey =1 € A and 3y = x.
Since P is pure, the element x must also be divisible by 3 in P and it is since
r =3x. (9=3 mod 6) To prove that P is pure, note that x = 3 is divisible
in P by any odd number (since z*"*! = z) and is not divisible by any even
number in either P or A. (Only 2,4 and 0 are divisible by even numbers.)

The book only defines purity for p-groups. This is because, in p-groups
divisibility by all integers relatively prime to p is assured.

Definition 14.9 (def of purity for p-groups). A subgroup P of a p-group
A is pure if, for any € P and any y € A so that p*y = x there is another
element z € P so that p*z = z. In other words, € P is divisible by p* in
A if and only if it is is divisible by p* in P. In the book this condition is
written as

PP = PnptA.

We are trying to prove the following theorem.

Theorem 14.10. Every finite p-group is a direct sum of cyclic p-groups.
This theorem is proved in two steps.
1. Every nontrivial finite p-group has a nontrivial cyclic pure subgroup.

2. If P is a pure subgroup of a finite p-group A then A = P @ () for some
subgroup Q.

Lemma 14.11. FEvery nontrivial finite p-group A has a nontrivial cyclic pure
subgroup P.

Proof. Let a be an element of A with the largest possible order. Say, o(a) =
p¥. This means that every other element of A has order p’ for some i < k.
Let P = (a). Then

P ={na|0<n <p-}.

I want to show that P is pure. First note that, to figure out the order of the
element na, you have to factor the number n.

n=pm, ptm

k

Then o(na) = p** since

P *na = p**p*ma = p*ma = 0

and lower powers of p don’t work:

pk—s—lna — pk_s_lpsma — pk_lma 7é 0 since O(a) = pk J(pk_lm'



Suppose that x = na € P and y € A so that p’y = 2. Then I have to
find another element z € P so that p’z = x. I can assume that x is not zero
since 0 is divisible (0 = p/z for z =0 € P).

Suppose that o(y) = p’. Then j < i < k and the order of z = na = py
must be p*~7. But then in the prime factorization n = p*m we must have

O(na) = p"=* =p'™

sok—s=1i—7jand s=Fk+ 7 — i This means that

Fi%ima = p? (p""'ma) = p’z  where z = p*'ma € P.

r=na=p
We need one more lemma which we do in two stages.

Lemma 14.12. Suppose that a € A and na = 0. Then there exists a unique
homomorphism
f:Z/n— A

so that f(1) = a.
Proof. There is no choice about f. It must be given by
f(m) = ma

But we need to show that this is well-defined.
Suppose that the same element can be written in a different way:

m=m'€Z/n

Then m’ = m + kn for some integer k& and

f(m’)=m'a=(m+kn)a=m+ kna =ma = f(m).
O]

Lemma 14.13. Suppose that Cy,Cy, - -- , Cy are cyclic groups of orderny,--- , ng
with generators x1,--- ,x. In other words,

Suppose A is any additive group. Suppose you have elements ay,as, -+ ,as
in A so that
n;a; — 0

for all i. Then there exists a unique homomorphism
[CoCo- -, — A

so that f(xq,0,---,0) = ay, f(0,29,0,---,0) = ay, ete.



Proof. Thisis easy. The elements of C1®- - -®C}, are given by (mix1, maxs, - -+ , myxy)
and the homomorphism f must be given by

flmazy, moxg, - -+, myy) = myaq + - - - MyQy,.

This is well-defined for the same reason as Lemma 14.12 O

Now we will prove Theorem 14.10 by induction on the size of the group.
There is only one step left (step 2), but we need the theorem itself as an
induction hypothesis.

Lemma 14.14. Suppose that P is a nontrivial pure subgroup of a finite p-
group A and suppose that we are given that all p-groups of order less than
that of A are direct sums of cyclic groups. Then

A=PaQ
for some subgroup Q) of A.

Proof. The quotient group A/P is smaller than A. Thus, A/P is a direct
sum of cyclic groups

A/chl@CQ@@Ck

where C; is cyclic of order n; = p“ with generators x;. Since x; € A/P its
true form is
T, =y + P

The condition p®x; = 0 means that
Py €P
But P is pure. So there is another element z; € P so that
Pz =pTy; or pi(yi—z)=0
By the lemma this implies that there is a homomorphism
fiAP=Ci&---aC,— A
so that f(x;) = y; — z;. The composition
qof:A/P:Cl@-~-@Cki>Ai>A/P
sends each x; to y; — z; + P = y; + P = x; so it is the identity mapping on
A/P. Therefore, f is a monomorphism with image @) = f(A/P). Then I

claim that
A=PaQ.



1. PN @ = 0: Suppose that x € PNQ. 2 € P=q(z) =0,z € Q =
f(A/P) implies © = f(z). But ¢f(2) =z = q(x) =0so z = f(0) = 0.

2. A= P+ (@Q: Take any x € A. Then
z=(z— fq(z)) + fa(z) € P+ Q.
(x — fq(x) € P = kerq since q(z — fq(z)) = qv — ¢fq(x) = 0 and
fa(z) € im(f) =@Q.)
]

14.2 Fancy language

There is a fancy way to say that same thing that we just did. We have a

short exact sequence
0—-P—A— A/P—0.

The word ezxact means the image of each map is the kernel of the next one.
The mapping f : A/P — A is called a splitting of the map q: A — A/P and
we say that the short exact sequence splits. When a short exact sequence
splits, the middle terms is a direct sum of the two end terms:

AZPpA/P
So the theorem that we just proved can be stated as follows.

Theorem 14.15. A short ezact sequence 0 — A — B — C' — 0 of finite
abelian groups splits if A maps to a pure subgroup of B.

(Actually we only proved this for p-groups but the same proof works for
any finite group.)



