
7 Permutations

Sn is defined to be the group of all permutations of the set of n “letters”
{1, 2, · · · , n}. Permutations are written in cycle form

σ = (a1 a2 · · · ak)(b1 b2 · · · b`) · · · (z1 z2 · · · )

where σ(a1) = a2, σ(a2) = a3, etc. and σ(ak) = a1. Also σ(b1) = b2, etc. We
proved in class that the cycles are disjoint as sets.

Lemma 7.1. If α, β ∈ Sn and β(j) = k then the permutation αβα−1 sends
α(j) to α(k).

Proof. (αβα−1)(α(j)) = α(β(j)) = α(k).

Theorem 7.2. The permutation αβα−1 has the same cycle form as β with
each letter replaced by its image under α.

Proof. If (x1 x2 · · · xk) is a cycle in the cycle form of β then β(xi) = xi+1

and β(xk) = x1. The lemma says that αβα−1 sends α(xi) to α(xi+1) for
i = 1, · · · , k − 1 and sends α(xk) to α(x1) so (α(x1) α(x2) · · · α(xk)) is a
cycle in the cycle form of αβα−1.

From the example I did in class it is supposed to be clear that the converse
of this theorem is also true. Namely, given β and γ with the same cycle form
there exists an α so that γ = αβα−1. However, α is not unique.

Definition 7.3. The order o(σ) of a permutation σ is the smallest positive
integer k so that σk = 1. o(σ) is defined to be infinity (∞) if no such number
k exists.

Proposition 7.4. 1. σm = 1 iff m is a multiple of o(σ).

2. o(σ) is the least common multiple of the lengths of the cycles in the
cycle form of σ.

3. Conjugate elements have the same order.

4. Inverse elements have the same order.

We also proved that Sn is “generated” by the transpositions

(1 2), (2 3), · · · , (n− 1 n).
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