MATH 30A FALL 04

HOMEWORK

This is homework from Math 30a, Fall 2004. I was teaching only one
course. So I had a lot of time to prepare the course.

e The book was John Fraleigh ”A first course in Abstract Alge-
bra,” 7th edition. We covered the first four chapters.

e About 3/4 of the course was planned to be on group theory
(Chapters 1,2,3). The last quarter (Chapter 4) covers basic
concepts of rings and fields.

e There were several practice quizzes, a midterm and a take-home
final.

Date: August 30, 2006.



1. HOMEWORK 1

State the questions and answer them in complete sentences or as you
would speak. (Symbols are nouns and equations are also sentences.
E.g, "a = b but ¢ # d” is a sentence.)

12) Decide whether these relations are (1) functions, (2) 1-1, (3)
onto.

a) is a function. It is not 1-1 since f(a) = f(2). It is not onto
since 2 is not in the range.

b) is a function but it is not 1-1 and not onto.

¢) is not a function since 1 maps to more than one element and
2,3 don’t map to anything.

d) is a bijection (a function which is 1-1 and onto).

e) is a function which is neither 1-1 nor onto.

f) is not a function since 2 € A maps to more than one element of
B.

15 Show that the open interval S = (0,1) has the same cardinality
as R.

Proof. We will show that the function f: (0,1) — R is given by
f(z) = tan((z —1/2)m)

is a bijection.

(function) tany € R is defined for all real y so f is a function.

(1-1) The derivative of f(x) is,

™

cos?(z —1/2)7
This is finite and positive as long as the denominator is nonzero. But
cos(x — 1/2)m = 0 only if an odd multiple of 7/2, i.e., when z is an
integer. So f is 1-1. (The rule is that a differentiable function on an
interval is 1-1 if (but not only if) its derivative is always positive on
the interval.)

(onto) Take any y € R. Then —7/2 < tan™'y < 7/2. So,

tan~! T/2
y+m/ _
T

If we let x = M then 7(z — 1/2) = 7z — /2 = tan"!y and

y = f(x). So, f is onto. 0

f'(x) = msec*(x — 1/2)7 =

0< 1

16 (a) The empty set has one subset (itself). In general a set with
n elements has 2" subsets. This was explained in class.
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2. HOMEWORK 2

9) Calculate (1 — ) using the binomial expansion.
(1 —14)% =1 — 50+ 10:* — 10i® + 5i* —4°
—1-5—10+10i+5—1i
= —4+ 45

21 Find all solutions of the equation 2% = —64.
One solution is zy = 2¢™/6 = \/3+i. There are three other conjugates
of this number given by

V3—i, —V3+i, —V3—i

And there are two more solutions: +2i. There are no other solutions
since the ratio of any two solutions is a 6th root of unity:

z 6_26_—64_1
n) 25 —64

35 if ¢ : Uy — Zg is an isomorphism with ¢(¢) = 5 then find ¢(¢™)
form=20,3,4,5,6,7
For all m, "™ = ("™ 1(. So,

A(C™) = (¢ s B(C) = H(C" T+ 5
We know that ¢(¢?) = 2. So,

—6435=11-8=3
=¢((®) =3+55=0

37 If ¢ : Us — Zg is an isomorphism then explain why ¢({) # 4.

There are three kinds of answers: proof, explanation and advanced
explanation.
a) Proof: Suppose that ¢(¢) = 4. Then we will get a contradiction.

d(¢%) = o(C) + ¢<)—4+64:2
B(C") = d(C*) +6 9(C?) =2+62=14

[\



Since ¢(¢) =4 = ¢(¢*) and ¢* # ¢
¢ = 1+2\/§z7 €4:—1—T\/§i

¢ is not 1-1. This contradicts the assumption that ¢ is an isomorphism.
So, ¢(¢) = 4 is not possible.

b) Explanation: An isomorphism ¢ : U,, — Z, must send the primitive
nth root of unity ¢ = e2™/" to a number which is relatively prime to
n. The only elements of Zg which are relatively prime to 6 are 1 and
5. So, we must have

o(C)=1 orb.

¢) Advanced: ¢ has order 6 in Us and 4 has order 3 in Zg. But cor-
responding elements under an isomorphism must have the same order.



3. HOMEWORK 3

Classification) Classify all binary structures on two element sets
up to isomorphism. Hint: there are only 10 because the last 6 are
isomorphic to previous ones. The remaining 4 are “naturally” defined,
which means defined without reference to the specific values 0,1.

Let S = {0,1}. The the 6 unnatural binary operations on S which
make reference to 0,1 are as follows. There are 6 more in which 0,1
are reversed. These later are isomorphic to the former. The first four
are commutative.

(1) (constant) a b =0 for all a,b

(2) (addition) axb=0ifa=band axb=1ifa #b

(3) (multiplication) axb=11if a =b =1 and a * b = 0 otherwise

(4) (anti-multiplication) a xb = 0if a = b =1 and axb = 1

otherwise.

(5) 0x1=0and a*xb=1if (a,b) # (0,1)

(6) 0x1=1and a*xb=0if (a,b) # (0,1)
There are 4 natural binary operations on S. These do not make refer-
ence to 0, 1.

(7) (left) axb = a for all a,b
(8) (anti-left) a*b = not a for all a,b. (“not a” is the element of S
which is not equal to a.)
(9) (right) a*b =10 for all a,b
(10) (anti-right) a * b = not b for all a, b.



p. 27 #24, 27, 28, 37
p. 34 #17, 18

24 a. False. This is silly.

b. True. a commutes with b * c.

c. False. This is a commutativity relation.

d. False. However, the words “importance” and “numbers” were not
defined. So the question is not really well posed.

e. False. The statement a*xb = bxa needs to be universally quantified.

f. True.

g. True. Saying “at least one” when the truth is “exactly one” is
not a lie.

h. True. Saying “at most one” when the truth is “exactly one” is
not a lie. Also, this statement is the negation of (j). Since (j) is false,
(h) must be true.

i. True.

j. False. This statement is the negation of statement (h) since the
negation of “always at most one” is “sometimes more than one.”

27 Let (S, *) be a binary structure with |S| = 1 then S is associative
and commutative.

Proof: Suppose that S is not commutative. Then, for some a,b € S
we have a x b # b * a. In other words, these are two different elements
of S. So S has at least 2 elements which is a contradiction.

Associativity is similar. O

28 Anti-multiplication (given by a*b = 1—ab on the set S = {0, 1})
is commutative but not associative:
0x1)x1=1%x1=0
Ox(1x1)=0x0=1

37 If (S, %) is commutative and associative then the set of idempo-
tents H is closed.

Proof: Let a,b € H. Then we need to show that axb € H. We know
that axa =a and bx b =1b. So,

(axb)*(axb)=ax*x(bxa)xb=axaxbxb=axb
which implies that a x b € H as claimed. 0

17 We have a bijection ¢ : Z — Z (¢(n) = n + 1) with inverse
function ¢~ !(x) =z — 1.

a) We want ¢ to give an isomorphism (Z,-) — (Z,*). Here is a
popular incorrect method of doing the problem.



We want:
¢(ab) = ¢(a) * ¢(b)
If we write © = ¢(a),y = ¢(b) then this becomes:
wxy = (¢~ ()97 (y)) = ¢((x—1)(y—1)) = (2=1)(y—1)+1 = ay—r—y+2
The unit u must be
u=0¢(l)=14+1=2.

There is a logical fallacy in this standard problem solving syllogism.
Namely, it begins with the assumption that the solution exists. The
conclusion of this calculation is that, if the solution exists, it must be
rxy=uaxy —x —y+ 2. If the unit exists, it must be 2

b) We want 7 to be an isomorphism (Z, x) — (Z, -) for some opera-

tion *. This time we do it correctly.
Let % be given by

TRY=Y*xr=zy+r+y.
Then for any z,y € Z we have
Plrxy) = (ry+at+y)+l=ayt+r+y+1l=(z+1)(y+1) = o(z)o(y).

In other words, ¢ satisfies the homomorphism property. This proves
that © «y = xy + x + y is a solution. But, it does not preclude the
existence of other solutions.

Let v = 0. Then
Oxx=0x+0+2x==x

So, 0 is the unit of (Z, ). We know that the unit is unique when it
exists.

18 This is similar to 17. This time we will give a theoretical solution.
b. If y = ¢(z) =3z — 1 then z = ¢~ (y) = 3(y + 1). Let

vy = 67 (8()+0()) = 97 (Ba-1)+(By—1)) = 5 (Be-+3y—1) = r+y—
Then
$la*y) =00 (6(x) + d(y)) = d(x) + d(y).
The unit is %
a. Let xxy=x+y+ 1. Then
dlr+y)=3+y)—1=3x+3y—1
ox)*xPp(y) =Bxr—1)xBy—1)=3z—-1+3y—1+1=3x+3y— 1L
The unit is obviously —1.



4. HOMEWORK 4

p. 45 #9, 10, 17, 19, 20, 25, 26, 31, 36, 41.

9 (U,-) and (R, +) are not isomorphic since the former contains two
elements which are their own inverse 1,—1 and (R, +) contains only
one, namely, 0. Since (Ry,-) is isomorphic to (R,+) it cannot be
isomorphic to (U, ).

10 a. (nZ,+) is a group.

(0) It is closed na +nb = n(a +b) € nZ.

(1) associativity is automatic since we are still using addition.
(2) The unit is 0 = n0 € nZ

(3) Each na € nZ has an inverse n(—a) € nZ.

b. An isomorphism ¢ : (Z,4) — (nZ,+) is given by ¢(x) = nx.

20 There are two nonisomorphic groups of order 4. They are the
cyclic group (Z4,+) and the Klein 4-group V = {e,a,b,c} where the
product of any two of a, b, ¢ is the third and 22 = e for all z € V.

26 Multiplication on the left by the letter g can be cancelled by

multiplying on the left with ¢g=1.

36 To show that two statements are equivalent we need to show that
each implies the other. So, suppose that a * b = b * a Then

(axb)*(atxb ) =(bxa)xa ' xb ' =bx(axa ') xb!
=bxexb '=bxb'=c¢

Therefore, a=' * b=! is the inverse of a * b.
Conversely, suppose that a=! = b~! is the inverse of a * b. Then

(axb)x(atxb ) =e=bxb'=bxaxa ' *xb"

By right cancellation we get a x b = b * a.



4. HOMEWORK 4 (MORE)

p. 45 #9, 10, 17, 19, 20, 25, 26, 31, 36, 41.

9 (U,-) and (R, +) are not isomorphic since the former contains two
elements which are their own inverse 1,—1 and (R, +) contains only
one, namely, 0. Since (Ry,-) is isomorphic to (R,+) it cannot be
isomorphic to (U, -). And (R*,-) is not isomorphic to any of these since
it contains exactly 2 solutions of the equation x* = e (where ¢ = 1 in
this case) whereas, (U, -) contains 4 solutions and (R, +) contains only
one solution of the corresponding equation 4z = 0.

10 a. (nZ,+) is a group.

(0) It is closed na 4+ nb = n(a +b) € nZ.

(1) associativity is automatic since we are still using addition.
(2) The unit is 0 = n0 € nZ

(3) Each na € nZ has an inverse n(—a) € nZ.

b. An isomorphism ¢ : (Z,+) — (nZ,+) is given by ¢(z) = nz.
17 Upper triangular matrices are given by

a b

0 c

The determinant ac is equal to 1 if and only if ¢ = 1/a. So the set of
2 x 2 upper triangular matrices with determinant 1 is

S = {(g 11/)a> so that a,b € R,Q#O}
(0) This set is closed:

(6 ) G afe) = (5 3")

(1) Matrix multiplication is associative.
(2) S contains the 2 x 2 identity matrix which is the unit.

(3) The inverse of ( ) is also upper triangular with determi-

a
0 1/a

a b\ (1/a —b
0 1/a V0 a
19 a) To show that S is closed, we need to show that

ab+a+b# -1

for all a,b € S (i.e., when a,b # —1).
7
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Suppose this is not true. Then
ab+a+b+1=0

(a+1)(b+1)=0
So, either a+1 =0 or b+ 1 = 0. Each gives a contradiction.

b) To show that (S, %) is a group we show that it is isomorphic to
(R*,+). The isomorphism ¢ : S — R* is given by

da)=z+1

This is a bijection since z # —1 <= x+1 # 0 and the inverse is given
by ¢~'(x) = x — 1. The homomorphism property is easy to verify:

P(2)py) = (@ + Dy + 1) =ay+or+y+1=0r*y)
Since (R*,-) is a group, so is (9, ).

¢) Solve:
PR2*xxx3)=T7+1=8=3(x+1)4

So, z +1 =2/3 and © = —1/3. This notorious method assumes that
the solution exists. But we know that the equation

axxxb=rc

has a solution:
r=ateb!
So, the method is valid in this case.

20 There are two nonisomorphic groups of order 4. They are the
cyclic group (Z4,+) and the Klein 4-group V = {e,a,b,c} where the
product of any two of a, b, ¢ is the third and 22 = e for all x € V.

25 a) This is ambiguous. A group is allowed to have more than
one identity element. But we know that that is impossible. If “may”
means “allowed” the statement is true. If “may” means “possibly” the
statement is false.

b) True. If G = {e,a,b} then e* = ¢,ea = a = ae,eb = b = be since
e is the unit and

ab = e since it cannot be a or b (by cancellation since, e.g., ab = a
gives b = e).

a®? = b since it cannot be a = ae or e = ab

b? = a since it cannot be b = eb or e = ab.

¢) This is ambiguous since “linear equation” is not defined. Theorem
4.16 says that the linear equations ax = b and za = b have unique
solutions. However, I can think of other linear equations such as ax =
bz which have no solutions.



9

d) False. You need to be able to paraphrase it in many different
ways.

e) False. It must go the other way as well.

f) True.
g) True.
h) True. x =a 'cb™!

i) False. The empty set contains no unit.

j) True. A group is a binary structure by the definition in our book.
(Other books may disagree. They may wish to include the unit or unit
and inverse as part of the structure instead of as a condition on the
binary structure.)

26 Multiplication on the left by the letter g can be cancelled by

multiplying on the left with ¢~

3l If xxx =2 then zxx =2z *e. So, x = e by left cancellation.

36 To show that two statements are equivalent we need to show that
each implies the other. So, suppose that a * b = b a Then

(axb)*(atxb )= (b*a)xatxb ' =bx(axa ) xb"
=bxexb '=bxbl=c¢

Therefore, a=' * b=! is the inverse of a * b.
Conversely, suppose that a=! * b~! is the inverse of a * b. Then

(axb)s(atxb N =e=bxb'=braxa 'xb!
By right cancellation we get a * b = b * a.

41 The mapping i,(x) = grg~' has an inverse mapping i,-1. So,
it is a bijection. It is easy to see that it satisfies the homomorphism
property:

ig(2)ig(y) = grg~ gyg™" = geyg™ = gryg~' = ig(xy).
S0, i4 is an automorphism of G. This is called an inner automor-
phism.



5. HOMEWORK 5

p. 56 #20, 43, 51
p. 66 #22, 32, 37 (find an answer to #37 different from the one in
the back of the book, i.e., not Zg.)

due Thursday, Oct 14.



5. HOMEWORK 5 ANSWERS

p. 56 #20 The additive groups are related by
122 < 624 < 3Z < Z < R

These are the same as Gy < Gg < G7 < GG; < G4. The multiplicative
groups are related by

G9:<6><G3:Q+<G5:R+
and Gg = (1) < G5 = R*.

43 We are given that G is abelian and H, K < G. (Note: the word
“abelian group” usually means “commutative multiplicative groups.”)
We want to prove that HK < G.

To show that H K is a subgroup of G we need to show that H K con-
tains e, is closed under multiplication and is closed under the operation
of taking inverses.

(1) Since H, K are subgroups of G they both contain the unit of
G. So, HK contains ee = e.
(2) If hykq, hoky are two elements of HK then

hikihoks = hihokiky € HK
since hihy € H and ki1ky € K.

(3) The inverse of any hk € HK is given by (hk)™' = k~'h™! =
h k™! e HK.
So, HK is a subgroup of G.
51 If a € G is fixed then show that its centralizer C(a) := {x €
G |ax = za} is a subgroup of G. In the book this is called H, which

is the notation for the stabilizer or isotropy subgroup of a. All of these
names and notations are correct.

To prove that C'(a) is a subgroup we need to show that it contains e
and is closed under product and inverse.

(1) ea = a = ae. Therefore e € C(a).
(2) If z,y € C(a) then xa = ax and ya = ay. This gives
Tya = Tay = ary.

Therefore, zy € C(a).
(3) If z € C(a) then za = ax and

ax ' = eax”

Therefore, ! € C(a).

V= lzar™ = 27 aze™" = 27 tae = 27 ta.
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11
We conclude that C'(a) is a subgroup of G.

p. 66 #22 The Hasse diagram is
L2
/ AN
272 3212

/ N /
4715 6Z12
AN /
{0}

32 True: (a), (e) Yes, Z, is an abelian group of order n for any
positive integer n.

(i), (j) If g generates G and o(g) > 2 then g~' # g is another
generator.

False: (b) The Klein 4 group is abelian but not cyclic.

(c) Q is not cyclic. In fact it is not even finitely generated.

(d) 0,2 do not generate Zy,.

(f) The Klein 4 group is not cyclic.

(g) 9 is a generator of Zy.

(h) Use two previous homework problems: Any binary structure
with exactly one element is a group. Let GG be the set containing the

1 . . L :
0 8 . Since this matrix is idempotent G is closed
under multiplication. So, it is a binary structure with one element and

single matrix

therefore a grouop. Take G’ to be the set containing just (8 (1)) . This

is also a group. The intersection is empty. But the empty set cannot
be a group since it has no unit.
Another counterexample: Let G = {2"|n € Z} and G' = Z. The
intersection is
GNG ={1,2,4,8,---}

which is not a group under either addition or multiplication.

37 (find an answer to #37 different from the one in the back of the
book, i.e., not Zs.)

Zs has four generators: 1,2,3,4.

715 has four generators: 1,5,7,11.

There are no other correct answers to this problem (up to isomor-
phism). In other words, Z, has 4 generators only if n = 5,8, or 12.



7. HOMEWORK 7

p. 101 # 4, 19(and explain the answers in the back of the book), 32,
34, 36
p. 110 # 7(and explain), 12, 32, 36.

due Wednesday, Oct 27.
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