MATH 30A: CHAPTER 24

24. SYLOW THEOREMS

This chapter proves the Sylow Theorems and gives many applica-
tions. The chapter also discusses conjugacy classes and the class equa-
tion.

24.1. Class formula. On the first day we talked about the relation-
ship between the conjugacy class of an element and the centralizer of
the element. After a long discussion I got you guys to give me the
formula.

24.1.1. conjugacy classes.

Definition 24.1. The conjugacy class cl(x) of an element x € G is
the set of all conjugates of x:

cd(z) ={gzg~"'|g € G}

Recall that the centralizer of z is the set of all elements of G which
commute with x:

C(z) ={g € Glgz =29} = {g € G|gaxg™" =z}
The formula relating these is

Lemma 24.2 (Lemma 9.8). There is a 1-1 correspondence between the
set of conjugates of x in G and the left cosets of the centralizer:

¢:G/C(x) S cl(x)
given by ¢(gC(x)) = grg™".

This is not hard to prove. The main point is to show that the function
¢ is well defined: 1f a left coset can be written in two different ways
then the formula should give the same value:

gC(z) = hC(x) = grg~t = hxh™

A consequence of this is that the number of conjugates of x is equal to
the index of its centralizer:

lcl(z)] = |G : C(x)]
I gave two examples to show what happens.
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24.1.2. symmetric group. First take the symmetric group S3. This has
m = 3 conjugacy classes:

c(xy) ={e} T =e
dA(m) =1{(12),(23),(13)} 1= (1)
c(xg) ={(123),(132)} ry = (123)

The elements z1 = e, xo = (12), 23 = (123) are representatives of the
conjugacy classes. You choose one from each set. I made this chart:

;e (12) (123)

lel(z;)| |1 3 2
[Cz) |6 2 3

The lemma says that the product of the numbers in each column is
|S3| = 6. T pointed out that the first row of numbers add up the the
order of the group:

14342=06=|5;]

This is because the group is a disjoint union of conjugacy classes:

G = H cl(z;)

The second row of numbers have the property that their inverses add

up to 1:
1 1 1

24.1.3. dihedral group. Next I did the dihedral group
Dy ={e,r, 7 1%, 5, 51,577 s1°}

This has m = 5 conjugacy classes

c(zy) ={e} r=e
c(zy) = {r*} Ty =1?
cd(zz) ={r,r3} a3=r
c(zy) ={s,sr*} x4=s35
c(zs) = {sr,sr3} x5=sr

Here is the chart:

lel(x;)] |1 1 2 2 2
|C(x;)| |8 8 4 4 4

Again the first row adds up to the order of the group
1+14+242+2=|Dy =38
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and the sum of inverses of the second row adds up to 1:

1+1+1+1+1_1
8 8 4 4 4

Why is that?

24.1.4. class equation.

Theorem 24.3 (class equation, 1st form). The order of a finite group
G is the sum of the indices of the centralizers of the representatives x;
of the conjugacy classes of G:

Gl =316 Ca)

Proof. This just follows from the lemma:

Gl=lel(@)| =Y |G : Clay)]
O

On the second day I refined this equation by asking: When is this
number equal to 17

lcl(z)| =1G:C(z)| =1 <= z€Z(G)

This happens only when x is central. Each element in the center of
G is its own conjugacy class and each element contributes 1 to the
class equation. The other conjugacy classes are bigger and contribute
numbers bigger than 1:

G| =1Z(G)|+ D |G: C(x)|
i=r+1T

This is the second form of the class equation.

24.2. p-groups. I used the class equation to prove that the center of
any p-group is nontrivial.

Definition 24.4. A finite group G is called a p-group if its order is a
power of a prime p:

G =p"
An infinite group s called a p-group if the order of each element is a
power of p.

Theorem 24.5. A finite nontrivial p-group has a nontrivial center.
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Proof. The equation:
G =p* = |C(x)] -G : C(xy)]

implies that the index |G : C'(z;)| must be a power of p. In the equation:
Gl =12(A)|+)_ |G : C(xy)]

the terms in the sum are all at least 2. So they are divisible by p. Since
|G| is also divisible by p this implies that |Z(G)| is divisible by p. But
|Z(G)| > 1 since e € Z(G). So, |Z(G)| > p and the center Z(G) must
be nontrivial. U

24.3. First Sylow theorem. I explained the first Sylow theorem and
proved half of it. But here is the whole proof. The theorem says that
every finite group has a Sylow p subgroup.

24.3.1. the theorem.

Theorem 24.6 (1st Sylow Theorem). Suppose that |G| = p*s where
p does not divide s. Then G has a subgroup of order p*. Any such
subgroup is called a p-Sylow subgroup of G.

Proof. By induction of |G| we assume that the theorem holds for all
smaller groups. (It holds when |G| = 1.) We look at the class equation:

Gl =p"s = |2(G)| + ) |G : C(x))

There are two cases. Either p divides every index |G : C(x;)| or there
is at least one index |G : C(x;)| which is not divisible by p. (I gave two
examples to illustrate. See below.)

Case 2 If one of numbers |G : C(z;)| is not divisible by p then, since

|G| =p*s = |G : Cla:)] - |Cla)]

it follows that p* divides |C(z;)|. But, C(z;) has index > 2 in G and
is therefore smaller than G. So, by induction, C(x;) has a p-Sylow
subgroup P with |P| = p*. But

So, P is also a p-Sylow subgroup of G.

Case 1 If all of the numbers |C(z;)| are divisible by p then so is
|Z(G)|. This means that Z(G) has an element z of order p. Let N =
(z). Then, N is normal in G (any central subgroup is normal). The
factor group G/N has order |G|/|N| = p*~'s. So, by induction on G



MATH 30A: CHAPTER 24 5

it contains a subgroup of order p*~! This subgroup has the form H/N
where H is a subgroup of GG containing N. But then

|H| k—1 k
H|=|N|—=p- =
So, H is a p-Sylow subgroup of G. O

24.3.2. examples. First, I took the group S, which also has 24 = 233
elements and I took p = 2. This has 5 conjugacy classes only one of
which is central:

1S4/ =24=1+(6+8+6+3)

Here one of the numbers |G : C(z;)| is not divisible by p = 2. This
is an example of Case 2. The element x5 = (12)(34) has exactly 3
conjugates (including itself). So, the order of its centralizer is

|G| 24
So, C(x5) is a 2-Sylow subgroup of .
Then I took the dihedral group D, which has 5 conjugacy classes.
The class equation gives:

Dl = 12(G)| +)_ |G : O(x,)

8=2+4+(2+2+2)
This is an example of Case 1 where all the numbers on the right are
divisible by p = 2.

24.4. Group actions. In order to prove the other two Sylow theorems
I need the orbit-stabilizer formula. So, I discussed group actions on
sets and the signed permutation group (which has nothing to do with
Sylow).

24.4.1. signed permutations. 1 pointed out that the rotation group of
the cube is given by a set of 3 x 3 matrices. For example rotation by
90 degrees about the z-axis is given by the matrix

0 -1 0
1 0 0
0 0 1

This is called a signed permutation matriz

Definition 24.7. A permutation matrix is an n X n matriz having n
1’s and all the rest 0’s where there is exactly one 1 in every row and
every column. (If you play chess think of these as 8 rooks which cannot
take each other.)
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There are exactly n! permutation matrices and the group of n x n
permutation matrices is isomorphic to the symmetric group S,,. The
isomorphism is given by

¢<O-) = (60(1)7 €o(2)s """ 760(71))

Definition 24.8. A signed permutation matrix is an n X n matriz
having n £1’s and all the rest 0’s where there is exactly one £1 in
every row and every column.

The signed permutation group can be written: Zy [ S, (wreath prod-
uct of Zy and S,,). This notation just means that we take n x n permu-
tation matrices and substitute elements of Z, for the 1’s. Since I am
putting £1 it might be more correct to write {1, -1} [ S,, but people
usually write Zs instead of {1, —1}. Anyway,

]ZQ/Sn\ = 2"

|ZQ/53\ = 2°3! = 48

The rotation group of the cube (isomorphic to A4 with 12 elements) is
a subgroup of this group with index 4.

In particular,

24.4.2. orbit-stabilizer.

Definition 24.9. A group G acts on a set X if for every g € G and
x € X there is an element
gr e X

so that
(1) ex ==z
(2) g(hx) = (gh)z
Sometime I write g - x to emphasize that this is an action of g on x.

Definition 24.10. The stabilizer H,, of xo € X 1is the set of all ele-
ments of the group which fix xq

Hyy = {g € Gl gzo = o}
Definition 24.11. The orbit orb(xg) of xq is the set
orb(zg) := {gzo| g € G}

Theorem 24.12 (orbit-stabilizer). The size of the orbit is the index
of the stabilizer:
lorb(z)| = |G : Hy|
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Proof. There is a 1-1 correspondence between the set of left cosets of
H, and the orbit of x:

¢:G/H, = orb(x)

this bijection is given by ¢(gH,) = gz. You can check simultaneously
that it is well-defined and 1-1:

gH,=hH, +— ¢ 'heH, — ¢ 'ha =1 < hr =gz

the map is onto since the elements of the orbit are gz = ¢(gH,). O

24.4.3. examples. The first example I gave was the group S acting on
the regular tetrahedron with vertices labeled 1,2, 3,4. I took one point
xo which was one the edge connecting vertices 1 and 2 but closer to 1
than to 2. I took another point z; in the center of the edge connecting
vertices 1 and 2. The group S, moved the point xg to 12 points three
around each of the four vertices. These 12 points form the orbit of x.
Since Sy has 24 elements, the orbit stabilizer equation predicts that the
stabilizer of g will have exactly 24/12 = 2 elements. Looking closely
at the tetrahedron we see that the stabilizer of x( is

on = {6’ (34)}

The point z; has 6 elements in its orbit. These are the midpoints of
the 6 edges. So, the stabilizer of z; should have 24/6 = 4 elements.
And it does:

Hyy = {e,(34),(12), (12)(34)}

Now take a vertex v. What is the orbit of v and what is its stabilizer?
Another example: take the group S, which acts on the set X =
{1,2,--- ,n}. What is the orbit of n? What is the stabilizer of n?

24.4.4. permuting subgroups. Let X be the set of all subgroups of G.
Then G acts on the set X by conjugation:

g-H:=gHg™'
This is an action:
(1) e-H=eHe '=H
(2) g-(h-H)=ghHh 'g~" = (gh)H(gh)™" = (gh) - H

Take an element H € X. This is a subgroup of G. What is the
stabilizer of this element? By definition it is

stab(H) ={g€G|g-H=H}

but g - H = gHg™'. This is equal to the subgroup H iff ¢ € N(H).
So, the stabilizer of H considered as one point in X is equal to the
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normalizer of H considered as a subgroup of G. What is the orbit of
the point H? This is just the set of subgroups

orb(H) ={gHg '|ge G} C X

I are considered as

Notice that, in the orbit, these subgroups gHg~
points.

The orbit of H has one element if and only if H is normal:
lorb(H)| =1 <— H<G
Why is that?

24.5. Sylow’s other theorems. We need to know when a p-Sylow
subgroup P is normal in G.

24.5.1. normal Sylow subgroups.

Lemma 24.13. If H is a p-group and ¢ : H — K is a homomorphism
from H to some other group K then both the kernel of ¢ and the image
of ¢ are p-subgroups.

Proof.

|H| = p’ = [kerg| - [o(H)|
So, both | ker ¢| and |¢(H)| must be powers of p. O

Theorem 24.14. Suppose that P is a normal p-Sylow subgroup of a
finite group G. (So, |G| = p*s and |P| = p*.) Then

(a) P contains every p-subgroup of G.

(b) P is the only p-Sylow subgroup of G.

Proof. If P<G then the quotient group G/P is a group with s elements
and we have a homomorphism

¢:G—G/P

with kernel P. If H is any p-subgroup of G then ¢(H) is a p-subgroup
of G/P. But |G/P| is not divisible by p. So, the only p-subgroup of
G/P is the trivial group {eP}. So, H is contained in the kernel of ¢
which is P. This proves (a). If H is a p-Sylow subgroup then H < P
by (a) and H = P since they have the same size. This shows (b). O

Conversely, if P is the only p-Sylow subgroup then it must be normal.
Why is that?

In general, when P is not normal in G, we at least know that P is
normal in its normalizer: P<N(P). So, the theorem can be applied to

N(P) instead of G:

Corollary 24.15. Suppose that P is any p-Sylow subgroup of a finite
group G. Then
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(a) P contains every p-subgroup of N(P).
(b) P is the only p-Sylow subgroup of N(P).

Now we are ready to prove the other two Sylow theorems.

24.5.2. Sylow’s third thm.

Lemma 24.16. Every conjugate gPg~' of a p-Sylow subgroup is also
a p-Sylow subgroup of G.

Proof. gPg~—! = P. So, it has p* elements. So, it is a Sylow subgroup.
O

Theorem 24.17 (Sylow’s 3rd). (1) The number of p-Sylow subgroups
of a finite group is congruent to 1 modulo p.
(2) Any two p-Sylow subgroups of G are conjugate.

Proof. Let X be the set of all p-Sylow subgroups of G. If P is a p-Sylow
subgroup. Then P is one point in X and P is also a group which acts
on X by conjugation. Let ) € X be another point. Then the P-orbit
of () and the P-stabilizer of () are

orbp(Q) :={9Qg " |g € P}
stabp(Q) = {g € P|gQg~" = Q}

The orbit-stablizer formula says
lorbp(Q)] - |stabp(Q)| = |P| = p*
So, both |orbp(Q)| and |stabp(Q)| are powers of p.
When is |orbp(Q)| = 17

lorbp(Q)| =1 <= |stabp(Q)| = p*
— gQy'=QVgecP
<~ P<N(Q)
< P =@ (Q is the only p-Sylow subgrp of N(Q).)

Thus there is only one orbit of size 1 (when @ = P). All other orbits
have p’,j > 1 elements. So,

X = forbp(Q:)| =1 mod p

This proves (1).
The same argument proves (2)! Suppose that not all p-Sylow sub-
groups are conjugate. Then

X:XOHX1
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where X is the set of all p-Sylow subgroups conjugate to P and X; are
the other p-Sylow subgroups. The above argument with X replaced by
Xo shows

| Xo| =1 mod p
Similarly,
| X1/ =1 modp
So,
| X| = |Xo| +|X1|=2 modp
This is a contradiction. So, all p-Sylow subgroups must be conjugate.
O

24.5.3. Sylow’s second thm.

Theorem 24.18 (Sylow’s 2nd). Suppose that |G| = p*s where p does
not divide s. Then any p-subgroup H of G is contained in a p-Sylow
subgroup.

Proof. Again let X be the set of p-Sylow subgroups of G. The group
H with |H| = p’ acts on X by conjugation. For each Q € X,

lorb (Q)] - |staby (Q)| = |H| = p’
So, |orbg(Q)| is a power of p. Since
D lorby(Q:)] = |X| =1 modp

there must be at least one point Qg € X whose orbit has size |orby (Qo)| =
1. But, as in the proof of the 3rd thm,

|0TbH(Q0| =1 <= H S N(Qo)

By Corollary 24.15 (b), H is a subgroup of @y which is a p-Sylow
subgroup of G. O

24.6. Applications. We need several lemmas before we do the exam-
ples in the book.

24.6.1. normal Sylow subgroups. What we already know from Theorem
24.14(b) is

Theorem 24.19. Suppose that P is a p-Sylow subgroup of a finite
group G. Then P is normal in G if and only if P is the only p-Sylow
subgroup of G.

Another fact that we need is:
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Lemma 24.20. If the Sylow subgroups P,, of G are all normal then G
is the internal direct product of its Sylow subgroups

¢=p,

Proof. 1 gave the proof in the case where there are only two primes
dividing the order of G. So, G = p°¢®. Suppose P,(Q are the Sylow
subgroups corresponding to p,q. Then P<G,Q <G, PNQ = {e} and
PQ =G. So G =P ® (Q proving the lemma.

The reason that PQ) = G is by counting the number of elements:

_ Pl pe

24.6.2. counting Sylow subgroups.

Lemma 24.21. Suppose that H is any subgroup of G. Then the num-
ber of conjugates of H is equal to the index of its normalizer.

Proof. This is an example of the orbit-stabilizer formula. Think of H
as one point in the set X of all subgroups of G. Then

lorb(H)| = number of conjugates of H
stab(H) = N(H)
The orbit-stabilizer equation says
lorb(H)| - |stab(H)| = |G|
or:

lorb(H)| = 1G] __l¢]

= Tstat(mn)] ~ gy €N E)

U

Lemma 24.22. The number of p-Sylow subgroups of G is equal to the
index of the normalizer of a p-Sylow subgroup.

Proof. This follows from the previous lemma and the 3rd Sylow theo-
rem which says that all p-Sylow subgroups are normal. U

24.6.3. groups of order pq.

Lemma 24.23. If p < q are distinct primes, then any group of order
pq has a normal q-Sylow subgroup.
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Proof. Let Q be a ¢-Sylow subgroup of G. Look at the Hasse dia-
gram where the numbers on the edges indicate the indices a = |G :
NQ).b=IN@Q): Q

G

\a

N(Q)

/b

Q
Since ab = |G : Q| = p, either a = 1 or a = p. But, Sylow’s 3rd thm
says that

a=|NQ): Q=1 mod ¢

And p # 1. So, a = 1 which means that G = N(Q) which implies that
@ < G as claimed. O

Theorem 24.24. Suppose that p < q are prime numbers so that q = 1
mod p. Then any group of order pq is cyclic.

Proof. We have |G| = pq with Sylow subgroups P, @ of order p,q re-
spectively. The lemmas says that () <G. What about P? Look at the
diagram

G

\a

N(P)

/b

P
Since ab = |G : P| = q, either a = 1 or a = ¢. But, Sylow’s 3rd

thm says that @ =1 mod p. So, a = 1 and P < G. Since both Sylow
subgroups are normal we have

G=POQ=7,072,~7,
O
Example 24.25. Groups of order 3-5 =15 and 3-11 = 33 are cyclic.
24.6.4. groups of order p*q.

Theorem 24.26. Suppose that p, q are distinct primes, p % +1 mod ¢
and ¢ # 1 mod p. Then any group of order p*q is abelian.

Proof. We have a group G of order p?q and Sylow subgroups P, Q of
orders |P| = p?,|Q| = ¢. Since groups of order 4p* are abelian, both
P and @ are abelian. As before, P must be normal since ¢ = 1
mod p. What about ()7 The index of the normalizer of () must divide
|G : Q| =p* So, |G:N(Q)=a=1,porp?> But p=1and p* # 1
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mod ¢ because of the assumption that p % +1 mod ¢. Therefore, Q)
is also normal. So,

G=PaoQ

is abelian. 0
Example 24.27. Groups of order 3%5 = 45 and 3*11 = 99 are abelian.

We discussed the idea of generalizing this to p®q. But the condition
we would need is p® # 1 mod ¢. It often happens that there are three
solutions to the equation 2® = 1 mod ¢q. For example the numbers
1,2,4 are cube roots of 1 modulo 7. (U(7) is a group of order 6 and
therefore has an element of order 3.)

24.6.5. groups of order 66.

Theorem 24.28. There are exactly 4 groups of order 66 (up to iso-
morphism). Namely:

Zes, D33, S3®Zy, Di@Zs

Proof. Since 66 = 11 - 3 - 2, we have Sylow subgroups P, (), R of order
11, 3, 2 respectively. The index of the normalizer of P divides 6. So it
is 6,3,2 or 1. Since this number must be congruent to 1 modulo 11, it
must be 1 and we conclude that P < G.

Now take H = P@. (The product of a normal subgroup and a
subgroup is a subgroup.) This has order 33 and is therefore normal
since subgroups of index 2 are normal: PQ <G. We know that groups
of order 33 are cyclic. Therefore, PQ) = Z33. Pick a generator r. Then

PQ = {e,r,r? - ¥}
Let R = {e,s}. Then the left coset sG has elements s, sr, sr?, etc. So,
G={enr,r? - 1% s sr,sr? - s}

This does not mean that G is dihedral. We need to know how s acts
on r by conjugation. Since PQ = (r) is normal, srs™! = srs € {r). In
other words, srs = r™ for some 1 < n < 32. But n? =1 mod 33.

At this point it looks like something is wrong since we get only two
possibilities n = +1 and there are supposed to be 4 different groups.
But wait! There are 4 solutions to this equation: n = 1,10,23, 32.
These give:

n= 1 10 23 32
G= Z¢s Dy ®Zs S3®Zy Das
When n = 1 we have srs = r, i.e., GG is abelian. So G = Zgg in that

case. srs = r°2 = r~! is the dihedral group Dss. In the case srs = 119,

the element 72 which has order 11 is sent to its inverse: sr3s = 130 =
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r=3. So, s and r® generate the dihedral group D;;. Also, the element
r''. which has order 3, commutes with s since srils = 110 = ¢l
(110 =99 + 11) SO, this is Dll @D Zg.

In the case srs = r?3, the element of order 11 (namely r*) commutes
with s since sr3s = r% = 3. Also, the element of order 3 (namely r'!)

is sent to its inverse: srils = 243 =22 = =11 So, G =X D3 @ Zy;. O

24.6.6. groups of order 12. Finally, I talked about the groups of order
12. There are five of them:

Thy ZegDZy Dg Ay §3

The group :9\,; is a “covering group” (or “central extension”) of S,,. It
is a groups whose center is Zy with quotient .S,,. The idea is that when
you rotate 360° you are not quite the same as you were before. Your
“spin” changes. When you rotate 720° you are back to normal.

Let’s do the dihedral group first. You need to think of D, as a
rotation of a regular n-gon in 3-dimensional space. Then D, is the
spinor group of the regular n-gon in 3-space. In this interpretation, the
reflection s is a rotation by 180°. When you do it twice, you get to the
central element —e. Similarly, the rotation r when done n times gives
—e. So, D, has 4n elements and they are:

+e, £r, ir2, vl 4s o, +gr" 1
Since —e = s? and —s = 53 this can be written as
D, ={s"7|i=0,1,2,3and j =0,1,2,--- ,n—1}
and multiplication rule given by
srst =l =g =

The covering group (universal central extension) of As is called the
binary icosahedral group. We will discuss it later (maybe).



