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These are lecture notes from the second part of the course starting in
section 18 on rings, fields with emphasis on finite fields and applications
to group theory including the simplicity of PSL(2, q) for q ≥ 4 and a
brief introduction to the study of extensions.
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18. Rings and fields

Definition 18.1. A ring (R,+, ·) is a set R with two binary opera-
tions: addition + and multiplication · so that

(1) (R,+) is an additive group.
(2) Multiplication is associative.
(3) Multiplication distributes over addition on both sides, i.e.:

a(x+ y) = ax+ ay

(x+ y)b = xb+ yb

Example 18.2. Z,Q,R,C are rings with the usual operations of ad-
dition and multiplication. We will assume that multiplication is asso-
ciative and distributive over addition without proof for these common
rings. These rings are all commutative rings.

Definition 18.3. A commutative ring is ring R in which the multi-
plication is commutative: ab = ba for all a, b ∈ R. (Addition is always
commutative.)

Example 18.4. Mn(R) is the ring of all n×n matrices with coefficients
in R. This is a ring with matrix addition

(aij) + (bij) = (aij + bij)ij

and matrix multiplication:

(aij)(bij) =

(
n∑
j=1

aijbjk

)
ik

The notation is that (xxx)ij is the matrix whose ij entry is the thing
written in xxx. A more precise, rigorous definition is: AB = C where
the entries of C in terms of the entries of A,B are:

cij =
n∑
k=1

aikbkj

The ring Mn(R) is not commutative for n ≥ 2. For example:(
1 1
0 1

)(
0 1
1 0

)
=

(
1 1
1 0

)
6=
(

0 1
1 0

)(
1 1
0 1

)
=

(
1 1
0 1

)
Proposition 18.5. If R is any ring then Mn(R), the set of n × n
matrices with coefficients in R

But these rings all have unity.
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Definition 18.6. A ring with unity is a ring containing an element
1 which is the multiplicative identity:

1x = x1 = x

for all x ∈ R. Unity is unique if it exists.

In the case of Mn(R) it is the n × n identity matrix In. For an
arbitrary ring R, Mn(R) has unity if and only if R has unity.

Definition 18.7. If R is a ring with unity then a unit in R is defined
to be an element u ∈ R which has a two-sided multiplicative inverse:
u−1:

u−1u = 1 = uu−1

The inverse is unique if it exists.

Example 18.8. In the ring (Z6,+6, ·6) the elements are: 0, 1, 2, 3, 4, 5.
Of these 0 is the zero (additive identity) 1 is unity, 5 is a unit since
5 · 5 = 1 and the others are zero divisors since 2 · 3 = 0 and 3 · 4 = 0.

Definition 18.9. If ab = 0 in a ring then a, b are called zero divisors.
a is a left zero divisor and b is a right zero divisor.

A left annihilator for the ring R is an element x ∈ R so that
xy = 0 for all y ∈ R. right annihilators are defined analogously.
Usually annihilators are defined for subsets of R. For example, 3 is an
annihilator for the subset {0, 2, 4} of Z6 in the example above.

I also gave a very abstract example, the endomorphism ring of an
additive group.

Definition 18.10. An endomorphism of an additive group A is de-
fined to be a homomorphism φ : A → A. The endomorphism ring
End(A) of A is the set of all endomorphisms of A with

(1) Multiplication given by composition: φψ := φ ◦ ψ
(2) Addition defined pointwise: (φ+ ψ)(a) = φ(a) + ψ(a)

Theorem 18.11. The endomorphism ring of A is a ring with unity.
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18.1. homomorphisms.

Definition 18.12. A ring homomorphism is a mapping φ : R→ S
between two rings R and S so that

(1) φ is a homomorphisms of additive group.

φ(x+ y) = φ(x) + φ(y) ∀x, y ∈ R
(2) φ takes multiplication in R to multiplication in S:

φ(xy) = φ(x)φ(y)

I will say φ is multiplicative for short.

The kernel of φ is defined to be

kerφ = {x ∈ R |φ(x) = 0}

A ring homomorphism always takes 0 to 0. Why?
However, it might not take unity to unity. For example, take the

mapping:
φ : Z2 → Z6

given by φ(0) = 0 and φ(1) = 3. This is a homomorphism of additive
groups since the order of 3 in Z6 is 2. It is also multiplicative since
3 ·3 = 3 in Z6. Thus 3 is idempotent in Z6 (a solution of the equation
x2 = x).

Show that, if R has unity and φ : R → S is a ring homomorphism,
then φ takes unity to an idempotent of S.

The kernel of φ is an additive subgroup of R. Why?

Definition 18.13. An isomorphism of rings is a ring homomor-
phism φ : R → S which is also a bijection. Then R, S are said to be
isomorphic as rings. Any property shared by isomorphic rings is called
a structural property of the ring.

Which of the following are structural properties of rings?

(1) R is commutative.
(2) R is a ring with unity.
(3) R has no zero divisors.
(4) R is finite.

18.2. products.

Definition 18.14. The product of rings R1, R2, · · · , Rn is the Carte-
sian product of the underlying sets

n∏
i=1

Ri = R1 ×R2 × · · · ×Rn
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with addition and multiplication defined coordinate wise:

(a1, a2, · · · , an) + (b1, b2, · · · , bn) = (a1 + b1, a2 + b2, · · · , an + bn)

(a1, a2, · · · , an)(b1, b2, · · · , bn) = (a1b1, a2b2, · · · , anbn)

The projection mapping pj :
∏
Ri → Rj is a ring homomorphism for

each j. Why is that?

Example 18.15. Z6 is ring isomorphic to Z2 ×Z3. The isomorphism
is given by φ(n) = (n, n) where n is reduced modulo 2 in the first
coordinate and reduced modulo 3 in the second coordinate.

When can you tell that a ring is a product?
One sign is that a product has many zero divisors since

(r, 0)(0, s) = (0, 0) ∈ R× S
So, a ring without zero divisors cannot be a product of two smaller
rings.

18.3. integer multiplication. If a is an element of a ring R and n is
any integer then we can define

n · a ∈ R
as follows. First 0 · a := 0. For n ≥ 1 the idea is:

n · a = a+ a+ · · ·+ a︸ ︷︷ ︸
n times

However, the rigorous definition is:

(n+ 1) · a := n · a+ a

starting with n = 0 which we already defined (0 · a = 0). For negative
integers n = −k, k > 0 we define

(−k) · a = −(k · a)

This is the additive inverse of k · a.
Problem: Show that, if φ : R→ S is a ring homomorphism then

φ(n · a) = n · φ(a)

for all a ∈ R, n ∈ Z.

Definition 18.16. The characteristic of a ring R is the smallest
positive integer n so that n · a = 0 for all a ∈ R. If no such integer
exists then the characteristic of R is defined to be 0.

For example, Z,Q,R,C all have characteristic zero and Zn has char-
acteristic n. What is the characteristic of Zn × Zm?

Lemma 18.17. 0a = 0
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Proof. Let x = 0a. We want to show that x = 0. We use distributivity:

x = 0a = (0 + 0)a = 0a+ 0a = x+ x

Subtract x from both sides to get x = 0. Why can we subtract x? �

Theorem 18.18. If R is a ring with unity then

n · a = (n · 1)a

Proof. First take n ≥ 0. We do induction.
(n = 0) 0 · a = 0 is equal to (0 · 1)a = 0a = 0 (by the Lemma).
(n+1) Suppose we know that n ·a = (n ·1)a. Then we want to know

the same for n+ 1:

(n+ 1) · a := n · a+ a = (n · 1)a+ a = (n · 1 + 1)a = ((n+ 1) · 1)a

So the theorem holds for all n ≥ 0.
Now suppose n is negative. So, n = −k, k > 0. Then

(−k) · a := −(k · a) = −(k · 1)a = (−k · 1)a

by the second lemma which is below. �

Lemma 18.19. (−a)b = a(−b) = −ab for all a, b in any ring R.

Proof. By distributivity and the first lemma we have:

0 = 0b = (a+ (−a))b = ab+ (−a)b

So, (−a)b is the additive inverse of ab. The other identity a(−b) = −ab
is similar. �

Definition 18.20. A field is a commutative ring with unity 1 6= 0 in
which every nonzero element is a unit. In particular, F has no zero
divisors.

If F is a field then the nonzero elements for a multiplicative group
F×. A nonexample is: Znm is not a field for n,m ≥ 2 since n and m
are zero divisors: (n)(m) = 0 in Znm.

Theorem 18.21. The characteristic of a field F is either 0 or a prime
number.

Lemma 18.22. If R is a ring with unity then the characteristic of R
is the smallest positive integer n so that n · 1 = 0 (or char R = 0 if no
such n exists).

Proof of Theorem. Suppose not. Then the characteristic of F is nm
where n,m ≥ 2. By the lemma, nm · 1 = 0 but a = n · 1 and b = m · 1
are nonzero. But,

ab = (n · 1)b = n · b = n · (m · 1)
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= (1 + · · ·+ 1︸ ︷︷ ︸
m

) + · · ·+ (1 + · · ·+ 1︸ ︷︷ ︸
m

)︸ ︷︷ ︸
n

= nm · 1 = 0

So, a, b are zero divisors. So, F is not a field. �

19. Integral domains

Definition 19.1. An integral domain (or simply domain) is defined
to be a commutative ring with unity and no zero divisors.

For example, Z, Z[i] = {a + bi | a, b ∈ Z, i =
√
−1} are integral

domains as is any subring of C.

Definition 19.2. A subring of a ring R is a subset S ⊆ R so that

(1) S is an additive subgroup of R (nonempty and closed under
subtraction)

(2) S is closed under multiplication in R.

Every field is an integral domain by definition and every subring of
a field is an integral domain. For finite rings, the converse is true:

Theorem 19.3. Every finite integral domain is a field.

But first we need a lemma.

Lemma 19.4. Cancellation holds in a commutative ring iff it is an
integral domain:

ax = ay, a 6= 0⇒ x = y

Proof. Suppose that R is a domain. Then ax = ay implies

0 = ax− ay = a(x− y)⇒ a = 0 or x− y = 0

Since a 6= 0 we have x − y = 0 or x = y. So, cancellation holds in
a domain. Conversely suppose that cancellation does not hold. Then
ax = ay for some a 6= 0 and x 6= y. But then

a(x− y) = 0

shows that R is not an integral domain. �

Proof of theorem. Take any a 6= 0 in a finite integral domain D. Then
multiplication by a gives a mapping

f : D → D, f(x) = ax

which is 1-1 and therefore onto (D being finite). So, f(x) = ax = 1 for
some x ∈ D and x = a−1. �
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Here is chart with the definitions we have so far.

commutative noncommutative

no conditions 2Z

rings with unity Znm, n,m ≥ 2 Mn(R), n ≥ 2

1 and no zero divisors domains : Z,Z[i]

1 and all nonzero are units Fields : Q,R,C,Zp skew fields : H

Definition 19.5. The ring of quaternions H is defined to be R4 with
basis 1, i, j, k and multiplication defined by:

i2 = j2 = k2 = −1 1i = i1 = i, etc. (1 is unity)
ij = k ji = −k
jk = i kj = −i
ki = j ik = −j

Then extend linearly. For example:

(a+ bi)(c+ dj) = ac+ bci+ adj + bdk

Theorem 19.6. H is a skew-field which means a noncommutative
ring with unity in which every nonzero element is a unit.

Proof. The main point is that nonzero elements have inverses in the
set:

(a+ bi+ cj + dk)−1 =
1

a2 + b2 + c2 + d2
(a− bi− cj − dk)

�
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20. Fermat and Euler

Secure communication in the world today is based on Euler’s formula
and its generalizations. Euler’s formula is in turn based on a formula
of Fermat.

20.1. Fermat.

Theorem 20.1 (Fermat’s little theorem). If p is prime and a is rela-
tively prime to p (p does not divide a) then

ap−1 ≡ 1 mod p

The proof is based on Lagrange’s Theorem which you need to know
for the quiz. So, let’s review that. Lagrange said that, if H is a
subgroup of a finite group G, then the order of H divides the order of
G. A corollary is that the order of any element of G divides the order
of G since o(g) = | 〈g〉 |. (The order of g is equal to the order of the
subgroup of G generated by g.) This gave us the following formula
which will be used to prove Fermat and Euler’s formula.

Lemma 20.2. If G is a group of order |G| = n then

gn = e

for all g ∈ G.

This is Corollary 10.7 in these notes. Do you remember the proof?

Proof of Fermat’s little theorem. This congruence equation is the same
as the actual equation

ap−1 = 1

for all a 6= 0 in Zp. But Zp is a field. So,

Z×p = {a ∈ Zp | a 6= 0}

is a group of order p−1. So, the lemma above implies Fermat’s formula.
�

Corollary 20.3. If p is prime then

ap ≡ a mod p

for all integers a.

Proof. If p divides a then both sides are congruent to 0 modulo p. If p
doesn’t divide a then this follows from Fermat. �
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Application: We use this equation to test if a number is prime.
There are very fast algorithms to compute an modulo p even if all
three numbers have several hundred digits. The test is not foolproof
but we do know that if

an−1 ≡/ 1 mod n

for some a then n is not prime.

20.2. Euler. Euler found a way to generalize Fermat’s formula to all
positive integers. He just needed the formula for the order of the group
of units of Zn.

Lemma 20.4. If R is any ring then the set of units of R is closed
under multiplication and inverse and therefore forms a multiplicative
group denoted U(R).

Theorem 20.5. a is a unit in Zn if and only if a is relatively prime
to n.

Proof. This follows from the Euclidean Algorithm. (Do you remember
that?) We used it to prove that the greatest common divisor d of two
numbers a, b is an integer linear combination:

d = xa+ yb

In this case, a and n are relatively prime so, d = 1 and we get:

1 = xa+ yn

But then xa ≡ 1 mod n or xa = 1 ∈ Zn. So, a is unit in Zn.
The converse is obvious. �

Definition 20.6. The Euler φ function is defined to be

φ(n) = |U(Zn)|
By the Lemma above which follows from Lagrange we have:

Corollary 20.7.
aφ(n) ≡ 1 mod n

for all integers a which are relatively prime to n.

Theorem 20.8. If n =
∏
pki
i then

φ(n) =
∏(

pki
i − pki−1

)
= n

∏ pi − 1

pi
For example, take n = 561 = 3 · 11 · 17. Then

φ(561) = 2 · 10 · 16 = 240

Next: We need to prove the theorem and show that 561 is a pseudo-
prime.
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20.3. Proof of Euler’s formula. I will prove Euler’s formula 20.8
using groups and rings. As an application of the group theory behind
the numerical formula we will see that 561 is a pseudoprime.

First, suppose that n is a power of a prime number p:

n = pk

For example, n = 81 = 34. Then Theorem 20.5 says that the units of
Zpk are those numbers which are relatively prime to pk. But this is the
same as saying that they are not divisible by p. This is the complement
of the subset

pZpk = {0, p, 2p, 3p, · · · , pk − p}
In the example, this is

3Z81 = {0, 3, 6, 9, 12, · · · , 78}
This is a subgroup of Zpk of index p. So

|pZpk | = pk−1

The elements left over are the units:

|U(Zpk | = pk − pk−1 = (p− 1)pk−1 =

(
p− 1

p

)
pk

So, Euler’s formula holds when n is a power of a prime.
Any positive integer n is a product of powers of distinct primes and

we have two theorems.

Theorem 20.9. If R, S are rings with unity 1 then (1, 1) is unity in
R× S and

U(R× S) = U(R)× U(S)

Note that R×S is a product of rings and U(R)×U(S) is a product of
groups.

This is an example of a theorem in which all of your knowledge and
effort should be put into understanding what it says because the proof
is completely trivial.

Corollary 20.10. If R1, · · · , Rn are rings with unity then

U(R1 ×R2 × · · · ×Rn) = U(R1)× U(R2)× · · · × U(Rn)

The theorem says this is true for n = 2. For larger n it follows by
induction in the standard way.

Next we need a theorem which we may have already proven:

Theorem 20.11. If n,m are relatively prime then we have a ring
isomorphism:

φ : Znm

∼=−→ Zn × Zm
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Proof. The ring homomorphism φ is given by

φ(x) = (x mod n, x mod m)

This is a ring homomorphism because n and m divide nm:

φ(x+nm y) = (x+n y, x+m y) = (x, x) + (y, y) = φ(x) + φ(y)

φ(xy) = (xy, xy) = (x, x)(y, y) = φ(x)φ(y)

Let’s look at just the first step:

x+nm y ≡ x+n y mod n

This is because both numbers are congruent to x+ y modulo n.
To see that φ is a bijection, use the Euclidean algorithm as I ex-

plained already twice. �

Instead of writing an arbitrary number, we will take

n = 360 = 8 · 9 · 5 = 23 32 5

Then we have an isomorphism of rings:

Z360 = Z8 × Z9 × Z5

which gives an isomorphism of groups:

U(Z360) = U(Z8 × Z9 × Z5) = U(Z8)× U(Z9)× U(Z5)

Counting numbers of elements we get

φ(23 32 5) = |U(Z360)| = |U(Z8)|·|U(Z9)|·|U(Z5)| = (8−4)(9−3)(5−1)

= 360

(
2− 1

2

)(
3− 1

3

)(
5− 1

5

)
= 96

Although the group of units in Z360 has order 96, we can conclude from
the group formula that g12 = e for every g ∈ U(Z360). The reason is
that

g = (a, b, c) ∈ U(Z8)× U(Z9)× U(Z5)

So, a4 = e, b6 = e, c4 = e. (In fact a2 = e since 12 = 32 = 52 = 72 = 1
in Z8.)

Do the same for n = 561 = 3 · 11 · 17 and show that:

a560 ∼= 1 mod 561

for all integers a relatively prime to 561.

Definition 20.12. A positive integer n is called a pseudoprime or
Carmichael number if it has the property that an−1 ∼= 1 mod n for
all integers a relatively prime to n.

There are an infinite number of pseudoprimes and the smallest one
is 561.
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What is next?
After the quiz, we have three more topics which I want to cover to

complete the circle of ideas.

(1) Finite fields (also called Galois fields). The main results are:
(a) The number of elements in a finite field is a power of a

prime: |GF | = pk. And conversely, for any power of any
prime, there is a unique Galois field with this number of
elements. Usually we use GF (28).

(b) The group of units is a cyclic group of order pk − 1.
We need polynomial rings (sections 22,23) to understand the
structure of finite fields (section 33).

(2) Finite simple groups of “Lie type” are constructed out of the
finite fields. These account for most of the finite simple groups.

(3) Extensions All finite groups are iterated extensions of simple
groups. I will explain some of this very rich theory if I have
time.
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33. Finite fields

We will discuss the basic theoretical properties of finite fields, prove
most of these properties and use them to deduce the precise structure of
finite fields and to construct some of the classical finite simple groups.

The two basic properties of finite fields are the following. The first
concerns the number of elements in a finite field.

Theorem 33.1. (1) The number of elements of any finite field is
a power of a prime number: |F | = pk.

(2) Every power of every prime is the order of some finite field.
(3) Two finite fields with the same order are isomorphic.

We will prove (1) using group theory.
This theorem tells us that there is a unique finite field for any power

of any prime (up to isomorphism). This field is called the Galois
fields GF (q) where q = pk. Today, we will deduce the exact structure
of GF (16) from the general theory.

The second main property of finite fields is Fermat’s little theorem
in the case of GF (p) = Zp.

Theorem 33.2. The group of units of any finite field of order q is a
cyclic group of order q − 1.

We will prove this using polynomials with coefficients in the field F .
Problem: Using this theorem show that GF (9) is not a subfield of

GF (27).

33.1. order of a field. I will explain the proof and the consequences
of Theorem 33.1

Recall that the characteristic of a field is either prime or 0. A finite
field F cannot have characteristic 0 so it has prime characteristic p.
This means that

p · x = x+ x+ · · ·+ x︸ ︷︷ ︸
p

= 0

for every x ∈ F . In other words, every element of the additive group
(F,+) has order p (except for 0 which has order 1).

Lemma 33.3. Suppose that G is a finite abelian group in which every
nontrivial element has order p where p is a fixed prime. Then the order
of G is a power of a prime.

This is a simple induction on the order of G using the factor group

G/ 〈g〉
for any nontrivial element g ∈ G.
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Proof. The proof is by induction on n = |G|. Suppose that |G| = n = 1.
Then 1 = p0 is a power of p so the theorem holds.

Now suppose that n > 1 and the theorem holds for all groups with
fewer than n elements. Take g 6= e in G. Then by assumption we have
o(g) = 〈g〉 = p. Since G is abelian, every subgroup is normal. So, we
have a factor group G/ 〈g〉 with order

|G/ 〈g〉 | = n

p

Claim Every nontrivial element of the factor group has order p.
Proof of Claim: Any element of the factor group has the form hN =

h 〈g〉. So,
(h 〈g〉)p = hp 〈g〉 = e 〈g〉 = 〈g〉

which is the identity of g/ 〈g〉. Since gn = e implies that o(g)|n, the cal-
culation above implies that o(h 〈g〉) is either p or 1. So, every nontrivial
element of G/ 〈g〉 has order p.

Getting back to the proof of the lemma,

|G/ 〈g〉 | = n

p
= pk ⇒ n = pk+1

So, the lemma holds for G and we are done. �

33.2. example: GF (16). I will prove Theorem 33.2 next time. Today,
I used it to construct F = GF (16). Since 16 = 24, we have p = 2. This
implies that x+ x = 0 for all x ∈ F . In other words, x = −x.

The theorem says that GF (16)× = 〈x〉 where x has multiplicative
order 15: x15 = 1. Let α = x3. Then α5 = 1. Now, we represent
elements of F as binary sequences with 4 binary digits. For example:

1010 = α3 + α2

This is base α. If we have more than 4 digits, we can contract using
the formula:

Lemma 33.4.

α4 = α3 + α2 + α + 1

Proof. We put everything on one side of the equation and multiply by
α− 1 = α + 1:

(α4 + α3 + α2 + α + 1)(α− 1) = α5 − 1 = 0

This is a product of two elements of the field F . But α − 1 6= 0 since
α = x3 and x has order 15. Therefore, the other factor must be zero
since F has no zero divisors:

α4 + α3 + α2 + α + 1 = 0
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This implies that

α3 + α2 + α + 1 = −α4 = +α4

since + and − are the same thing in characteristic 2. �

Addition and multiplication of 4 digit sequences works like this:

1 0 1 0
+ 0 1 1 1

1 1 0 1

The rule is: we add digits without carrying. These digits represent:

α3 +α
+ α2 +α +1
= α3 +α2 +1

since α + α = 0.
Multiplication uses the boxed formula:

1 0 1 0
× 0 1 1 1

1 0 1 0
1 0 1 0

1 0 1 0
α4 1 1 1 1

α5 0 0 0 1
1 0 0 0

Any digit beyond the first four can be shifted to the right since

1, 0000 = α4 = α3 + α2 + α + 1 = 1111

10, 0000 = α5 = 1 = 0001

100, 0000 = α6 = α = 0010

Problem: Show that 10103 = 0010 = α and 1010 has order 15.
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33.3. units and polynomials. In both theory and practice it is im-
portant to use polynomials to work with finite fields. In the example
of GF (16) each element is written as a sequence of 4 binary digits:

c3c2c1c0

where c0, c1, c2, c3 are elements of GF (2) = Z2 = {0, 1}. But this
notation represents the polynomial:

p(α) = c3α
3 + c2α

2 + c1α + c0

I will explain the bare minimum of the theory of polynomials with
coefficients in an arbitrary field so that we can use this idea to handle
arbitrary finite fields.

Definition 33.5. Suppose that F is any field. Then a polynomial with
coefficients in F is a formal expression:

f(X) = cnX
n + cn−1X

n−1 + · · ·+ c1X + c0

where each ci is an element of F and cn 6= 0 (cn is called the lead-
ing coefficient of f(X) and n is called the degree of the polynomial
f(X)). Addition and multiplication of polynomials is given in the usual
way keeping in mind that the coefficients are elements of F . The set
of all such polynomials is denoted F [X] and is called the polynomial
ring in the variable X with coefficients in F .

It is very important that square brackets are used in the notation
because F (X) means something else.

Here is an example to remind you how polynomials are added and
multiplied. Take F = Z3

(X2 + 2X + 1) + (2X2 + 2X) = (1 + 2)X2 + (2 + 2)X + 1 = X + 1

(X − 1)3 = (X + 2)3 = X3 + 6X2 + 12X + 8 = X3 + 2

Note that we can eliminate any minus signs since, e.g., −1 = 2 in Z3.
Problem: Show that F [X] is an integral domain (commutative with

unity and no zero divisors). Hint: The leading coefficient of f(X)g(X)
is the product of the leading coefficients of f(X) and of g(X).

Problem: Show that F [X] has the same characteristic as F .

Definition 33.6. A polynomial f(X) is called monic if its leading
coefficient is 1.

The reason that monic polynomials are important is because we can
divide by them. Here is an example and a theorem which I feel is so
obvious that it hardly requires proof.
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Problem: Divide f(X) = X3 + 3X2 + 3 by X − 1 = X + 4 in the
ring Z5[X].

X − 1
X2 +4X +4

) X3 +3X2 +3
X3 −X2

4X2 +3
4X2 −4X

4X +3
4X −4

2

= q(X)
= f(X)

= r

This gives the equation:

f(X) = X3 + 3X2 + 3 = (X − 1)(X2 + 4X + 4)︸ ︷︷ ︸
=0 if X=1

+2

There is another easier way to get this remainder, namely, put X = 1.
Then X − 1 becomes 0. So,

f(1) = 1 + 3 + 3 = 2

Replace the number 1 in the example with another number α. Then
X − 1 becomes X − α and we have the following theorem.

Theorem 33.7. Suppose that f(X) ∈ F [X] is a polynomial of degree
n and α is any element of F . Then there exists a unique polynomial
q(X) of degree n−1 (the quotient) and constant r ∈ F (the remainder)
so that

f(X) = (X − α)q(X) + r

Furthermore, r = f(α). In particular, f(α) = 0 if and only if X − α
divides f(X).

Definition 33.8. α ∈ F is called a root of the polynomial f(X) is
f(α) = 0.

Corollary 33.9. A polynomial f(X) of degree n has at most n roots.

Proof. The proof is by induction on n. If n = 1 then

f(X) = aX + b

which has only one root:

−b/a
Suppose that f(X) has degree n > 1 and suppose f(X) has n+1 roots
consisting of α and n other roots β1, · · · , βn. The theorem tells us that

f(X) = (X − α)q(X)
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If we insert any βi for X we get:

f(βi) = 0 = (βi − α)q(βi)

Since βi 6= α we must have

q(βi) = 0

But this makes q(X) into a polynomial of degree n− 1 with n different
roots which is not possible by the induction hypothesis. This proves
the corollary. �

Theorem 33.10. If F is a finite field of order q then F× is a cyclic
group of order q − 1.

In lieu of a proof, I will explain why this is true using two examples.
Take q = 9. Then F× has 8 elements. So, every element has order a
power of 2 (since o(g) divides |G| for any g ∈ G). If F× is not cyclic
then its elements all have order 2 or 4. This means that the polynomial

X4 − 1

has 8 different roots which is impossible by the corollary we just proved.
Next, take q = 25. Then F× has 24 = 3 · 8 elements. If the orders of

the elements divide 12 then the polynomial X12−1 has 24 roots which
is impossible. So, F× has an element x of order 24 or an element α of
order 8 (these are the only two divisors of 24 which do not divide 12).
But then α = x3 has order 8. So, in both cases we get an element α of
order 8. Similarly, F× has an element β of order 3.

Claim: The product αβ has order 24 and therefore F× is cyclic.
To prove this suppose that o(αβ) = n. Then

(αβ)n = αnβn = 1

which implies that βn = α−n. Cubing both gives β3n = α−3n = 1 which
implies the order of β divides 3n. So:

8|3n⇒ 8|n
Also α−8n = β8n = 1 which implies the order of α divides 8n. So

3|8n⇒ 3|n⇒ 24|n
So, αβ has order 24.

Other cases are similar. But I won’t go through the proof. It uses
the following lemma which was illustrated in the second example we
just did.

Lemma 33.11. If G is an abelian group and α, β ∈ G have order n,m
which are relatively prime then αβ has order nm.
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34. Finite simple groups

Classification of finite simple groups: There are 18 infinite families
of simple groups and 26 “sporadic” groups. Of all of these groups you
know:

(1) The cyclic groups Zp are simple when p is prime.
(2) The alternating groups An are simple if n ≥ 5.

The other 16 infinite families come from finite fields. The easiest to
describe are the projective unimodular groups PSL(n, q). Today, I will
tell you what these groups are and what are their basic properties.

34.1. Matrices over finite fields. We take n × n matrices with co-
efficients in the finite field GF (q). They look like this:(

a b
c d

)
, a, b, c, d ∈ GF (q)

Question: How many 2 × 2 matrices are there with coefficients in
GF (q)?

Matrices are added and multiplied in the usual way, keeping in mind
that the entries lie in the field F = GF (q). For example, if q = 3 we
get: (

1 2
0 1

)(
1 0
2 1

)
=

(
2 2
2 1

)
The matrices on the left are called elementary matrices and they
are denoted E12(2) and E21(2). The notation is: Eij(a) (with i 6= j) is
the identity matrix with (i, j) entry changed to a. For example:

E31(a) =

1 0 0
0 1 0
a 0 1


Recall from linear algebra: Left multiplication by Eij(a) performs a
row operation on a matrix and right multiplication by Eij(a) performs
a column operation. In the above example, XE21(2) is the matrix X
with twice the second column added to the first column.

Elementary matrices have determinant equal to 1. Therefore, any
product of elementary matrices has determinant 1. For example:

det

(
2 2
2 1

)
= 2− 4 = −2 = 1 ∈ Z3 = GF (3)

Definition 34.1. If F is any field, let GL(n, F ) denote the group of
all n × n invertible matrices with coefficients in the field F . This is
the same as the set of all n×n matrices (with coefficients in F ) whose
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determinant is nonzero. Let SL(n, F ) denote the subgroup of GL(n, F )
consisting of matrices of determinant 1.

Theorem 34.2. SL(n, F ) is a normal subgroup of GL(n, F ).

Proof. SL(n, F ) is by definition the kernel of the homomorphism

det : GL(n, F )→ F×

Therefore, SL(n, F ) E GL(n, F ). �

Notation GL(n, q) := GL(n,GF (q)) and SL(n, q) := SL(n,GF (q)).

34.2. orders of matrix groups. Question: What is the order of the
group GL(2, q)?

Theorem 34.3.

|GL(2, q)| = (q2 − 1)(q2 − q)

Proof. There are a total of q4 matrices (of size 2× 2)

A =

(
a b
c d

)
since there are q possibilities for each of the entries a, b, c, d. We need
to know how many of these satisfy the equation:

ad− bc 6= 0

The first obvious point is that a, c cannot both be zero. So, there are
q2 − 1 possibilities for a, c.

Claim Once you choose a and c there are exactly q2− q choices for b
and d. (In other words, there are exactly q choices which don’t work.)

The ones that won’t work are the multiples of
(
a
c

)
:

det

(
a ax
c cx

)
= acx− cax = 0

Any other choice of b, d will give an invertible matrix. This is because,
if the second column is not a multiple of the first then then we can
do an elementary operation to make one of the entries in the second
column zero. For example:

AE12(−a−1b) =

(
a 0
c d− ca−1b

)
has determinant

a(d− ca−1b) 6= 0

�
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Corollary 34.4.

|SL(2, q)| = (q2 − 1)q = q3 − q

Proof. This follows from the isomorphism theorem which says that for
any homomorphism φ : G → H, G/ kerφ ∼= imφ. In this case the
homomorphism is det : GL(n, q) → F× with kernel SL(n, q) which
gives:

GL(n, q)

SL(n, q)
∼= GF (q)×

So,

|SL(2, q)| = |GL(2, q)|
|GF (q)×|

=
(q2 − 1)(q2 − q)

q − 1
= (q2 − 1)q

�

34.3. centers of GL and SL. The center of GL(n, F ) is the group of
all diagonal matrices with the same entry repeated along the diagonal.
For example:

Z = Z(GL(3, F )) =


x 0 0

0 x 0
0 0 x

 : x 6= 0 ∈ F


If F = GF (q) then, no matter what n is we get

|Z| = q − 1

Question: What is the intersection: Z ∩ SL(n, q)?
We will discuss this next time.

Definition 34.5.

PSL(n, q) :=
SL(n, q)

Z ∩ SL(n, q)

This is called the projective unimodular group

Theorem 34.6. PSL(n, q) is simple except in the two cases PSL(2, 2)
and PSL(2, 3).
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Today I want to explain part of the proof of Theorem 34.6. In these
notes I will write the entire proof. However, in the lecture, I will
explain the outline of the proof and just a few of the details. I also
want to explain what is projective space so we can see where the name
projective unimodular comes from (unimodular means determinant 1).

First, let’s answer the question: What is Z0 = Z ∩ SL(2, q)?
The elements are diagonal matrices:(

x 0
0 x

)
with determinant 1. So: x2 = 1, or x = ±1. (The polynomial x2 − 1
has at most 2 roots by Corollary 33.9 so these are the only solutions.)
When the characteristic of the field is 2 then 1 = −1. So Z ∩ SL(2, q)
is trivial in that case.

Theorem 34.7. If q is odd then Z ∩ SL(2, q) has two elements. If q
is even then Z ∩ SL(2, q) has only one element.

Corollary 34.8. The order of PSL(2, q) is given by

(1) |PSL(2, q)| = q(q2 − 1) if q is even
(2) |PSL(2, q)| = 1

2
q(q2 − 1) if q is odd.

For example, we have:

q = 2 : |PSL(2, 2)| = 2(4− 1) = 6
q = 3 : |PSL(2, 3)| = 1

2
3(9− 1) = 12

q = 4 : |PSL(2, 4)| = 4(16− 1) = 60
q = 5 : |PSL(2, 5)| = 1

2
(25− 1) = 60

Before going into the proof that PSL(2, q) is simple for q ≥ 4, I want
to explain the name. This group is the symmetry group of projective
space.

34.4. projective space. Let’s do PSL(2,R) since that is the most
familiar version of projective space.

Definition 34.9. Real n-dimensional projective space is defined to
be the space of all lines through the origin in Rn+1. It is denoted RP n.

For example, 1-dimensional projective space, also called the projec-
tive line RP 1 is the set of all (straight) lines through the origin in the
plane R2. Multiplication by any 2 × 2 matrix maps lines to lines. So
GL(2,R) acts on RP 1. The central matrices(

x 0
0 x

)
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sends every line through the origin to itself. So, Z = Z(GL(2,R)) is in
the kernel of this action. So the quotient group

PGL(2,R) =
GL(2,R)

Z

acts on RP 1 by linear symmetries including reflections. The subgroup

PSL(2,R) =
SL(2,R)

Z ∩ SL(2,R)

gives only orientation preserving linear maps, i.e. no reflections.
If we replace R with the finite field F = GF (q) then we get a finite

plane F 2 which has only q2 points and we get the finite projective line
FP 1 consisting of the lines trough the origin. Each line has q points
and two lines meet only at the origin. So,

|FP 1| = q2 − 1

q − 1
= q + 1.

This leads to the following theorem.

Theorem 34.10. PSL(2, q) is isomorphic to a subgroup of the sym-
metric group on q + 1 letters.

Corollary 34.11. PSL(2, 2) ∼= S3 and PSL(2, 3) ∼= A4.

34.5. proof of simplicity of PSL(2, q): outline. The proof of the
simplicity of PSL(2, q) for q ≥ 4 goes as follows.

The outline of the proof is the following.

(1) To avoid cosets, we first reformulate the proof in terms of ma-
trices. We want to show that any nontrivial normal subgroup of
PSL(2, q) must be all of PSL(2, q). This desired statement is
equivalent to saying that every normal subgroup N E SL(2, q)
which properly contains the center Z ∩ SL(2, q) must be all of
SL(2, q).

(2) Suppose that N is as described in (1). Then N contains at least
q(q − 1) elements.

(3) If q ≥ 4 then

|N | ≥ (q − 1)q ≥ 3q = 2q + q > 2q + 2

(4) |N | > 2q + 2 implies that N contains an element of the form

B =

(
a b
0 d

)
which is not in Z.

(5) If N contains an element B as above, then N contains an ele-
mentary matrix E12(a) or E21(b).
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(6) If N contains one elementary matrix then N contains all ele-
mentary matrices.

(7) Every element of SL(2, q) is a product of elementary matrices.
Therefore, N = SL(2, q).

This proof is based on the proof given in Rotman’s “An introduction
to the theory of groups” with one step changed because either Rotman
made a mistake or I am really dense and I couldn’t understand it. (If
M has trace 0 then M2 ∈ Z making the rest of the argument invalid.)

34.6. details of the proof. I will start with the last two steps.

Lemma 34.12. In a cyclic group of odd order, every element has a
unique square root. (I.e., for all g ∈ G there is a unique x ∈ G so that
x2 = g.) In a cyclic group of even order exactly half of the elements
have a square root.

Proof. In Z2k half the elements are even. In Z2k+1 all the elements are
even since odd numbers are negative even numbers. �

Lemma 34.13 (Step 6). If a normal subgroup N of SL(2, q) contains
one elementary matrix then it contains all elementary matrices.

Proof. I will prove this first in the case when q is even. Suppose that
N E SL(2, q) and E12(a) ∈ N . Take any other elementary matrices:
E12(b) or E21(b). Since F× has an odd number (q − 1) of elements,
there is an x ∈ F× so that x2 = ba−1 or b = x2a = −x2a. But then(

x 0
0 x−1

)(
1 a
0 1

)(
x−1 0
0 x

)
=

(
1 x2a
0 1

)
=

(
1 b
0 1

)
∈ gNg−1 = N

where g =

(
x 0
0 x−1

)
. So N contains all elementary matrices of the

form E12(b). Also,(
0 −x−1

x 0

)(
1 a
0 1

)(
0 x−1

−x 0

)
=

(
1 0
−x2a 1

)
=

(
1 0
b 1

)
So N contains all elementary matrices of the form E21(b).

In the case when q is odd, q − 1 is even. Since F× is cyclic, exactly
half of the nonzero elements b ∈ F can be written in the form b = x2a.
So, N contains E12(b) for 1

2
(q−1) choices of the element b. But N also

contains the identity which is I2 = E12(0). So, N contains E12(b) for
1
2
(q + 1) choices of b. This is more than half the elements of F . But

the mapping φ(b) = E12(b) is a homomorphism:

φ(a)φ(b) =

(
1 a
0 1

)(
1 b
0 1

)
=

(
1 a+ b
0 1

)
= φ(a+ b)
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So, the set of all b so that E12(b) ∈ N is an additive subgroup of F .
As such the number of such b divides q by Lagrange’s Theorem. Since
this number is greater than q/2 it must be equal to q. So N contains

all E12(b). Conjugating by

(
0 1
−1 0

)
we see that N also contains all

E21(b). This proves the lemma in all cases. �

Lemma 34.14 (Step 7). Every element of SL(n, F ) is a product of
elementary matrices for any field F

Proof. I will prove this only in the case that we need: when n = 2.
Take any matrix with determinant 1:(

a b
c d

)
Suppose that a 6= 0. Then ad− bc = 1. So

d = a−1(1 + bc)

Take the following three elementary matrices:(
1 −a
0 1

)(
1 0
a−1 1

)(
1 −a
0 1

)
=

(
0 −a
a−1 0

)
E12(−a)E21(a

−1)E12(−a) =

(
0 −a
a−1 0

)
If a = −1 this is:

E12(1)E21(−1)E12(1) =

(
0 1
−1 0

)
So, we get a product of 6 elementary matrices:

E12(−a)E21(a
−1)E12(−a)E12(1)E21(−1)E12(1)

=

(
0 −a
a−1 0

)(
0 1
−1 0

)
=

(
a 0
0 a−1

)
Now multiply on the left by E21(ca

−1) and on the right by E12(ba
−1)

to get(
1 0
c/a 1

)(
a 0
0 a−1

)(
1 b/a
0 1

)
=

(
a b
c a−1(1 + bc)

)
=

(
a b
c d

)
So, our matrix is a product of 8 elementary matrices.

If we started with a 2 × 2 matrix A where a = 0 then AE21(1) has
upper left entry not zero. So AE21(1) is a product of 8 elementary
matrices, making A a product of 9 elementary matrices. �
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Lemma 34.15 (Steps 4,5). Suppose that N is a normal subgroup of
SL(2, q) which contains more than 2q + 2 elements. Then N contains
at least one elementary matrix.

Proof. Step 4. First we find the matrix B.
The groupN acts on the projective line FP 1 which has q+1 elements.

The orbit-stabilizer formula says:

|Nx| =
|N |
|Nx|

If |N | > 2q + 2 = 2|FP 1| ≥ 2|Nx| then the stabilizer Nx has at least
3 elements. The center Z ∩ SL(2, q) has at most 2 elements. So Nx

has a noncentral element for every line x. Let x be the x-axis. Then
N contains a noncentral element B so that B sends the x-axis to the
x-axis. This is the same as saying that

B =

(
a b
0 c

)
/∈ Z

This completes Step 4.
Step 5. Now we want to show that N contains an elementary matrix

given that it contains B.
Note that c = a−1 since ac = detB = 1. If a = 1 then B is an

elementary matrix and we are done. So, we may assume that a 6= 1.
When q is even this also implies a 6= −1 since 1 = −1. If q is odd then
we might have a = −1. In that case, c = −1 and b 6= 0 (otherwise
B = −I2 ∈ Z). So,

B2 =

(
1 −2b
0 1

)
= E12(−2b)

is an elementary matrix. (−2b 6= 0 since q is odd.)
So, we may assume that a 6= ±1. Since g = E12(1) ∈ SL(2, F ) and

E12(1)−1 = E12(−1) then gBg−1 ∈ gNg−1 = N and B−1 ∈ N . So N
also contains their product:(

1 1
0 1

)
︸ ︷︷ ︸

g

(
a b
0 d

)
︸ ︷︷ ︸

B

(
1 −1
0 1

)
︸ ︷︷ ︸

g−1

(
d −b
0 a

)
︸ ︷︷ ︸

B−1

=

(
1 1− a2

0 1

)
︸ ︷︷ ︸

E12(1−a2)

Since a 6= ±1, 1 − a2 6= 0. So this is an elementary matrix contained
in N . �

Since steps 1 and 3 don’t require proof, we just need to prove step
2.
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Lemma 34.16 (Step 2). If N is a nontrivial normal subgroup of
SL(2, q) which properly contains the center Z ∩SL(2, q) then N has at
least q(q − 1) elements.

Proof. Take any element A ∈ N which is not in the center Z. Then

A =

(
a b
c d

)
where we can assume that c 6= 0 (otherwise A is the matrix B that we
are looking for showing that N = SL(2, q) with q(q2 − 1) elements).

Since c 6= 0, The following matrices are all different elements of N :(
1 x
0 1

)
︸ ︷︷ ︸

g

(
a b
c d

)
︸ ︷︷ ︸

A

(
1 −x
0 1

)
︸ ︷︷ ︸

g−1

=

(
a+ cx ∗
c d− cx

)
∈ gNg−1 = N

where I didn’t care what was ∗. This gives q elements of N with the
same c. If we take x = dc−1 we would get a zero in the lower right
corner. Then the upper right corner must be −c−1:

C =

(
a+ d −c−1

c 0

)
∈ N

The inverse is

C−1 =

(
0 c−1

−c a+ d

)
∈ N

Taking commutator with h = E12(y) we get(
1 y
0 1

)
︸ ︷︷ ︸

h

(
a+ d −c−1

c 0

)
︸ ︷︷ ︸

C

(
1 −y
0 1

)
︸ ︷︷ ︸

h−1

(
0 c−1

−c a+ d

)
︸ ︷︷ ︸

C−1

=

(
a+ d+ cy ∗

c −cy

)(
0 c−1

−c a+ d

)
=

(
∗ ∗
c2y ∗

)
As y runs over all nonzero elements of F , c2y runs over all q−1 elements
of F×. For each of these we can let x run over the q elements of F and
we get a total of q(q − 1) elements of N and we are done. �
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34.7. step 1 and the 3rd isomorphism theorem. The first step in
this proof uses the third isomorphism theorem. Given a homomorphism
of groups

φ : G→ H

the first isomorphism theorem says that the kernel of φ is a normal
subgroup of G and the image of φ is a subgroup of H. The second
isomorphism theorem says that

G/ kerφ ∼= imφ

and the third isomorphism theorem says:

Theorem 34.17. There is a 1-1 correspondence between subgroups
K of the image of φ and subgroups of G which contain kerφ. This
correspondence is given by K ↔ φ−1K. Furthermore, K E imφ if and
only if φ−1K E G.

Corollary 34.18. Suppose that φ : G � H is a surjective homomor-
phism of groups. Then H is a simple group if and only if the only
normal subgroups of G which contain the kernel of φ are G and kerφ.

In the present situation, the homomorphism in question is the sur-
jective mapping

φ : SL(2, q)� PSL(2, q)

To show that PSL(2, q) is simple we need to show that the only normal
subgroup of SL(2, q) which contains kerφ = Z0 = Z ∩ SL(2, q) are Z0

and SL(2, q). That proves Step 1.
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35. Extensions

Definition 35.1. A group extension of K by Q is defined to be a
group G together with an epimorphism (surjective homomorphism)

p : G� Q

whose kernel is K. In other words, K E G and G/K ∼= Q.

A finite group G is either simple or an extension of two smaller
groups. We have a complete list of all finite simple groups. So, if we
can understand extensions, we will have a complete understanding of
all finite groups!

The theory of extensions uses cohomology which is a key concept in
topology, algebra, geometry and combinatorics. I will try to explain
this concept in the last two lectures.

35.1. semi-direct product. These are the easiest examples of group
extensions.

Definition 35.2. A group G is called a semi-direct product of K
by Q if

(1) K E G and Q ≤ G
(2) K ∩Q = {e}
(3) KQ = G

The notation is:

G = K oQ

(The triangle inside the symbol o points to the normal subgroup K and
the symbol > points to the subgroup Q.) We call Q a complementary
subgroup to K.

Example 35.3. Let G = Sn, K = An and Q = 〈(12)〉 = {e, (12)}.
(1) An E Sn and 〈(12)〉 ≤ Sn
(2) An ∩Q = {e} since (12) is odd.
(3) Sn = An

∐
An(12) = AnQ

So,

Sn ∼= An o Z2

(Sn is equal to the semidirect product of An with Q. But Q ∼= Z2, so
Sn is isomorphic to the semidirect product of An with Z2.)

Example 35.4. Let G = D4 = {e, t, t2, t3, s, st, st2, st3} with normal
subgroup K = 〈t〉 ∼= Z4. Then H = 〈s〉 = {e, s} ∼= Z2 is a complemen-
tary subgroup. So

D4 = K oH ∼= Z4 o Z2
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Problem: If G = K oH then show that every element g ∈ G can be
written uniquely as a product

g = kh, k ∈ K,h ∈ H
Problem: Prove that

GL(2, F ) ∼= SL(2, F ) o F×

for any field F . (Try F = R first.)

35.2. automorphisms.

Definition 35.5. An automorphism of a group G is defined to be an
isomorphism

θ : G→ G

of a group G to itself.

Example 35.6. If G is abelian then θ(g) = g−1 is an automorphism
of G which is called inversion.

Example 35.7. For any A =

(
a b
c c

)
∈ GL(2,R), the mapping

θA : R2 → R2

given by

θA

(
x

y

)
=

(
a b
c c

)(
x

y

)
=

(
ax+ by

cx+ dy

)
is an automorphism of R2 with inverse given by the inverse matrix A−1.

Definition 35.8. An action of one group G on another group H is
defined to be a function θ which assigns to each g ∈ G an automorphism

θg : H → H

so that
θab = θa ◦ θb

for all a, b ∈ G.

Example 35.7 show that GL(2,R) acts on R2. Proof:

θAB(x) = ABx = θA(Bx) = θAθB(x)

Suppose that G = K oH. Then we get what is called an induced
action of H on K as follows. For each h ∈ H let θh be given by

θh(k) = hkh−1

To show that this is an action we need to verify two things:

(1) θh is an automorphism of K.
(2) θh1h2 = θh1θh2 for all h1, h2 ∈ H.
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To show the first thing, we need to show:

(1) θh maps K to K. This is true because K is normal:

θh(k) = hkh−1 ∈ hKh−1 = K

(2) θh is a homomorphism for each h ∈ H:

θh(ab) = habh−1 = hah−1hbh−1 = θh(a)θh(b)

(3) θh is a bijection because it has an inverse given by θh−1 :

θh(x) = y = hxh−1 ⇐⇒ h−1yh = x = θh−1(y)

The fact that θ is an action is really easy:

θab(x) = abx(ab)−1 = a bxb−1︸ ︷︷ ︸
θb(x)

a−1 = θaθb(x)

The notation is the following:

G = K oθ H

35.3. construction of semi-direct products. Given an action θ of
a group H on a group K, we can construct the semi-direct product
K oθ H as follows.

First, as a set we define it to be the Cartesian product:

K oθ H = K ×H
Thus, every element is an ordered pair (k, h). The multiplication rule
is given by:

(x, a)(y, b) = (xθa(y), ab)

With this kind of strange formula, associativity is not obvious. So, we
need to prove it:

[(x, a)(y, b)](z, c) = (xθa(y), ab)(z, c) = (xθa(y)θab(z), abc)

(x, a)[(y, b)(z, c)] = (x, a)(yθb(z), bc) = (xθa[yθb(z)], abc)

To show that these two are equal we compare the parts which look
different:

θa[yθb(z)] = θa(y)θaθb(z) = θa(y)θab(z)

Next, we have to show that this strangely defined binary operation has
a left identity. This is (e, e):

(e, e)(x, a) = (eθe(x), ea) = (x, a)

and a left inverse for each element:

(θa−1(x)−1, a−1)(x, a) = (θa−1(x)−1θa−1(x), a−1a) = (e, e)

Finally, we need to verify thatK = K×e is a normal subgroup andH =
e×H is a complementary subgroup. But that part is straightforward.



MATH 30A NOTES 2009 33

36. Central extensions

The automorphisms θg are a complication that I want to ignore in
this last lecture. So, I will consider the case where θg is always the
identity mapping. This gives what is called a central extension.

Definition 36.1. We say that G is a central extension of A by H if A
is a subgroup of the center of G (A ≤ Z(G)⇒ A E G) and G/A ∼= H.

Example 36.2. SL(n, F ) is a central extension of Z0 = Z ∩SL(n, F )
by PSL(n, F ).

Problem: Suppose that a semi-direct product

G = K oθ Q

is a central extension of K by Q. Then show that θx(k) = k for all
x ∈ Q. Conclude that G is the direct product of the two groups:

G = K ×Q
Problem: Show that is G is a central extension of A by H then A is

an abelian group.
The big question is: Can we construct all possible central extensions

of A by H up to isomorphism?
The answer involves transversals, factor sets and cohomology.

36.1. transverals.

Definition 36.3. Suppose that G is an extension of A by H. Then a
transversal of H in G is defined to be subset T of G with the property
that every coset of A in G contains exactly one element of T .

Example 36.4. Let G = Z, A = 3Z. A transversal of H = Z3 is given
by T = {0, 5, 31} ⊂ Z. Note that T is not a subgroup of Z.

Lemma 36.5. The isomorphism G/A ∼= H induces a bijection T → H.

Proof. This is obvious. The elements of G/A are cosets of A. Each
coset gA contains exactly one element t ∈ T . So, gA = tA. This gives
a bijection T ∼= G/A. We are given a bijection G/A ∼= H. So, we get
a bijection T ∼= H. �

Theorem 36.6. Let s : H → T be the bijection which sends h to
the element t ∈ T so that h corresponds to the coset tA under the
isomorphism G/A ∼= H. Then we have a bijection

φ : A×H → G

given by φ(a, h) = as(h)
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Proof. In lieu of a proof I will just do the example.

s : Z3 → T = {0, 5, 31}

is given by s(0) = 0, s(1) = 31, s(2) = 5. The mapping

φ : 3Z× Z3 → Z

is then given by

φ(3n, k) =


2n if k = 0

2n+ 31 if k = 1

2n+ 5 if k = 2

To see that this is a bijection, start with any element m ∈ Z. Then k
is the remainder of m after dividing by 3 and n is the quotient minus
0, 10, 1 if k = 0, 1, 2 respectively. �

36.2. factor sets. Since we have this bijection, every element g ∈ G
is represented uniquely using two coordinates:

g = φ(a, h)

where a ∈ A, h ∈ H. Now we want a formula for the coordinates of a
product.

Theorem 36.7.

φ(a, x)φ(b, y) = φ(abf(x, y), xy)

where f is a function

f : H ×H → A

called a factor set.

I will go over the general formula for the factor set, the definition of
a factor set and some examples. (Actually, I don’t have time to do all
this in one hour. But I can still write it.)

Proof. This is true if f is the function given by:

f(x, y) = s(x)s(y)s(xy)−1

That follow from the formula:

φ(a, x)φ(b, y) := as(x)bs(y) = abs(x)s(y) since b is central

φ(abf(x, y), xy) := abf(x, y)s(xy) = ab[s(x)s(y)s(xy)−1]s(xy)

�
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Theorem 36.8. Given a group H and an abelian group A, a function
f : H ×H → A is a factor set for some central extension of A by H
if and only if it satisfies the following condition for all x, y, z ∈ H:

f(y, z)f(xy, z)−1f(x, yz)f(x, y)−1 = e ∈ A

This formula is called the cocycle condition.

Proof. First, we will show that a factor set satisfies the cocycle condi-
tion. Since f(y, z) ∈ A ≤ Z(G) we have

f(y, z) = s(x)f(x, y)s(x)−1 = s(x)s(y)s(z)s(yz)−1s(x)−1

f(x, yz) = s(x)s(yz)s(xyz)−1

So,
f(y, z)f(x, yz) = s(x)s(y)s(z)s(xyz)−1

Also

f(x, y)f(xy, z) = s(x)s(y)s(xy)−1s(xy)s(z)s(xyz)−1 = s(x)s(y)s(z)s(xyz)−1

So

(36.1) f(y, z)f(x, yz) = f(x, y)f(xy, z)

Putting everything on one side of this equation and using the fact that
A is commutative, we get the cocycle condition.

To show the converse, we need to start with a function f satisfying
the cocycle condition and construct a central extension for which f is
the factor set. The construction is as follows.

Let G be the set A×H with multiplication defined by

(a, x)(b, y) = (abf(x, y), xy)

This operation is associative because:

[(a, x)(b, y)](c, z) = (abf(x, y), xy)(c, z) = (abcf(x, y)f(xy, z), xyz)

(a, x)[(b, y)(c, z)] = (a, x)(bcf(y, z), yz) = (abcf(x, yz)f(x, yz), xyz)

These are equal by (36.1) which is equivalent to the cocycle condition.
The operation has an identity:

(f(e, e)−1, e)

This is the identity since f(e, z) = f(e, e) for all z ∈ H (just take
x = y = e in the cocycle condition).

Inverses are given by

(a, x)−1 = (a−1f(e, e)−1f(x, x−1)−1, x−1)

If we take the transversal given by s(x) = (e, x) then f will be the
corresponding factor set. �
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Example 36.9. Here is an easy example of a factor set with H = Zn

and A = Z

f(x, y) =

{
1 if x+ y ≥ n

0 if x+ y < n

This is the factor set for the central extension

Z ·n−→ Z→ Zn

(The notation is K → G → G/K ∼= Q.) The transversal is T =
{0, 1, · · · , n− 1} with s : Zn → Z given by s(x) = x. Then

f(x, y) = s(x)s(y)s(x+n y) = x+ y − (x+n y)

This is either 0 or n in nZ which corresponds to 0 or 1 in A = Z.

Problem: Show that if f(x, y) = e then G is isomorphic to the
product group A×H.

36.3. group cohomology.

Definition 36.10. An n-cocycle on a group G with coefficients in an
additive group A is a function

f : G×G× · · · ×G︸ ︷︷ ︸
n

→ A

with the property that

f(g1, · · · , gn)− f(g0g1, g2, · · · , gn) + f(g0, g1g2, g3, · · · , gn)− · · ·

· · · − (−1)nf(g0, g1, · · · , gn−1gn) + (−1)nf(g0, g1, · · · , gn−1) = 0

for all g0, g1, · · · , gn ∈ G.

For example, a 2-cocycle is the same as a factor set. A 1-cocycle is
a function h : G→ A so that

h(g1)− h(g0g1) + h(g0) = 0

In other words, h is a homomorphism.
If h is not a homomorphism then

f(x, y) := h(y)− h(xy) + h(x)

is a 2-cocycle (factor set).

Definition 36.11. If f : Gn → A is any function then the function
δf : Gn+1 → A given by the equation in the definition of an n-cocycle:

δf(g0, · · · , gn) = f(g1, · · · , gn)− · · ·+ (−1)nf(g0, g1, · · · , gn−1)

is called the coboundary of f .
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The set of n-cycles forms an additive group under pointwise addition
and the boundaries of mappings Gn−1 → A form a subgroup. The
factor group is called the nth cohomology of G with coefficients in A.
It is denoted Hn(G,A).

The main theorem about extensions is that the second cohomol-
ogy group of G with coefficients in an additive group A “classifies” all
central group extensions of A by G in the sense that there is a 1-1 cor-
respondence between isomorphism classes of extensions and elements
of the 2nd cohomology group H2(G,A).

If you want to learn more about this you should pick up a book on
the subject of homological algebra. Go to
http://people.brandeis.edu/∼igusa/Math101bS07/Math101b AwithTable.pdf

for my lecture notes on this topic (from Math 101b).
If you want to learn more about group theory, I suggest Rotman’s

“The Theory of Groups: an introduction.” This is the 1st edition of
his book which is now in the 4th edition. I recommend the 1st edition.
It is the best book on group theory ever written and it sells for $12
used.

Go to
http://people.brandeis.edu/∼igusa/Math101b/Math101b.htm

for my lecture notes on a course based on this book.

Kiyoshi Igusa
Brandeis University
November 22, 2009

http://people.brandeis.edu/~igusa/Math101bS07/Math101b_AwithTable.pdf
http://people.brandeis.edu/~igusa/Math101b/Math101b.htm
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