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2 NOTES

1. PERMUTATIONS OR: GROUP THEORY IN 15 MINUTES

For those of you who already took a course in group theory, you
probably learned about “abstract groups” which are sets with binary
operations satisfying a list of conditions. I want to talk about permu-
tations. Those who already know group theory can think about the
question:

Why is every group isomorphic to a permutation group?

Definition 1.1. A permutation on a set X is a bijection f: X | X.
Recall that a bijection is a mapping which is

(1) 1-1 (injective) and

(2) onto (surjective).
If X ={1,2,aaan}, a permutation of X is called a permutation on n
letters. The set of permutations of X will be denoted by Perm(X).

I discussed three notations for permutations:

1 2 3 4

Weo=134 21

1 or o(x) = y where x is given in the first row and y is given in
the second row.

(2) (cycle form) o = (1324). This means ¢ sends 1 to 3, 3 to 2, 2
todand4tol: 1! 31 21 41 1.

(3) (graphic notation). Here you put the numbers x = 1,aédan
vertically on the right, put y = 1,&é&an vertically on the left
and connect each x to each y = f(z). For example, if f =
(1423), you connect 1 on the right to f(1) =4 on the left with
a straight line, etc. In cycle notation, f = (1423).

means o(1) = 3,0(2) =4,0(3) = 2,0(4) =

Yy x f x
1 3 1
2 4 2
3 2 3
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Definition 1.2. If f,g" Perm(X), fg = f #g is the composition of
f and ¢. This is the permutation defined by

fa(x) = f(g(x))
It means you do g first and then f.

Question: If g = (34) what is gf7 Write the answer in all three nota-
tions and demonstrate the composition in the notation.

(1) Stack up f,g, putting the first operation f on top and the
second g underneath. Then cross out the second line:

1 2 3 4 L9 3 4
32y =15, 1 9
3 41 2

(2) Write the cycles next to each other and compute the image of
each x by applying the cycles one at a time going from right to
left:

gf = (34)(1423) = (13)(24)
for example:
gf(1) =3 (34)4(1423), =

(3) Draw the diagrams next to each other, putting the first permu-
tation f on the right:

y g f x
1 J=——3 1
2 4<——"—4 2
3 1 2 3

Note that g = (34) switches the “letters” in locations 3 and 4. We
discussed the fact that two of the crossings cancel when we redraw the
picture:
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Y qf
1 3
2 4
3 1
4 2

Then we discussed the number of crossings.
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2. TRANSPOSITIONS

On Day 2, I tried to formalize things we talked about at the end
of Day 1, namely, in what way do the crossings in the diagram give
transpositions and: What is the “longest word” 7

Definition 2.1. A transposition is a 2-cycle (ab). For example

9=(i 35 1)

is a transposition. A simple transposition (also called a simple refiec-
tion) is a transposition of two consecutive letters:

S; = (Z,’l + 1)

In the group of permutations of n + 1 letters there are n simple reflec-
tions: s; = (12),s9 = (23),444as, = (n,n+1).

We talked about the following vaguely phrased theorem.

Theorem 2.2. A permutation f can be written as a product of simple
reflections, one for every crossing in the diagram for f.

I drew a bunch of diagrams to illustrate this. The first was:

Yy g x

1 3 1

9 9
(12)

3 2 (23) 3

The crossing on the right is s = (23). The one on the left if s; = (12).
Reading these from right to left we get:

g = (123) = (12)(23) = s159.

When two crossing lie above each other (so that you don’t know which
one is on the left and which is on the right) you can write them in
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either order. For example:

y (14) T
1 4 1
\uz> (12)

2 2 2
(23)

3 3 3
/M) (34)

4 1 4

This gives:
(14) = (12)(34)(23)(12)(34) = 5153525153
But the crossings labeled s; = (12) and s3 = (34) lie above each other.
So we can write them in either order:
(14) = 5351528351
In general, the rule is
sis; = s;8; if [7$ 0| %2

Definition 2.3. Suppose that f is a permutation of the letters 1,2, aa an+
1. Then the length ((f) of f is defined to be the number of pairs of
integers 4, j so that

(1)1&i<j&n+1

(2) (@) > f(5).
In other words, it is the number of pairs of numbers whose order is
switched by f.

Corollary 2.4. Any permutation f can be written as a product of £(f)
simple reflections.

Proof. Draw the diagram of the permutation. Move the lines slightly
up or down so that there are no triple crossings of lines. Lines ¢ and
j will cross if and only if the are in one order on the right (i < j) and
in the other order on the left (f(i) > f(j)). Therefore, the number of
crossings is equal to (f) as defined above. The theorem says that each
crossing gives one simple reflection and that f is a product of those
simple reflections. Therefore, f is a product of ¢(f) reflections. O
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How large can ¢(f) be?
The maximum possible number occurs when every single pair of in-
tegers ¢ < j gets reversed. This is the permutation called wy:

(1 2 3 aaan+1
W=\n+1 n n$1 4aa 1

The length of wq is the number of all pairs 1 & ¢ < 7 & n + 1 which is

1 1 L4
U(wp) = (n; ) = @ =1+2+4aén
This is a triangle number. As Tri pointed out in class, wy can be written
as a product of n s1’s, n$ 1 sy’s, etc. For example, for n = 4,

S4
S3 53
S9 S2 So
S1 S1 S1 S1

Wy =

= 51525153525451535251

If we want to draw the diagram with 1 at the top and n+1 =5 at the
bottom, we could also write:

S1
52 S2
53 53 S3
S4 5S4 Sq 5S4

Wy =

In this method the simple reflection s; occurs i times. And this is the
method I used on Day 0. There are many different ways to write wy as
a product of (";1) simple reflections. We will study this in detail later.
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3. MORE GROUP THEORY

Today we talked about the main properties of the elements of a
group (although I didn’t define a group yet). I just said that these are
all permutations. I changed the format of the class to problem solving,
similar to problem sessions, instead of lecturing.

3.1. inverse.
Definition 3.1. The inverse of a permutation o is given by

o '(r) =y where o(y)=ux

a) Show that this defines a permutation o~ .

b) Find a formula for the inverse of 7 = (ay, as, & éay).
c) Show that (o)™t = 771071

Students found Question (a) confusing so we first did (b) and (c).

3.1.1. inverse of a k-cycle. The inverse of a cycle is given by writing
the cycle backwards:

77l = (ag,ar—1,8880a9,a1)

This is supposed to obvious, but a proof would go like this:

Proof. Let x = a;. Then 7(a;_1) = a; = x. So, 77 1(a;) = a;,_1. Special
care is needed in the case i = 1. Then the equation 7(a;) = a; means
(by definition) that 77! (a;) = ag. If z is not any of the a; then 7(z) = .
So, 771(x) = x. This shows that 77!(x) is given by the cycle above for
all . U

3.1.2. inwverse of a product. The derivation of the formula

(07')*1 =7 lg7!

used a lot more stuff than I thought. The concepts that were used by
students familiar with groups were the following;:

(1) associativity: (ab)c = a(bc). This implies that parentheses can
be placed arbitrarily.

(2) identity: id(z) = x is called the identity function and it is also
called e = id. This has the property that ec = 0 = oe since:

eo(x) = e(a(r)) = o(x), oe(r) = o(e(z)) = a(x)

(3) The group theoretic definition of the inverse which is:
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The proof of the inverse formula that students came up with, using
these properties, was:

(or)(7'o™h) =o(rr )o! by associativity
~——

e=id
= oeo ! by group theoretic def of inverse
=00 ! by property of e
=e by def of inverse

We needed to know that, when the product of two things is the identity,
the two things are inverse to each other:

Lemma 3.2. Ifab=-e then b=a"".
Proof. Multiply both sides by a:

atab=a"te

The left hand side (LHS) is a~'ab = eb = b, the RHS is a™'. O

I actually skipped this lemma. What I verified in class was the group
theoretic definition of inverse using my definition.

Lemma 3.3. If 0=! is defined as in Def. 3.1 (the “inverse function”
definiton) then we get the formulas:

oo z)=x"x, ie,o0 ' =id

1

o lo(y)=y'y, e, 0"

o=1d
Proof. My definition was that o~ '(x) = y if o(y) = 2. If we insert o(y)
in for x in the first equation we get:

o (o(y) =y

Thus 0o = id. If we insert the first equation into the second we get:

= oly) = olo'(x))

ie., oo™l =id. O

3.1.3. definition of a function. 1 had to explain the first question be-
cause students had no idea even what it was asking.

Define: When I say that this formula defines a function I mean that
for every x there is a unique y (so that o(y) = x).

I used the fact that o is a permutation ( bijection ( 1-1 and onto.

(1) (existence) y exists since o is onto: This means for any x " X
there is a y " X so that o(y) = z. So, o7 '(x) exists.
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(2) (uniqueness) We need to know that for each = there is only one
y, otherwise we don’t have a function. I gave the example of:

=y ifyP==x

This formula does not define the square root function since there
are two y’s for each positive x.

Uniqueness of y follows from the fact that ¢ is 1-1: If I had
two y’s say y1 and v, (in other words, o7 (z) = y; and o~} (z) =
y2) then I would have o(y;) = = = o(y2) which implies y; = y
since o cannot send to y’s to the same thing.

This show that o' : X ! X is a function. To show it is a permu-
tation, we have to show it is 1-1 and onto. We decided in class that
both statements are obvious when you write down what they are in
equation form:

o M) =y =0""(w2) ( oly) =1,0(y) = 22

So, 071 is 1-1. To show it is onto, we need to take any y in our set X
and find some z so that

ol (z)=y, ie, oy =z

Well, there it is!

3.2. commutativity. Students brought up the subject of commutativity.

Definition 3.4. a and b commute if ab = ba. A group G is commutative
if ab = ba for all a,b" G.

I pointed out that “commute” is a verb and “commutative” is an
adjective.
Problem: If a,b commute, show that (ab)™! = a1~

Proof. To show this you need to show
aba bl =e

The proof that students gave is to switch a,b on the left since they
commute:

aba b = baa b = b = e.
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3.3. conjugation.

Definition 3.5. We say that a is conjugate to b if there exists a ¢ so
that

a = cbc™?
I used the following notation. First, a * b for “a is conjugate to b” and
¢e(b) := cbe™?

The function ¢, is a “homomorphism” (a concept that I will explain
later).

(1) Show that conjugation is an equivalence relation, i.e., it is
(a) reflective: (" a)a* a
(b) symmetric: (" a,b)a* b( b* a
(c) transitive: (" a,b,c)a* b,b* ¢( a* ¢
(2) If 7 = (a1, as, @& aay) then find a formula for o7o~
(3) Show that every permutation of n letters is conjugate to its
inverse.

1

3.3.1. conjugacy is an equivalence relation. We verified in class that
the three properties of an equivalence relation hold:
(1) reflexive: a* a.
Just take ¢ = e (the identity). Then a = eae™ = ¢.(a). So
every permutation is conjugate to itself.
(2) symmetry: a* b( b* a.
We are given that a = cbe=!. Multiply both sides on the left
with ¢7! and on the right with ¢ = (¢71)71:

clac=cla(c) T =" (cbe ) e =ebe = b

So, b= ¢.1(a) and b* a.
(3) transitive: a* b,b* x ( a* x. (We realized that the letter ¢
was being used too often.)
We are given that a = cbe™! and b = dxd™'. Insert this
formula for b into the formula for a to get:

a = c(dzd Ve = (cd)z(d e = (cd)z(cd) ™ = pea()

Here we used the formula (cd)™' = d~ ¢! from earlier.
3.3.2. conjugate of a k-cycle. We found the formula and proved it.
Theorem 3.6. If 0,7 are permutations and T = (ay, as, 8@ aay) then

oro ' = (0(a1),0(ay),adé0(ay)).
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Proof. Take z = o(a;). Then o~ !(z) = a; by definition of the inverse
o~ ! as discussed earlier. So,

oro  (z) = o7(a;) = o(ai41)
This is for i = 1,4aak$ 1. If x = o(a) then

oro  (z) = o7(ar) = o(ay)
This almost does it. This shows that o7o~! moves the letters o(a;) as
indicated. But we also checked that the other letters are fixed. If z is

not equal to any o(a;) then o~!(x) is not equal to any of the a; which
means that 7 does not move it. So

7 (07N (z)) = 0" (2).
When you apply o you get back x:
ot (07 () =00 (z) = x.

So, oo~ ! fixes every letter not in the cycle (o(a;), & éo(ax)) which

means that
oro~ !t = (0(ay),4880(ay)).

0

3.3.3. every permutation of n is conjugate to its inverse. We did this
by example. Suppose that 7 is a cycle. For example 7 = (123). Then
7t =(321) = (132) = (213)

By the conjugation formula above, we just need to choose ¢ which
changes 1,2, 3 into the three letters in 771. So, there are three answers:

(1) o = (13)
(2) 0 =(23)
(3) o = (12).

Each of these will conjugate 7 into its inverse.
When there is more than one cycle we have to treat each cycle sep-
arately. For example:

T =(12)(345)(8,9,10, 11)
71 = (11,10,9,8)(543)(12) = (12)(543)(11, 10,9, 8)
Here I used two formulas. First,
(abe) ' =c o ta!
Then, I used the fact that disjoint cycles commute.

Theorem 3.7. If o, 7 are permutations of disjoint sets of numbers then
oT = TO.
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Then you do the same thing as before. For example let
o = (45)(8,11)(9, 10).
Then
oro ' = (0(1)0(2))(0(3) dd@te. = (12)(543)(11,10,9,8) = 7.

This is one of those proofs that are a real pain to write down in complete
detail.

3.4. definition of a group. This spilled over to Day 4 (Wednesday).

Definition 3.8. A group is a set G with a binary operation (for all
a,b" G there is a product ab" @) satisfying three properties:
(1) (associative) (ab)c = a(be) for all a,b,c¢" G.
(2) (identity) G has an identity element e so that ae = ea = a for
all a" G. (Think: e =1.)
(3) (inverse) Every element " G has an inverse z~! which is also
an element of G so that
xr l=slr=ec.
The discussion from Monday proves the following.

Theorem 3.9. Permutations of X forms a group, i.e., the set of all
permutations of X is a group.

Problem: Show that the set of 2+ 2 integer matrices with determinant
* 1 forms a group under matrix multiplication. Thus

det(a b) =ad$ bc==%1
c d

and a,b,c,d" Z.
(1) (associative) We skipped the boring proof that matrix multipli-

cation is associative.
(2) (identity) The identity is the matrix

10
n= (6 7)

This satisfies the equation I, X = X = X[, for any 2+ 2 matrix
X.
(3) (inverse) The inverse of a 2+ 2 matrix A is

g (a0 __ 1 d $b
~\e d ad$ be \$c a

When ad $ bc = £ 1 this matrix also has integer entries. Liz
pointed out that we also need to check that the determinant of
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the new matrix A~! is + 1 because the definition of a group says

the inverse needs to be an element of G. But this is a simple
calculation:

1 (d $b) 1 11
detad$bc<$c a)_(ad$bc)2(ad$bc>_ad$bc_il_il

(Why does the scalar become squared in the determinant?)
I said that there is a general formula

det(AB) = det Adet B
So,
det(AA ') =det I, =1 =det Adet A™"
which implies that

1
-1 _
det A = det A

3.5. permutation matrices.

Definition 3.10. If ¢ is a permutation of n letters, the permutation
matriz M (o) is defined to be the matrix with entries p;; where

1 ifo(j) =1
pz-]:{ (”)

0 if not
For example, if 0 = (123) then

M(o) =

O = O
_ o O
OO =

Questions:
(1) Show that M(o)M (1) = M(oT)

(2) Describe M (o)X, i.e., what happens to X when you multiply
on the left by M(0)?

(3) What is det M (0)?
I think we did the last question first:
det M(0) = £1.

You can prove this by induction. This will be homework.
To do question (2) we did the example of o = (123):

0 01 a b c g h 1
M@)X=(100]|(d e f]l=|a b ¢
010 g h 1 d e f
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Thus multiplication by M (¢) on the left moves the numbers in the first
row into the second row, the second row moves to the third and the
third row moves to the first.

Theorem 3.11. Multiplication of a matriz X on the left by a permu-
tation matriz M (o) permutes the rows of X by the permutation o.

Proof. Here is a formal proof. By definition of matrix multiplication,

(M(0)X),, = Zpijﬂfjk
j=1
But p;; = 1 when i = o(j) or j = 07'(i) and p;; = 0 otherwise. This
means that only one term in the sum is nonzero:

(M(0)X);, = pijzjr  where i = o(j)

In other words, the (j, k) entry of X moves to the (o(j), k) position.
Since this happens for every k, the entire j-th row of X moves to the
o(j)-th row. O

Students were surprised to figure out that the multiplication on the
right has a different rule:

Theorem 3.12. Multiplication of a matriz X on the right by a per-
mutation matriz M (o) permutes the columns of X by the permutation
-1
o .
With this rule we can figure out the proof for the 1st statement.
Take a matrix X.

Lemma 3.13.
M(o)M(1)X = M(o7)X
Proof. By associativity, (M (c)M(7))X = M(o)(M(7)X). But, by the
previous discussion, this does the following. In M (7)X the rows of X
are permuted by 7. In M (o)(M(7)X) the rows are then permuted by
o. But, this is the permutation o7 applied to the rows of X which is
M(oT)X. O
Theorem 3.14.
M(o)M(1) = M(oT)

Proof. Multiply by the inverse of X:

M(EYM(T) XX ' =M(or) XX
In In
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4. ROOTS AND REFLECTIONS

4.1. roots of type A, ;.

Definition 4.1. The roots of type A, _; are the vectors in R™ of the
form
€; $ €;

First I had to explain to students what R™ means. The standard
notation is:

R = the set of all real numbers.

Z = the set of all integers.

N = the set of all nonnegative integers. Unfortunately, some people
think that 0 is not in this set. So, I will remind you each time I use
this symbol.

R" .= {(1'1,1'2, éééxn) | ZT; " R}
This represents n-dimensional space. Every point is specified by its n
coordinates.

(1) How many roots are there?

(2) What is the length of each root?

(3) Which roots are perpendicular?

(4) What are the angles between the roots?

(5) What is the formula for the angle between two vectors?

4.1.1. number of roots. There are n(n$ 1) roots a;; since there are n
choices for ¢ and after that there are n$ 1 choices for j (since 7, j must
be distinct).

I forgot to say that the set of all roots is denoted ®. I defined the
positive roots to be the roots o;; where i > j. The simple roots are the
ones where ¢, j differ by 1. These are denoted

QG = 414, $a,= Qi1

4.1.2. length. OK, this is a dumb question. The roots all have length

X, = \/Zx?:) 2.

4.1.3. Which roots are - ¢ Two vectors are perpendicular if and only
if their dot product:

n

i=1
is zero. But, the dot product of two vectors «;, ae is zero if and only
if the indices 1, j, k, ¢ are distinct.
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4.1.4. formula for angle. You take the second formula for the dot prod-
uct

XaYy =||X]||a|V|| cos®
and solve for 6:
X ay
X1 aly]l
The dot product is 0, 1,% 2 and the denominator is always 2. So, the
angles that you get are

0 = cos™*

0s~1(0) =90° = 7/2
os H(1/2) =60°=7/3
os71H($1/2) =120°=2n/3
os~!(1) =0

cos H($1) =180°=m

(1) 0 = /2 (= 90°) or @B = 0. This means the two roots a, 3
are perpendicular and this happens when i, j, k, ¢ are distinct.

(2) 6 = m. Then «, [ are parallel and point in opposite directions.
Since all roots have the same length the too roots are negatives
of each other: o and $ «.

(3) & = 0. This means « = (3. (They have the same length and
point in the same direction.)

(4) 6 = w/3. Then «, 3 form two sides of an equilateral triangle.

(5) @ =27 /3. Two consecutive (positive) simple roots a;, ;41 have
this angle.

4.1.5. A, diagram. The graph A, consists of n vertices connected by
n$ 1 edges in a straight line. For example, A4 stands for the following
graph:

¥ ¥ ¥ ¥

Each vertex represents a simple root. You draw a line between two
roots if they are not perpendicular. When there is an edge connecting
two roots, unless otherwise stated, the angle is 27/3.

The root system A, is drawn:

¥——¥

There are two simple roots forming an angle of 120°. There are also
the negatives of these roots. On Wednesday we looked at the list of all
roots in As:

(1,$1,0), ($1,1,0), (0,1,%1), (0,$1,1), (1,0,$1), ($1,0,1)
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None of these roots are - . So the picture must be:

These are vectors in R3. But I only drew the plane given by:
r+y+z2=0
Recall that the equation of a plane in R? is:
ar +by+z=d

where (a, b, ¢) is a vector which is perpendicular to the plane and d tells
you how far away the plane is from the origin. In our case all roots
have coordinates adding up to zero. So they lie in the n$ 1 dimensional
hyperplane given by the equation

The perpendicular vector is (1,1,1,844al).



MATH 47A FALL 2008 INTRO TO MATH RESEARCH 19

4.2. reflections. These are orthogonal transformations which fix a hy-
perplane. For example, switching  and y coordinates is a reflection
through the line z = y and “along” the vector (1,$1). Reflection along
the root a;; = €; $ e; switched the i-th and j-th coordinates.

Definition 4.2. Suppose that o = (ay, as, &8 aa,) is any nonzero vec-
tor in R™. Then the perpendicular hyperplane is the set of all vectors
x which are perpendicular to a.. In other words x &a = 0, i.e.,

121 + asxs +aad & a,x, =0

We also discussed the equation for the reflection through this hyper-
plane.

If « is a vector (nonzero) in R™ and H is the perpendicular hyper-
plane, then the reflection “through H” (or “along «”) is the mapping
which sends y " R™ to a point z which is equi-distant to H on the
“other side.”

2y ax
z=|r =y$ —a
«(y) =y o B
. ) = . .
I forgot to point out that, when ||a|| = 2 as it is in our case, this

formula becomes really simple:

ro(y) =y $ (yaa)a

By looking at the picture for Ay we see that the reflection of any root
along any other root is another root. So, I gave the following definition
of a (finite) root system:

Definition 4.3. A finite root system is defined a finite set of vectors
in R™ (The set is called ®, the vectors are called «, 3,7, etc.) so that
the reflection of any a" & along " ® is another element of ®.

In the “crystallographic case” the root system is “simply laced” if
all the roots have the same length. I will explain this later.
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We decided that the following theorem was “obvious” and we didn’t
try to prove it. The correct statement of the theorem is:

Theorem 4.4. In R?, a finite root system is given by taking any set
of unit vectors so that the angle between any two vectors in the set is

mk
m

where m. In general, the lengths of the vectors need not be the same
but the angles must be km/m.

I should have pointed out in class that, for any root «, $ o must be
a root since $ «v is the reflection of a along a.

The group generated by these reflections is the dihedral group D,
of order 2m. This is the symmetry group of the regular m-gon. For
example for A, it is D3 = Sz, the symmetry group of an equilateral
triangle.

Here is a proof:

Proof. Take the smallest angle between any two roots. Suppose that
a, 3 are two roots which form this angle #. Suppose that § is coun-
terclockwise from «. Then $ « is also a root and the reflection of $ «
along 3 is a root which is clockwise from ( with an angle of 0, i.e., v
forms an angle of 20 with «. If you then reflect $ 4 along v you get a
new root which is 36 counterclockwise from «. Proceeding in this way,
we will go all the way to a and there are two possibilities.

(1) Either we hit $ o or
(2) we jump over $ a.

But the second case is not possible. If we jump over $ o then the root
$ a will be in the middle of an an angle 6. So, we would get a smaller

angle.
So, it has to be Case 1. We have to hit $ « in a finite number of
steps, say m steps. Then 6 = 7/m. O

We divide the set of roots into “positive” and “negative” roots:

o=a, J]o-

The way to do this is to choose a hyperplane which does not contain
any of the roots. Then the roots on one side of the hyperplane are
called positive and the ones on the other side are called negative. This
is random but any two choices can be shown to be equivalent.

Definition 4.5. The set of simple roots oy, o, 8, is defined to be a
set of positive roots with two properties:



MATH 47A FALL 2008 INTRO TO MATH RESEARCH 21

(1) The simple roots form a basis for the subspace spanned by all
the roots. In other words every root is a linear combination of
simple roots.

(2) Every positive root is a nonnegative linear combination of sim-

ple roots, i.e.,
p= Zbiai

These two properties determine the set of simple roots because there
is only one set with this property. In the case of the 2-dimensional
case, the simple roots are the two which are closest to the separating
hyperplane.

where (3; %0.
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4.3. other roots systems. B,,C,,D,, etc.

Definition 4.6. A root system is called crystallographic if the coeffi-
cient in the reflection formula is always an integer:

20040
a Ao
This number is denoted .3, af.

4

In other words,
ro(B) = 5% na, for some integer n

The sign can also be positive since

B =ro(f) + na.

(When you reflect the root back the coefficient has the opposite sign.)
We found that there are four possibilities:
(1) (n = 0) «a, are perpendicular in this case. This is called
Al + Al-
(2) (n =1) o, 3 form an angle of 60° = 7/3. This is Ay which we
discussed earlier.
(3) (n = 2) The angle is 45° = 7/4. This is called Bs.
(4) (n = 3) The angle is 30° = 7/6. This is Gb.
We also proved that n = 4 is not possible. And the proof works the
same way for n %4.

Theorem 4.7. In a crystallographic root system, the coefficient n =
Byal =20af/abaisn=0,£1,£2 or £3.

Proof. This follows from the triangle inequality and the pythagorean
theorem. The triangle inequality says that the length of any side of a
triangle is less than or equal to the sum of the lengths of the other two
sides:
c& a+b.

Suppose that p,(3) = $ na where « is a unit vector and n % 4.
We can draw a on the z-axis by rotating the picture if necessary. So,
a = (1,0). Then r, is reflection through the y-axis. So, the line from
B to rq(B) is horizontal. We get a right triangle: If 8 = (z,y) then, we
don’t know what y is but we know that x = n/2 which is 2 or more.
This means that the hypotenuse is larger:

1511 > 2.
Next we looked at rg(«).

rg(a) =a$ mp
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If the root system is crystallographic, then m must be an integer. So,
it is at least 1. But o and rg(«) are both unit vectors. They form two
sides of a triangle and the third side is m/3 which has length greater
than 2. This is impossible. So the number n = 4,5,6, etc are not

possible. The examples show that n = 0,1, 2, 3 are possible. U
A
< > <
\/
Al X Al AQ
A

<
B

2 GQ
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5. CATALAN NUMBERS AND NARAYANA NUMBERS

The Catalan numbers are given by

Cln) = %(n2$n 1)

It is the sum of Narayana numbers which are given by

v =5 () (o5 )

Theorem 5.1. C(n) =Y ,_, N(k,n)

Proof. This equation says:

) =i (s )

But this is really easy to see. First, cancel the 1/n factors. Then on
the left we have the number of ways to choose n $ 1 things out of 2n
things. But if we separate these 2n things into two piles of n we will
need to choose j out of the first pile and n$ 1$ j out of the second
where 0 & 7 & n$ 1. So,

(5)-2()sts)
(n$q$ j) T n$ 1$Z!)!(j+1)! B <ji1>'

() -20)(0)

Now let K = j+ 1. Then k goes from 1 to n and the equation becomes:

(n2$n1) - ; (kg 1) (Z)

which is what we wanted. O

But,

So,

There are lots of sets with a Catalan number of elements. Three
of them that we will look at are the sets of binary trees, noncrossing
partitions and clusters of type A,,.
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5.1. binary trees. A binary tree is a rooted planar tree (one vertex
is labelled as the root and the tree is embedded in the plane with root
at the top) in which every node has two daughters, a left daughter and
a right daughter.

A tree is a connected graph with n vertices and n$ 1 edges. So, I
stated with the definition of graph and connectedness. A graph is a
set of points connected by edges. After talking about it for a while we
decided that we shouldn’t use the word “connected” in the definition
since we are going to define that concept.

5.1.1. graphs.

Definition 5.2. A graph I' consists of two sets and one function.

(1) Ty is the set of vertices of T

(2) T'; is the set of edges of I

(3) Each edge e has two endpoints a, b which are vertices. Mathe-
matically this is given by a function:

h(e) = {a, b}
This is a function
h:T11P ()
from the set of edges of I' to the set of all two-element subsets

of Fo.

I insisted that “not connected” is an easier concept than “connected”
since you don’t need the concept of a “path” even though that is easy.

Definition 5.3. A graph I' is not connected if the set of vertices can
be partitioned into a disjoint union of two nonempty sets:

FO:AHB

so that there is no edge with one endpoint in A and the other endpoint
in B.
A graph is called connected if is it not not-connected.

5.1.2. trees.

Definition 5.4. A tree is a connected graph with n vertices and n$ 1
edges.

The first problem is to show that trees do not have cycles.

Definition 5.5. A cycle is a sequence of vertices vy, vy, @8 &v, (n % 3)
and edges e, ep,ddae, so that the endpoints of e; are v; and v; 1 for
i=1,2,4aan$ 1 and h(e,) = {v,,v1}.
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To show that trees have no cycles we need the following lemma.
Lemma 5.6. A connected graph with n vertices has at least n$ 1 edges.
We assume for today that this is true.
Theorem 5.7. Trees do not have cycles.

Proof. Suppose that we have a tree with n vertices and n $ 1 edges.
Suppose it has a cycle. Then we will get a contradiction.

If we remove one of the edges of the cycle, the graph will still be
connected because the two endpoints of the edge are connected by a
path (the rest of the cycle). This gives a connected graph with n
vertices and n $ 2 edges which is impossible. U

5.1.3. binary trees. Trees have nodes and leaves. A leaf is a vertex
which is an endpoint of only one edge. The number of edges which are
attached to a vertex v (i.e., have v as an endpoint) is called the degree
of the vertex. Thus leaves have degree 1. “Degree” is a noun without a
good adjective so we use the word “valence” which has adjective form
“valent.” Thus a leaf is univalent (instead of “one-degreed” which
sounds stupid).

A node is a vertex of degree % 2. You can take any vertex of a tree
and call it the root. Two vertices are called adjacent if they are the
endpoints of one edge.

Definition 5.8. A rooted binary tree is a tree with a root which has
degree 2 and all other nodes of degree 3. The tree should be planar
which means it is embedded in the xy-plane with the root at the top and
leaves at the bottom. Each trivalent node has three adjacent vertices,
one above called the parent of the node and two below called the left
and right daughters. The root has a left and right daughter but no
parent.

#3
# $
# $
# $$
#
4 i $$
” ”
# 3 # % $
# % # $ $

We need to draw the picture in a special way. If the tree has n nodes
then it has 2n edges since each edge has a node at the top and each
node has two edges below it. (This is a 2-1 correspondence.) This
means it has 2n + 1 vertices. Since n of these are nodes, our binary
tree has n + 1 leaves.
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Place these leaves evenly spaced in a horizontal line. (Put them at
the point x = 0,1,2, A4 é&n on the x-axis.

Draw all lines with slope 1 or -1. (This puts the root at the point
(n/2,n/2) in the zy-plane. (See the drawing.)

Theorem 5.9. The number of rooted binary trees with n nodes is the
Catalan number C(n).

We will prove this next week. But for now, I want to assume this
and try to get a bijection with the set of clusters.

5.1.4. clusters. We could define a cluster to be the set of points in the
plane given by the trivalent nodes of a rooted binary tree. Since the
root is always at the same place, I won’t consider it to be a variable.

Theorem 5.10. Each binary tree is determined by its set of nodes.

Proof. Draw two lines with slope 1 and -1 from each node to the x-axis.
This is the tree. O

Clusters are actually defined to be sets of n points which are pairwise
“compatible” which in our case means that they could be nodes in the
same binary tree.

O root

° ° gg °

Exercise 5.11. : Show that, if there is a node at the circled position,
there cannot be a node at any of the positions marked “X”

Liz was not satisfied with the geometric answer that I gave so I
challenged the class to come up with a numerical answer. The vertices
should be numbered as follows.

24 13
34 23 12

44 33 22 11
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5.2. Dyck paths. First we discussed random walks. This is a “sto-
chastic process” which you learn about in Math 56a. Then we converted
this into a Dyck paths. Then I showed the bijection from binary trees to
Dyck paths. I asked the class to come up with the inverse construction
(Dyck paths ( binary tree).

5.2.1. random walk. By a (fair) random walk we mean a sequence of
integers Xg, X1, Xo,a48&o that, given X;, X;,1 = X;+1or X;$ 1 with
equal probability. If you flip a coin and get 1$ for each head and lose
18 for each tail then X; represents the amount of money you have after
t tosses of the coin.

Question 5.12. Suppose Xg = 0. Then what is the probability that
Xo, =0 7 In terms of equations this is:

The formula for probability, given that each outcome has equal prob-
ability, is
P(A4) = #ways that A cz'm. c.)c'cur
total # of possibilities

(If the coin were not fair, the equation is more complicated.)

Since we take 2n steps going either left or right with equal prob-
ability, there are 22" total number of possibilities. This goes in the
denominator. To end up where we started we need the same number
of left steps and right steps. This number is 2n choose n. So, students
figured out that the answer is:

()

22n

P(Xon = 0] Xo = 0) =

Question 5.13. Suppose that Xg = 0. Then what is the probability
that, not only is X, = 0 but X3 %0 for k=0,1,2,a4d&n?

This is something that we did in Math 23b. The answer is:

wi(a) _ Cn)
P(Xgn:O,Xk%0,0&]{?& QHIXOZO): 92n = 92n
The difference between these two equations is the factor of 1/(n + 1).
This factor represents the conditional probability:

1
n+1

P(X, %0,0& k& 2n| Xy =0,X5,=0) =

I drew the following picture.
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" % +%
# $ # $
¢ ¢ e
L L R L R R L R t

Although we didn’t prove it yet (It’s torture!) this formula says that
the number of paths X; which go up and down the same number of
times and always stay above the y axis. Imagining that you are walking
left and sometimes stepping left and sometimes right, every step in the
positive y direction is a left step and every step in the negative direction
is a right step. So the random walk is represented by a sequence of L’s
and R’s.

5.2.2. definition of Dyck path.

Definition 5.14. A Dyck path is a word with 2n letters: n L’s and n
R’s with the property that, if the word is broken into two parts, the
first part (the one on the left) has at least as many L’s as R’s.

As I explained in class, this definition has the advantage of being
completely rigorous and not relying on a picture.

Theorem 5.15. The number of Dyck paths is at most (2:)

Proof. This binomial is the total number of words made out of n L’s

and n R’s. L]
5.2.3. bijection with set of binary trees.

Theorem 5.16. There is a bijection between the set of rooted binary
trees with n nodes and the set of Dyck paths with 2n letters.

In order to prove this we need to show how every binary tree gives
a Dyck path and, conversely, how every Dyck path gives a binary
tree. This will give a bijection. This bijection should also preserve
the “rank.” I described the first mapping and challenged the class to
find an algorithm for the inverse, i.e., which binary tree gives the given
Dyck path?

In words, the mapping from binary trees to Dyck paths goes as fol-
lows. As Liz pointed out, for each binary tree with 2n nodes, there
are n edges going to the left and n edges going to the right. However,
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these edges are not in a row. Some of them are hanging in the air. We
bring these letters down to the level of the leaves by sliding them to
the right.

# %
##L $$
4 P$R $
# $ $
# #$ $
# # $ $
# # L $ $
# #$ $ $
# # $ $ $
# # $ $ $
L L R L R RL R

But, what is the inverse construction? What is the formula for the
binary tree.

5.2.4. rank. Talso pointed out that the bijection should preserve “rank.”
The equation:

Catalan# = sum of Narayana#'s :

C(n) = ZN(n, k)
k=1

is usually interpreted in the following way. C(n) is the number of
objects that we are considering. They might be Dyck paths of length
2n or binary trees with n nodes. Each object has a “rank” %k between
1 and n. The number of items in our set with rank k is N(n, k). This
explains why the Narayana numbers add up to the Catalan number.

For Dyck paths the rank is the number of peaks in the graph of the
path. So, £ = 3 in our example. For binary trees it is the number of
rows that the nodes come in.

(1) Find the unique binary tree with rank 1.
(2) How can you tell from a Dyck path where the peaks are?
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5.3. Dyck paths to binary trees. Last time we constructed Dyck
paths out of binary trees. This can be described in set theoretic lan-
guage as follows. We constructed a mapping

f :{rooted binary trees with n nodes} {  Dyck paths of length 2n}
Today we constructed the backwards mapping
g : {Dyck paths of length 2n} { rooted binary trees with n nodes}

The inverse function g (if it is correct) satisfies the following two prop-
erties:

(1) f#g =id on Dyck paths
(2) g# f = id on binary trees.

The description of the function g was recursive. We took each Dyck
path and made it into one or two shorter paths. We used induction
on the number n to get the binary tree for these shorter paths, then
put them together to get the answer. The recursive algorithm “calls
itself”, i.e., has a loop. But, since the length gets shorter, it does not
loop forever.

We took two examples.

(1) LRLRLLRR
(2) LLRLRLRR

In the first example, we can break the Dyck path into two Dyck
paths:

LR|\LRLLRR or LRLR|LLRR

In the second example, there is no breaking point.

5.3.1. Case 1. The Dyck path can be broken into two shorter Dyck
paths.

In this case, we make two shorter Dyck paths. FEach Dyck path
gives a binary tree. To put them together we attach the root of the
first tree to the first leaf of the second tree. To make the algorithm
deterministic we take the first breaking point. In the example, first we
do: LR|LLRR:

°
root ## $$
# $
#% # #%
# 0% # # 03
# $ # # $

1st leaf

to get:
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So, LR|LRLLRR is given by putting the LR tree on the first leaf of
this one. Drawing all leaves at the bottom, we get:

5.3.2. Case 2. There is no breaking point.
In this case we get a smaller Dyck path by removing the first and
last letter.

Lemma 5.17. If we are in case 2, i.e., we have a Dyck path so that,
whenever we break the path into two parts, there will be more L’s than
R’s in the first part, then we get a shorter Dyck path by removing the
first and last letter.

Proof. The first letter in any Dyck path must be L and the last letter
must be R. We want to prove that what is in the middle M is a Dyck
path. Since LM R has n L’s and n R’s, the middle part M has n $ 1
L’'sand n$ 1 R’s. We just need to prove that, whenever M is broken
into two parts, say M = AB then the first part A has at least as many
L’s as R’s.
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But the original Dyck path is LABR. So, LA is a beginning of the
original Dyck path. By assumption, this word has more L’s than R’s.
So, if we remove one L we have at least as many L’s as R’s. So, the first
part A of the middle word has at least as many L’s as R’s. Therefore
the middle word is a Dyck path. U

In case 2 the Dyck path is LM R where M is the middle part which
is a shorter Dyck path. The algorithm is: Construct the binary tree
for this middle word, then put it on the right underneath the root:

# # insert $
# # tree for M $ $
#
# # here $

# # %

5.3.3. the can of gas. If forgot to mention the “can of gas” analogy. In
this interpretation you have a car which has no gas to start with. You
have to go n miles and on the road there are n cans of gasoline. Each
can has enough gas to go one mile and they are located at milestones
(at 0 miles, 1 mile, 2 miles, etc.)

In order to get started you need a can of gas at the beginning. After
going one mile you need to find another can of gas. In the Dyck path,
the L’s are cans of gas and the R are miles. So, for example, in the
Dyck path LRLLRLRR you get one can of gas at the beginning, then
you drive one mile and find two more cans of gas. You drive one more
mile and you find the fourth can of gas which is enough to get you two
more miles to the finish.

If you take LRLRRLLR you will run out of gas after 2 miles. At
any point in time you need enough gas to get to the next milestone.
In other words, you need at least as many cans of gas (the L’s) as the
number of miles (R’s) that you travel.
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5.4. reflection principle. Today we used the reflection principle to
prove that there number of Dyck paths is given by the Catalan number.

Theorem 5.18. The number of Dyck paths of length 2n is equal to

O(n):nj—l(%?)

Proof. A Dyck path is the same as a random walk which stays on or
above the y-axis and starts and ends at y = 0 in 2n steps. The total
number of random walks which start and end at y = 0 in 2n steps is

2n
o)
We want to calculate the number of “good” paths. But instead we
count the number of “bad” paths since:
total # paths = #good paths + #bad paths

(2"> — ch) + ()

n

The “bad” paths are those which, at some point go below the y-axis.
So, they hit the horizontal line y = $1 at some point in time. The
reflection principle says: Take the first point where the path hits the
line y = $ 1 and reflect the rest of the path vertically through that line:

What happens is that the reflected path ends at v = $2. And
conversely, any random walk which ends up at y = $2 starting at
y = 0 must cross the line y = $ 1 at some point and we can reflect the
blue path back up. This gives a bijection between the set of bad paths
(paths which start and end at y = 0 and go to y = $1 at some point)
and the set of all paths which start at y = 0 and end at y = $2 after
2n steps.
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This second set has (f_"l) elements since, out of 2n steps we need to
take exactly n$ 1 steps to the left and n + 1 steps to the right in order
to arrive at 2 steps to the right at the end. So the number of good
paths is

# Dyck paths = total # paths $ # bad paths
2n 2n
-(W)e (ish)
~ (2n)! $ (2n)!
onlnl T (n$ Dl(n+1)!
Factor out common factors:
(2n)! 1 1
n$ Din! [n n+1

_ () [ | }

(n$ Dn! [n(n+1)

Expand this out:

Collect terms:
@)1 (2n)
C(n+ D! n+1 !

= C(n).
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5.5. noncrossing partitions. This is a partition of the set {1,2aa an}
into parts so that the parts don’t cross when you draw the points in a
circle and draw a convex curve surrounding each part.

Here is the plan of how to study any new concept:

(1) Write the definition.
(2) Do examples. Look for patterns.
(3) Ask questions.
(a) What is known?
(b) Problems
(c) What is it? What does it mean?
(4) The real point is to work with the concept until you feel com-
fortable with it.

5.5.1. definition.

Definition 5.19. A partition of a set S is a way of writing the set as
a disjoint union of subsets:

S=A[IB]IC]] 44a
Here are two example of partitions of the set [n] :={1,2,3,aé&an}.
[5] = {1,2} [1{3,5} [1{4}
[4] ={1,3} I1{2,4}

The first partition is said to be “noncrossing” and the second is a
“crossing” partition. The reason is that, when you draw the points in
order in a circle and connect numbers in the same part to each other
with straight lines (or convex ovals) then the lines cross in the second
case but not in the first:

Definition 5.20. A partition of n (i.e. of [n]) is called noncrossing if
there do not exist integers 1 & a < b < ¢ < d & n so that a,c lie in one
part and b, d lie in another part.

It is known that there are a Catalan number of noncrossing parti-
tions.
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5.5.2. n = 2. We started with the simplest case: n = 2. Then there
are two noncrossing partitions:
(1)(2) and (12)

Students observed that when a part has only one element, it cannot be
crossing.

5.5.3. n = 3. In this case there are five noncrossing partitions. Influ-
enced by the analysis of the n = 2 case, students quickly thought of the
partition in which each element is separate and the one where there is
only one part:

(1)(2)(3) and (123)
Later they found the three others:
(1)(23), (12)(3) and (2)(31)

I drew the last one in a circle to show that it is noncrossing. I asked
for patterns. The pattern that some students thought described the 3

Nnew cases was:
ny 3 _ 3
1) \1) 7

5.5.4. n = 4. I pointed out that C(2) = 2 and C(3) = 5. So, there
should be C(3) = 14 noncrossing partitions of 3.

Students quickly found the 6 which were analogous to the n = 2 and
n = 3 cases:

(1)(2)(3)(4) and (1234)
(1)(234), (2)(341), (3)(412) and (123)(4)
Then we had to find the other 8. I don’t remember in which order we
found them. I will sort them by shape here:

(12)(34), (23)(41)

(12)(3)(4), (23)(4)(1), BHM)(2), (“1(2)(3)
(13)2)(4),  (24)(1)(3)

The shapes that we found were:
1 4 2 2 4 1

What kind of patterns will there be for n = 57
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5.5.5. n =5. Today we looked at noncrossing partitions of n = 5. We
expect to get:

O(5) = 42
noncrossing partitions. We got 10 patterns:

(1) 1 with one part

(2) 2 patterns with 2 parts. Each gave 5 ncp’s for 2+ 5 = 10 ncp’s:

OO

(3) 4 patterns with 3 parts. Each gives 5 ncp’s for 4+ 5 = 20 npc’s:

OvRviwaty

(4) 2 patterns with 4 parts each gives 5 npcs for a total of 10 npc’s:

& &

(5) 1 pattern with 5 part.

The class, in particular Liz, discovered the following pattern:

Theorem 5.21. If p is a prime number then C(p)$ 2 is divisible by
p.

Proof. The geometric proof is that, except for the two extreme cases
of one part and p parts, every pattern will give p ncp’s by rotating the
shape.

An algebraic proof, which I tried but failed to do in class is the
following: Each of the Narayana numbers N(p, k) is divisible by p
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except for the first (k = 1) and last (k = p):

w00 =) (s )

When 1 < k < p, both binomials are divisible by p since all the numbers
in the denominators are less than p. After dividing by p, the number
N(p, k) is still divisible by p. The first and last Narayana numbers are

always equal to 1:
1/n\/(n
N(n,1) = — =
=501 0)

o203 )

=1

SI3
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6. BRAIDS

We are going to skip this and go to categories. Students can do
research projects on braids and their relationship to Catalan numbers,
binary trees, cluster categories, etc. if they want.

6.1. basic definitions. Braids are sets of strings in three dimensional
space which go from right to left. They are not allowed to double back.
So each strand is necessarily unknotted. You can write down a braid
by recording the crossing in a 2-dimensional picture of the braid. Two

braids are equivalent if you can deform one into the other while holding
the ends fixed.

6.2. Artin braid group. The set of equivalence classes of braids with
n strands forms a group called the Artin braid group B(n).

6.3. Garside element A. I showed this to you on Day 0.
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7. CATEGORIES

The “categorification” of cluster combinatorics began in the 21st
century. Whereas the first results about clusters were published by
Fuss in 1791. We will look at this new idea and try to understand it.

7.1. definition. A category Cis a collection Ob(C) of objects A, B, C,
etc. which are connected by morphisms f: Al B, g: B! (C which
can be composed g# f : Al C so that composition is associative and
each object has an identity idx : X ! X.

The classical example of a category is the category Sets of all sets and
mappings. Here Ob(Sets) is the collection of all sets. Thus entire sets,
such as [n],Z,R are elements of Ob(Sets), i.e. points in the category.
These points are connected by arrows:

Homgos(X,Y) = {f: X! Y}
In class we did the case X = [2],Y = [3] then
3% = V¥ = Homeu (2], [3)

has 3? = 9 elements. So, the category Sets has 9 arrows going from [2]
to [3]. There are an infinite number of arrows from Z to R.

I went through this definition in much more detail than perhaps the
students wanted to hear:

Definition 7.1. A category C consists of

(1) Ob(C), the collection of objects: X,Y, 7, 444
(2) For every pair of objects X, Y we have a set of morphisms

Hom.o(X,Y);{f: X! Y}

(3) You can compose arrows (morphisms)

x¢ v 7 ( g#f: X! Z

In words: Given any f " Home(X,Y),g " Hom.(Y,Z) we
have g# f " Hom.c(X, Z). And composition is associative:

(f#g)#h=[#(g#h)
(4) Every object X has an identity morphism
idX XX

which satisfies the property: f#idx = f for all arrows f : X !
Y and idx #¢g = g for all arrows g: Z! X.
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Example 7.2. Suppose that G is any group. Then there is a category
which we called G with one object O and one morphism g : 0! 0 for
every element ¢ " (. The composition of morphisms is defined to be
group multiplication:

o 19 gives g#h = gh by definition.
Then composition is associative:
(f#g)#h=(fg)h= f(gh)= f#(g#h)
The identity arrow is given by the identity of the group:
id, = e
and we checked that it is the identity:
dHf=ettf=cf =f=f#id,
Then we did an example of the example: Suppose G = .Z/2,+/.

Then we get a category C, with one object 0 and two morphisms
0,1:0!0 with composition law given by the chart:

+10 1
0]0 1
111 0

Since this is an specific example of the previous example, it is a cate-
gory. The identity of O is id, = 0.

Finally, we started the example of the multiplication rule for compo-
sition: The category C, has one object O, two morphisms 0,1:0!0
with composition given by the chart:

+ 10 1
0/0 O
110 1

The identity of O in this category is 1d, = 1.

Question 7.3. Describe all categories with one object O and two mor-
phisms a,b: 010 . In particular, are they all isomorphic to the above
two examples?
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7.1.1. examples. On Monday we did this example. Suppose you have a
category with two objects: A, B and four arrows: A! A, A! B, B!
A, B! B. The question is: What are these arrows? What should they
be called? What are their compositions?

The answer is

(1) Each object has an identity. So the two loops must be:
idy: Al A idg:B! B,

(2) Call the other two arrows f: A! B,g: B! A.
(3) The compositions must be the identities:

fH#Hg=1idp, g#[=1ida
the reason is that they cannot be anything else:

g#f - A¢ BiE A
Since g # f is an arrow from A to A it must be id 4.

The other example I started but did not finish was:

Suppose you have a category with two objects: A, B and five arrows:
Al AA! B,B! A andtwo loops at B: B! B. The question is:
What are these arrows? What should they be called? What are their
compositions?

1) We have the identities id4, idg

2) We have two arrows f: Al B g: B! A.

3) We have one more arrow h: B! B.

4) The composition g# f: A! A must be the identity of A since
it can’t be anything else.

(5) The composition f#g: B! B is either idg or f#g = h.

(6) This implies that h #h = h:

h#th= (f#g)#(f#g)=[#idat#tg=[#g=h.

(7) All other compositions are uniquely determined.

(
(
(
(
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7.2. posets. A poset is a set P with transitive, anti-reflexive relation
<. In other words, a < b < ¢ implies a < c and a < b implies b ! a.
We have to take the & relation to get a category.

7.2.1. integers with usual ordering. 1 started with an infinite category
Z . This has objects all integers. I.e., each integer is one object. There
is a unique morphism a ! bif a & b. If a > b there is no arrow a ! b:

(1) Ob(Z) = Z, i.e., the objects are 444 ®,$1,0,1,2,444
(2) Ar(Z): a! bif and only if a & b.

To get a finite category, take only a finite set of integers. For ex-
ample take just 1,2,3. This makes a category with three objects and 6
morphisms:

g#f

This drawing has redundant information which I want to suppress.
First, each object has an identity loop. So, we don’t draw them.
We know they are always there and we know what their names are
(idy,ids,ids). Also, the composition of the two basic arrows f,g is
necessarily present by definition of a category. We also know its name
(g# f). So, we don’t draw it. What I draw is:

¥H¥H¥

Some people like to draw objects as points. Other people like to write
the names of the points:

14 28 3

7.2.2. Hasse diagram. A Hasse diagram is a graph drawn in a plane
where all the edges are going up-down. There are no horizontal edges.
When there is an edge connecting two points a,b with a below and b
above this means a < b. By transitivity a < b < c gives a < c¢. In other
words, x < y if there is a path from z to y which is always going up.
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b.

o%

%

° ° e d
& % %
&% %
ae® [ ]
%E& %

% & %
[ ®C

For example, in this Hasse drawing, a & b,c & a and ¢ & d but a,d
are not comparable.

Other examples are given by division:

Take positive integers as objects and take one arrow a ! b if a
divides b. This gives a Hasse diagram like this:

18 30 25

$ # $ # $ #

$ #

Tomorrow we will add zeros. This will allow us to make loops without
backward nonzero arrows.
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7.3. Additive categories. Today I talked about additive categories.
I gave the general definition then some particular examples. I explained
the dotted line notation and we did some calculations.

7.3.1. general definition. An additive category is a category with two
properties.

(1) Hom sets are additive groups. For any two objects A, B in an
additive category C,

Home(A,B)={f:A! B}

is an additive group. This means it is an abelian group with opera-
tion written as addition (instead of the usual multiplication notation
for groups). In other words, given two morphisms (arrows, homomor-
phisms) f,g: A! B you have their sum which is another morphism
f+g: Al B. You also have the zero morphism 0: A! B which is
the identity of the group. This means that

O+f=f=f+0.
There is also a negative $ f so that
@) =0=@/)+

(2) Composition is biadditive. This is also called the distributive law.
Give f,k: Al Band g,h: B! C we have:

(g+h)#f=(g#f)+ (h#])
h#(f+k)=h#f+h#k
I pointed out that composition with 0 is O:

Proposition 7.4. In an additive category, composition of 0 with any
morphism gives 0.

Proof. Since 04+ 0 =0,
0#f=0+0)#f=0#f+0#f

By the cancellation law (for groups), this gives 0# f = 0. Similarly,
F#O=0. 0

Writing these notes, I realized that some of you may not know the
cancellation rule for groups:

Lemma 7.5. Cancellation holds in any group. lLe., ar = ay implies
x =1y and ax = a implies v = e. Similarly, xtb=yb( = =1y.
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Proof. Multiply on the left with a=!:
o lar = a_lay
~~ ~~

So, x = ex = ey = y. When there is no y you get r = ex = e. U

7.3.2. categories over Fo. 1 made this fancy definition really simple by
taking cluster categories (of type A,) over Fy. This is the field with 2
elements Fy = {0, 1}. The hom sets are really simple. Hom¢(A, B) has
either 1 or 2 elements:

{0} or

H A B) =
omc< ) ) {{O,f} 0 and a nonzero f

Notice that:

(1) There is always a zero arrow: 0: A! B.
(2) There might be a nonzero arrow f: A! B.

Addition is given by 0+0=0,0+ f = f = f+0and f+ f = 0. That
is because $ f = f (since it can’t be anything else).

Given that composition is biadditive (distributive), what are the
possible compositions? Well there are only four possibilities for two
arrows being composed:

A B C gives A C
A¢ B C gives ASE" C
A¢ B C gives A9 C
A BE O gives A C
We know that composition with 0 gives zero. But composition of two

nonzero morphisms f: A! Band g: B! C could give either 0 or a
nonzero morphism h = g# f: A! C. It depends.

7.3.3. cycle example. I returned to the cycle example:

p<l_ 24

o s

CT)D

I gave two possible composition laws.
(1) Let g#f = 0,h#g = 0, etc (all compositions of two nonidentity
morphism are zero).
(2) Let h#tg#f =0,k#h#g =0, etc., i.e. all compositions of three
nonidentity morphisms are zero. (And g# f £ 0)
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7.3.4. dotted line notation. People use dotted lines to indicate which
compositions are zero. For example:

means g # f = 0.
B—~C

means h#g# f = 0.
The dotted line means that there is an equation among the paths
going from one point to another. For example:

means g# f = k#h.
If we wanted to indicate that compositions are zero we would draw
two dotted lines. (The curved lines are supposed to be dotted lines. I
couldn’t figure out how to type it.)

B
AHD

A

C
This means g# f =0 and k#h = 0.

In other words, each dotted line indicates one equation. If you want
only one zero relation you draw only one dotted curved line:
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AVBXD
N

C
This means k#h = 0.

7.4. cluster categories of type A, over Fy;. Now that we know
the notation, I can write down the cluster category. It is a repeating
pattern:

This is actually on a Mobius strip. The obJects A, B, C’, D on the
left are the same as those on the right. This is the cluster category of
type A4.

___________________________________ i

___________________________________ ¥

Gomg step-by-step, I asked students to calculate the following. More
precisely, the question is: Are these groups zero or nonzero?

(1) Home(D, Z) =7

(2) Home(C, Z) =7

(3) Home(C, X)) =7
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(4) Home(C,Y) =7
First, students realized that Hom¢(D, Z) = 0 since the only path
from D to Z is the composition g# f which is equal to zero because of
the dotted line from D to Z.
Next, we looked at Home(C, Z). There are two paths from C to Z.
The first is zero since g # f = 0 by the previous calculation.

g#f#h =0
0
The other path is
gi#l#tk=g#f#h=0
which is equal to the previous path and is thus zero by the mesh relation
fHh=(#E

Students got the hang of this and they realized that Hom¢(C, X) =0
since all paths from C to X are equivalent, by repeated use of mesh
relations, to the path

m#g#f#Hh=0

Finally, we came to Hom¢(C,Y'). This is nonzero. There are three
path from C to Y and they are all equal. But none of these goes
through a zero relation. So, they are not necessarily zero. The rule
about these diagrams is that all of the information is in the diagram.
If a composition of paths is zero, it must be as a consequence of the
information in the drawing. This not being the case, the three paths
are not zero.

Students asked: Where are the clusters?

It seems that I need one more lecture to show where the clusters
enter in this category. This will tie everything together and we can go
on to discuss questions and problems.
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7.5. Clusters in the cluster category. In the cluster category of
type A,, the clusters are defined to be sets of n “indecomposable”
objects which do not “extend” each other. I will explain the (difficult)
definitions and give really simple interpretations, just as I did for the
additive categories, so that you can understand it.

I explained the concept of “rigidity” both geometrically and alge-
braically. I think the geometry went over better. Rigid means there
are no deformations. For example a triangle is rigid but a quadrilateral
is not rigid. If you take four sticks and tie them together at the ends
then the object you get is flexible or “deformable.” A rectangle is a
very special case and is called a “specialization” of the parallelogram
and the parallelogram is a “deformation” of the rectangle.

For groups, there are two groups of order 4, the cyclic group and the
Klein 4-group:

Z/4, Z)2+ Z)2
Z/4 is a “deformation” of Z/2+ Z/2. So, Z/2+ Z/2 is not “rigid.”
Similarly, there are two groups of order 6, the symmetric group and
the cyclic group:
Sy, Z/6%=Z/2+2/3

However, the symmetric group (permutation group on 3 letters) is non-
abelian. And the two abelian (commutative) groups of order 6 are
isomorphic (the same). So, commutative groups of order 6 are rigid.

If p is a prime number there is only one group of order p, namely the
cyclic group /ZZ/p. So Z/p is rigid if p is prime.

The set of (commutative) deformations of A + B forms a group
Ext(A, B). For example,

Ext(Z/2,Z2/2) = {0, ¢}
where 0 represents Z/2+ Z /2 and e represents ZZ /4.
Ext(Z/3,2/2) =0
because there are no commutative deformations of Z/3+ Z /2. There is
a difference between Ext(A, B) and Ext(B, A). They classify different
kinds of deformations. An element of Ext(A, B) is a group E which
has a nonzero homomorphism B! FE and another one ! A. In the

cluster category this means that A must be to the right of B in order
for Ext(B, A) to be nonzero.

7.5.1. definition of clusters.

Definition 7.6. In a cluster category of type A,, a cluster is a set of
n distinct indecomposable objects C4, Cy, aaaC,, where

EXt(CZ‘, C]) =0
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for all 7, j.

To figure out what the clusters are, we need a formula for Ext(A, B).
This is called either “Serre duality” or “Auslander-Reiten duality” be-
cause it was discovered by the late Brandeis University professor Mau-
rice Auslander and his collaborator Idun Reiten.

Theorem 7.7. Ext(A, B) = D Hom(r 1B, A) = Hom(r B, A) where
D 1is vector space dual.

Here 7_; is the inverse of the Auslander-Reiten translation functor
7 which shifts everything to the left. (Thus 77! shifts everything to
the right.) Note that in the Auslander-Reiten quiver, there is always a
dotted line going from 7.X to X.
The symbol L means “isomorphic” although many mathematicians
write equality:
Ext(A, B) = DHom(7'B, A)

7.5.2. erample: As. First we did calculations on As:

N N NSNS
SN NS NN N
NN NS NSNS
NSNS NS NN

(4) Ext(Z,B) =?
First you use Serre duality:
Ext(A, B) L Hom(77'B, A)
Then you look at the rectangle starting at 7='B. Only X, Y are in the
rectangle. So,
(1) Ext(X,B) = Hom(7'B, X) £ 0
(2) Ext(W, B) = Hom(7'B, W) =
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(3) Ext(Y,B) = Hom(77'B,Y) £ 0

(4) Ext(Z, B) = Hom(t7'B,Z) =0
7.5.3. example: As. Next we did As and found all of the clusters. Here
is the cluster category:

Since this is A, a cluster consists of two objects Cy, Cy so that
EXt(Cl, CQ) =0= EXt(CQ, Cl)

We took C7 = A and asked what are the possible Cs.

(1) Ext(X,A) = Hom(t7'A4, X) =0

(2) Ext(Y, A) = Hom(77'A,Y) £ 0

(3) Ext(Z,A) = Hom(77'A,Z) =0
In other words, A, X form a cluster and A, Z form a cluster. The
objects X, Z are the ones that come right after A and right before A.
So, two objects form a cluster if and only if they are consecutive. If we
call B = 7714 then the clusters are:

{A X} {X,B}Y {B)Y} {Y.Z} {Z A}

There are C'(3) = 5 clusters.

7.5.4. Problems. 1) Do the same for As.

2) Prove that Ext(A, B) = Ext(B,A) for any two objects in the
cluster category.

8. RESEARCH

When a new area of mathematics opens up, not all of the easy
theorems have been discovered. So, students have a chance to find
something new. We will try to find something new about clusters and
Catalan numbers!



